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Preface 



The workshop Decoherence: Theoretical, Experimental, and Conceptual Prob- 
lems took place at the Zentrum fur interdisziplinare Forschung (Centre for in- 
terdisciplinary research, ZiF) at Bielefeld University (November 10-14, 1998). 

The concept of decoherence has attracted much attention during recent 
years and this workshop was intended to bring together a diverse collection of 
researchers to exchange new ideas concerning various approaches to current 
problems. 

Decoherence is a quantum-mechanical process that dynamically describes 
the apparent loss of quantum coherence due to coupling of the system un- 
der observation to other degrees of freedom, which escape direct observation. 
Typical examples are given by scattering processes, in which the off-scattered 
particles (and/or radiation) are not detected. In such processes quantum 
correlations between the observed system and its environment become delo- 
calized in an effectively irreversible manner. Such quantum correlations can 
neither be seen by observations on one or the other system alone, nor inter- 
preted as statistical correlations between existing (i.e., defined, but possibly 
unknown) states of local systems. They truly reflect the non-local nature of 
quantum mechanics. 

The process of decoherence is of major importance for both theoretical 
and experimental physics, and has direct implications in close sciences such 
as chemistry and biology. It is also linked to some fundamental problems, 
such as that of quantum measurement, observation and related philosoph- 
ical issues. These topics have been the subject of a long-term study by a 
group at the interdisciplinary research institute FESt (“Forschungsstatte der 
Evangelischen Studiengemeinschafl” , Heidelberg), whose aim is to promote 
interdisciplinary projects and interactions between various fields in natural 
sciences and the humanities. 

The organization of the workshop at ZiF is a consequence of the activity 
of the above-mentioned study group at FESt and attests for the interest 
and engagement in interdisciplinary projects at both institutions. Our aim 
was to provide a platform for a thorough exchange of ideas on all aspects 
of decoherence. Hence people firom different fields were invited and much 
emphasis was laid on discussions. 




VI 



Preface 



We thank all speakers for their work and preparation of their lectures, to 
the benefit of a most successful meeting. Most of the lectures can be found 
in the present volume, and we are grateful for the willingness of the speakers 
to write up their contributions. 

We would like to express our gratitude to the ZiF for its generous support 
and to Marina Hoffmann for her assistance. It is also a pleasure to thank Han- 
nelore Litschewsky from the University of Bielefeld for her help in editorial 
matters. 

August 1999 



Philippe Blanchard 
Domenico Giulini 
Erich Joos 
Claus Kiefer 
lon-Olimpiu Stamatescu 




Contents 



I. General Introduction 

Elements of Environmental Decoherence 

E. Joos 1 

The Meaning of Decoherence 

H. D. Zeh 19 

II. Theoretical Aspects 

Continuous Fuzzy Measurement of Energy: 

Realization and Application 

J. Audretsch 43 

Slow Decoherence of Superpositions of Macroscopically 
Distinct States 

D. Braun, P.A. Braun, and F. Haake 55 

Grey Solitons in Bose-Einstein Condensates as Mesoscopic Particles 
T. Busch and J.R. Anglin 67 

Decoherence Through Coupling to the Radiation Field 

D. Durr and H. Spohn 77 

States, Symmetries and Superselection 

D. Giulini 87 

Decoherence in Situations Involving the Gravitational Field 

C. Kiefer 101 

Moving Quantum Agents in a Finite Environment 

I. Kim and G. Mahler 113 

Mathematical Aspects of Decoherence 

J. Kupsch 125 




VIII 



Table of Contents 



Decoherence and Continuous Measurements: 

Phenomenology and Models 

M. B. Mensky I37 

The Problem of Decoherence and the EPR Paradox 

P. Mittelstaedt 149 

Asymptotically Disjoint Quantum States 

H. Primas 161 

Dynamical Localization and Decoherence 

F. Saif, K. Riedel, W.P. Schleich, and B. Mirbach 179 

III. Experiments 

Quantum Cryptography and Long Distance Bell Experiments: 

How to Control Decoherence 

N. Gisin, J. Brendel, J.-D. Gautier, B. Gisin, B. Huttner, 

G. Ribordy, W. Tittel, and H. Zbinden 191 

Exploration of the Fundamentals of Quantum Mechanics 
by Charged Particle Interferometry 

F. Hasselbach, H. Kiesel, and P. Sonnentag 201 

Single Ions in Paul liraps 

H. C. Ndgerl, Ch. Rods, H. Rohde, D. Leibfried, J. Eschner, 

F. Schmidt- Kaler, and R. Blatt 213 

IV. Alternative Approaches 

Time-Convolutionless Stochastic Unraveling of Non-Markovian 
Quantum Master Equations 

H.-P. Breuer, B. Kappler, and F. Petruccione 233 

Emergence of Classicality: FVom Collapse Phenomenologies 
to Hybrid Dynamics 

L. Diosi 243 

EEQT: Formalism and Applications 

R. Olkiewicz 251 

An Application of EEQT: Tunneling Times 

A. Ruschhaupt 259 

Non-Markovian Quantum State Diffusion 
and Open System Dynamics 

W. T. Strunz, L. Didsi, and N. Gisin 271 




Table of Contents 



IX 



V . Conceptual and Epistemological Issues 

Quantum Theory Without Waves: A Way of Eliminating Quantum 



Mechanical Paradoxes? 

M. Cini 281 

Decoherence as an Irreversible Process 

R. Omnes 291 

Many Minds and Single Mind Interpretations of Quantum Theory 
A. Whitaker 299 

Decoherence and Einselection 

W.H. Zurek 309 

List of Participants 343 




List of Contributors 



James R. Anglin 

Universitat Innsbruck 
Institut fill Experimentalphysik 
Technikerstr. 25 
A - 6020 Innsbruck, Austria 

Jurgen Audretsch 

Universitat Konstanz 
Fakultat fiir Physik 
Postfach 5560 

D - 78434 Konstanz, Germany 

Marcello Cini 
Universita La Sapienza 
Dipartimento di Fisica 
Piazza A. Moro 
1 - 00185 Rome, Italy 

Lajos Diosi 

KFKI Research Institute 

for Particle and Nuclear Physics 

P.O. Box 49 

H - 1525 Budapest 114, Hungary 

Nicolas Gisin 

University of Geneva 

Group of Applied Physics 

CH - 1211 Geneva 4, Switzerland 

Domenico Giulini 

Universitat Zurich 

Institut fiir Theoretische Physik 

Winterthurerstr. 190 

CH - 8057 Zurich, Switzerland 



Fritz Haake 

Universitat Gesamthochschule Essen 
FB 7 - Physik 
D - 45117 Essen, Germany 

Franz Hasselbach 

Universitat Tubingen 
Institut fiir Angewandte Physik 
Auf der Morgenstelle 12 
D - 72076 Tubingen, Germany 

Erich Joos 

Rosenweg 2 

D - 22869 Schenefeld, Germany 

Claus Kiefer 

Universitat Freiburg 
Fakultat fiir Physik 
Hermann-Herder-Str. 3 
D - 79104 Freiburg, Germany 

Joachim Kupsch 

Universitat Kaiserslautern 
Fachbereich Physik 
Erwin-Schrodinger-Str. 

D - 67663 Kaiserslautern, Germany 

Gunter Mahler 

Universitat Stuttgart 

Institut fiir Theoretische Physik und 

Synergetik 

Pfaffenwaldring 5 7/ IV 
D - 70550 Stuttgart, Germany 




XII 



List of Contributors 



Michael B. Mensky 
P.N. Lebedev Physical Institute 
Russian Academy of Sciences 
RF - 117924 Moscow, Russia 

Peter Mittelstaedt 
Universitat zu Koln 
Institut fur Theoretische Physik 
Ziilpicher Str, 77 
D - 50937 Koln, Germany 

Robert Olkiewicz 
Universitat Bielefeld 
Fakultat ftir Physik 
Postfeich 10 01 31 
D - 33501 Bielefeld, Germany 

Roland Omnes 
Universite de Paris XI 
Laboratoire de Physique Theorique 
et Hautes Energies 
Bt. 211 

F - 91405 Orsay Cedex, Prance 

Francesco Petruccione 
Universitat Freiburg 
Fakultat fur Physik 
Hermann-Herder-Str. 3 
D - 79104 Freiburg, Germany 

Hans Primas 
ETH-Zentrum 

Laboratorium fiir Physikalische 
Chemie 

CH - 8092 Zurich, Switzerland 

Andreas Ruschhaupt 
Universitat Bielefeld 
Fakultat fiir Physik 
Postfach 10 01 31 
D - 33501 Bielefeld, Germany 



Wolfgang Schlmch 
Universitat Ulm 
Abteiltmg fiir Quantenphysik 
Albert- Einstein- AUee 11 
D - 89069 Ulm, Germany 

Ferdinand Schnudt-Kaler 
Universitat Innsbruck 
Institut fur Experimentalphysik 
Technikerstr. 25 
A - 6020 Innsbruck, Austria 

Herbert Spohn 
TU Miinchen 
Zentrum Mathematik 
D - 80290 Munchen, Germany 

Walter Strunz 

Universitat Gesamthochschule Essen 
Fachbereich Physik 
D - 45117 Essen, Germany 

Andrew Whitaker 
Queen’s University 
Department of Physics 
University Road 

Belfast, BT7 INN, United Kingdom 

H*1D • Zeh 

Institut fur Theoretische Physik 
Universitat Heidelberg 
D-69120 Heidelberg, Germany 

Wojciech H. Zurek 

Theory Division 

LANL - T-6 

Mail Stop B288 

Los Alamos, NM 87545, USA 




Elements of Environmental Decoherence 



Erich Joos 

Rosenweg 2, D-22869 Schenefeld, Germany 



Abstract. In this contribution I give an introduction to the essential concepts 
and mechanisms of decoherence by the environment. The emphasis will be not so 
much on technical details but rather on conceptual issues and the impact on the 
interpretation problem of qucintum theory. 



1 What Is Decoherence? 

Decoherence is the irreversible formation of quantum correlations of a system 
with its environment. These correlations lead to entirely new properties and 
behavior compared to that shown by isolated objects. 

Whenever we have a product state of two interacting systems - a very 
special state - the unitary evolution according to the Schrodinger equation 
will lead to entanglement, 

n,m 

= ( 1 ) 

n 

The rhs of (1) can no longer be written as a single product in the general case. 
This can also be described by using the Schmidt representation, shown in the 
second line, where the presence of more than one component is equivalent to 
the existence of quantum correlations. 

If many degrees of freedom are involved in this process, this entangle- 
ment will become practically irreversible, except for very special situations. 
Decoherence is thus a quite normal and, moreover, ubiquitous, quantum me- 
chanical process. Historically, the important observation was that this de- 
separation of quantum states happens extremely fast for macroscopic objects 
[17]. The natural environment cannot simply be ignored or treated as a clas- 
sical background in this case. 

Equation (1) shows that there is an intimate connection to the theory of 
irreversible processes. However, decoherence must not be identified or con- 
fused with dissipation: decoherence precedes dissipation by acting on a much 
faster timescale, while requiring initial conditions which are essentially the 
same as those responsible for the thermodynamic arrow of time [18]. 

P. Blanchard et al. (Eds.): Proceedings 1998, LNP 538, pp. 1-17, 2000. 
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When we consider observations at one of the two systems, we see various 
consequences of this entanglement. First of all, our considered subsystem 
will no longer obey a Schrodinger equation, the local dynamics is in general 
very complicated, but can often be approximated by some sort of master 
equation (The Schmidt decomposition is directly related to the subsystem 
density matrices). The most important effect is the disappearance of phase 
relations (i.e., interference) between certain subspaces of the Hilbert space 
of the system. Hence the resulting superselection rules can be understood 
as emerging from a dynamical, approximate and time-directed process. If 
the coupling to the environment is very strong, the internal dynamics of the 
system may become slowed down or even frozen. This is now usually called 
the quantum Zeno effect, which apparently does not occur in our macroscopic 
world. 

The details of the dynamics depend on the kind of coupling between the 
system we consider and its environment. In many cases - especially in the 
macroscopic domain - this coupling leads to an evolution similar to a mea- 
surement process. Therefore it is appropriate to recall the essential elements 
of the quantum theory of measurement. 

1.1 Dynamical Description of Measurement 

The standard description of measurement was laid down by von Neumann 
already in 1932 [15]. Consider a set of system states |n) which our apparatus 
is built to discriminate. 




Original form of the von Neumann measurement model. Information about the 
state of the measured system S is transferred to the measuring apparatus A. 



For each state |n) we have a corresponding pointer state |#„) (more pre- 
cisely, for each “quantum number” n there exists a large set of macrostates 
l^n*^), a describing microscopic degrees of freedom). If the measurement is 
repeatable or ideal the dynamics of the measurement interaction must look 
like 



|n)i#o> A |n)|#„(t)). (2) 

From linearity we can immediately see what happens for a general initial 
state of the measured system. 




l^o) 



^c„|n)|#„(t)) . 



n 



( 3 ) 
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We do not find a certain measurement result, but a superposition. Through 
unitary evolution, a correlated (and still pure) state results, which contains 
all possible results as components. Of course such a superposition must not 
be interpreted as an ensemble. The transition from this superposition to a 
single component - which is what we observe - constitutes the quantum mea- 
surement problem. As long as there is no collapse we have to deal with the 
whole superposition - and it is well known that a superposition has very dif- 
ferent properties compared to any of its components. Quantum correlations 
are often misinterpreted as (quantum) noise. This is wrong, however: Noise 
would mean that the considered system is in a certain state, which may be 
unknown and/or evolve in a complicated way. Such an interpretation is un- 
tenable and contradicts all experiments which show the nonlocal features of 
quantum-correlated (entangled) states. 

Von Neumann’s treatment, as described so far, is unrealistic since it does 
not take into account the essential openness of macroscopic objects. This 
deficiency can easily be remedied by extending the above scheme. 



1.2 Classical Properties Through Decoherence 

If one takes into account that the apparatus A is coupled to its environment E, 
which also acts like a measurement device, the phase relations are (extremely 
fast) further dislocalized into the total system - finally the entire universe, 




Realistic extension of the von Neumann measurement model. Information about 
the state of the measured system S is tremsferred to the measuring appeiratus A 
and then very rapidly sent to the environment E. The back-reaction on the (local) 
system S-l-A originates entirely from quantum nonlocaJity. 

according to 

f J]c„|n)|<P„)) |Eo) -4 '£cn\n)\^n)\E„). (4) 

\ n / n 

The behavior of system+apparatus is then described by the density matrix 
PSA W ® if {En\Em) (5) 



which is identical to that of an ensemble of measurement results |n)|#„). 
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Of course, this does not resolve the measurement problem! This density 
matrix describes only an “improper” ensemble, i.e., with respect to all pos- 
sible observations at S-HA it appears that a certain measurement result has 
been achieved. Again, classical notions like noise or recoil are not appropriate: 
A acts dynamically on E, but the back-action arises entirely from quantum 
nonlocality (as long as the measurement is “ideal”, that is, (4) is a good 
approximation). Nevertheless, the system S-l-A acquires classical behavior, 
since interference terms are absent with respect to local observations if the 
above process is irreversible [19,10]. 

Needless to say, the interference terms still exist globally in the total 
(pure) state, although they are unobservable at either system alone - a situ- 
ation which may be characterized by the statement 

The interference terms stUl exist, but they are not there. [10] 

2 Do We Need Observables? 

In most treatments of quantum mechanics the notion of an observable plays 
a central role. Do observables represent a fundamental concept or can they 
be derived? If we describe a measurement as a certain kind of interaction, 
then observables should not be required as an essential ingredient of quantum 
theory. In a sense this was also done by von Neumann, but not used later 
very much because of restrictions enforced by the Copenhagen school (e.g., 
the demand to describe a measurement device in classical terms instead of 
seeking for a consistent treatment in terms of wave functions). 

Two elements are necessary to derive an observable that discriminates 
certain (orthogonal) system states jn). First, one needs an appropriate inter- 
action which is diagonal in the eigenstates of the measured “observable” and 
is able to “move the pointer” , so that we have as above 

|n)|#o) ^ |n)|<f„) . (6) 

This can be achieved by Hamiltonians of the form 

Hint = ^|n)(n| (8) i„ (7) 



with appropriate A„ leading to orthogonal pointer states (Note that (6) de- 
fines only the eigenbasis of an observable; the eigenvalues represent merely 
scale factors and are therefore of minor importance). The second condition 
that must be fulfilled is dynamical stability of pointer states against deco- 
herence, that is, the pointer states must only be passively recognized by the 
environment according to. 



\^n)\Eo) 



decoherence 



\^n)\En) . 



(8) 
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Both conditions must be fulfilled. For example, a measurement device which 
acts according to (6) would be totally useless, if it were not stable against 
decoherence: Consider a Schrodinger cat state as pointer state! The same 
basis states |#„) must be distinguished as d 3 Tiamically relevant in (6) as well 
as in (8).* 



3 Do We Need Superselection Rules? 

What is a superselection rule? One way to define a superselection rule is 
to say, that certain states liFi), |!? 2 ) axe found in nature, but never general 
superpositions |!?) = a|<Pi) + This means that all observations can 

be described by a density matrix of the form p = \ P 2 \^ 2 ){^ 2 \ ■ 

Clearly such a density matrix is exactly what is obtained through decoherence 
in appropriate situations. 

3.1 Approximate superselectiou rules 

There are many examples, where it is hard to find certain superpositions in 
the real world. The most famous example has been given by Schrodinger: A 
superposition of a dead and an alive cat 

|<F) = |dead cat) + (alive cat) (9) 

is never observed, contrary to what should be possible according to the su- 
perposition principle (and, in fact, must necessarily occur according to the 
Schrodinger equation). Another drastic situation is given by a state like 

|l?) = (cat) 4- (dog) . (10) 

Such a superposition looks truly absurd, but only because we never ob- 
serve states of this kind! (The obvious objection that one cannot superpose 
states of “different systems” seems to be inappropriate. For example, nobody 
hesitates to superpose states with different numbers of particles.) A more 
down-to-earth example is given by the position of large objects, which are 
never found in states 

|<?) = (here) -I- (there) , (11) 

with “here” and “there” macroscopically distinct. Under realistic circum- 
stances such objects are always well described by a localized density matrix 

* This explains dynamically why certain observables may “not exist” operationally. 
For a general discussion of the relation between quantum states and observables 
see Sect. 2.2 of [5]. Arguments along these lines lead to the conclusion that one 
should not attrilmte a fundamental status to the Heisenberg picture - contrary to 
widespread belief - despite its phenomenological equivalence with the Schrodinger 
picture. 
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p{x, x') « j)(x)(5(a; — x'). A special case of this localization occurs in molecules 
(except the very small ones), which show a well-defined spatial structure. The 
Born-Oppenheimer approximation is not sufiicient to explain this fact. 

Quite generally we have an approximate superselection rule whenever we 
describe the dynamics of a dynamical variable by some rate equation (that 
is, without interference) instead of the Schrodinger equation. 



3.2 Exact superselection rules 

Strict absence of interference can only be expected for discrete quantities. 
One important example is electric charge. Can this be understood via de- 
coherence? We know from Maxwell’s theory, that every charge carries with 
itself an associated electric field, so that a superposition of charges may be 
written in the form [16] 

= ■ ( 12 ) 

Since we can only observe the local dressed charge, it has to be described by 
the density matrix 

( 13 ) 

9 

If the far fields are orthogonal (distinguishable), coherence would be absent 
locally. So the question arises: Is the Coulomb field only part of the kinemat- 
ics (implemented via the Gauss constraint) or does it represent a quantum 
dynamical degree of freedom so that we have to consider decoherence via a 
retarded Coulomb field? For an attempt to understand part of the Coulomb 
field as dynamical see [4]. 

What do experiments tell us? A superposition of the form (11) can be 
observed for charged particles (cf. the contribution by Hasselbach[6j). On the 
other hand, the classical (retarded) Coulomb field would contain information 
about the path of the charged particle, destroying coherence. The situation 
does not appear very clear-cut. Hence one essential question remains: 

What is the quantum physical role of the Coulomb field? 

A similar situation arises in quantum gravity, where we can expect that super- 
positions of different masses (energies) are decohered by the spatial curvature. 

Another important “exact” superselection rule forbids superposing states 
with integer and half-integer spin, for example 



|!F) = I spin 1) -I- 1 spinVa) 



(14) 
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which would transform under a rotation by 27 t into 

|!^' 2 :r) = I spin 1) - I spinVa) , (15) 

clearly a different state because of the different relative phase. If one de- 
mands that such a rotation should not change anything, such a state must be 
excluded. This is one standard argument in favor of the “univalence” super- 
selection rule. On the other hand, one has observed the sign^change of spin Va 
particles under a (relative) rotation by 27 t in certain experiments. Hence we 
are left with two options: Either we view the group SO (3) as the proper 
rotation group also in quantum theory. Then nothing must change if we ro- 
tate the system by an angle of 27 t. Hence we can derive this superselection 
rule from symmetry. But this may merely be a classical prejudice. The other 
choice is to use SU(2) instead of SO(3) as rotation group. Then we are in 
need of explaining why those strange superpositions never occur. This last 
choice amounts to keeping the superposition principle as the fundamental 
principle of quantum theory. In more technical terms we should then avoid 
using groups with non-unique (“ray” *) representations, such as SO(3). In su- 
persymmetric theories, bosons and fermions are treated on an equal footing, 
so it would be natural to superpose their states (what is apparently never 
done in particle theory). 

In a similar manner one could undermine the well-known argument lead- 
ing from the Galilean symmetry of nonrelativistic quantum mechanics to the 
mass superselection rule. In this case we could maintain the superposition 
principle and replace the Galilei group by a larger group. How this can be 
done is shown by Domenico Giulini[4]. 

The final open question for this section then is: 

Can all superselection rules be understood as decoherence effects? 



4 Examples 

4.1 Localization 

The by now standard example of decoherence is the localization of macro- 
scopic objects. Why do macroscopic objects always appear localized in space? 
Coherence between macroscopically different positions is destroyed very rapid- 
ly because of the strong influence of scattering processes. The formal descrip- 
tion may proceed as follows. Let |a:) be the position eigenstate of a macro- 
scopic object, and |x) the state of the incoming particle. Following the von 

^ The widely used argument that physical states are to be represented by rays, not 
vectors, in Hilbert space because the phase of a state vector cannot be observed, 
is misleading. Since relative phases are certainly relevant, one should prefer a 
vector as a fundamental physical state concept, rather than a ray. Rays cannot 
even be superposed without (implicitly) using vectors. 
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Neumann scheme (2), the scattering of such particles off an object located at 
position X may be written as 



|a;)|x> k)|x^) = k)5^|x) , 



(16) 



where the scattered state may conveniently be calculated by means of an 
appropriate S-matrix. For the more general initial state of a wave packet we 
have then 

j Sx ip{x)\x)\x) -4 j (fx vj(a;)|a;)Sa:|x) ■ (17) 

Therefore, the reduced density matrix describing our object changes into 

p{x,x') = <p{x)ip*{x') . (18) 

Of course, a single scattering process will usually not resolve a small distance, 
so in most cases the matrix element on the right-hand side of (18) will be 
close to unity. If we add the contributions of many scattering processes, an 
exponential damping of spatial coherence results: 



p{x,x’ ,t) = p{x,x' ,0)exp {—At{x — x')^} . (19) 



The strength of this effect is described by a single parameter A that may be 
called “localization rate” . It is given by 



A = 



k^NvCTeff 

V 



( 20 ) 



Here, k is the wave number of the incoming particles, Nv/V the flux, and 
aeff is of the order of the total cross section (for details see [10] or Sect. 3.2.1 
and Appendix 1 of [5]). Some values of A are given in the table. 



Localization rate A in for three sizes of “dust particles” and various 

types of scattering processes (from [10]). This quantity measures how fast interfer- 
ence between different positions disappears as a function of distance in the course 
of time. 





a = 10 ^cm 
dust particle 


a = 10 ®cm 
dust particle 


a = 10 ®cm 
large molecule 


Cosmic background radiation 


10® 


10~® 


10-'^ 


300 K photons 


10i*» 


10'^ 


10® 


Sunlight (on earth) 


10^1 


10'^ 


10^® 


Air molecules 


1036 


1032 


10®“ 


Laboratory vacuum 
(10^ particles/cm®) 


1023 


10^® 


10^'^ 
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Most of the numbers in the table are quite large, showing the extremely 
strong coupling of macroscopic objects, such as dust particles, to their nat- 
ural environment. Even in intergalactic space, the 3K background radiation 
cannot simply be neglected. 

Hence the main lesson is: 



Macroscopic objects are not even approximately isolated. 



A consistent unitary description must therefore include the environment and 
finally the whole universe.* 

If we combine this damping of coherence with the “free” Schrodinger 
dynamics we arrive at an equation of motion for the density matrix that to 
a good approximation simply adds these two contributions. 



■ dp r „ , .dp 

— [^internal 7 P\ 



scatt. 



( 21 ) 



In the position representation this equation reads in one space dimension 



.dp{x,x',t) 

* m 



J_ / 
2m 




p — iA{x — x')^p . 



( 22 ) 



Solutions of this equation can easily be found (see, e.g.[5]) 

So far this treatment represents pure decoherence, following directly the 
von Neumann scheme. If recoil is added as a next step, we arrive at models 
including friction, that is, quantum Brownian motion. There are several mod- 
els for the quantum analogue of Brownian motion, some of which are even 
older than the first decoherence studies. Early treatments did not, however, 
draw a distinction between decoherence and friction (decoherence alone does 
not imply friction.). As an example, consider the equation of motion derived 
by Caldeira and Leggett [2], 

= [-ff, + I [a;, {p, p}] - imjkBT[x, [x, p\] (23) 

* One of the first stressing the importance of the dynamical conpling of macro- 
objects to their environment was Dieter Zeh, who wrote in his 1970 Found. Phys. 
paper [17]: “Since the interactions between macroscopic systems are effective even 
at astronomical distances, the only ‘closed system’ is the universe as a whole. ... 
It is of course very questionable to describe the universe by a wavefunction that 
obeys a Schrodinger equation. Otherwise, however, there is no inconsistency in 
measurement, as there is no theory.” 

This is now more or less commonplace, but this was not the case some 30 
years ago, when he sent an earlier version of this paper to the journal II Nuovo 
Cimento. I quote from the referee’s reply: “The paper is completely senseless. It 
is clear that the author has not fully understood the problem and the previous 
contributions in this field.” (H.D. Zeh, private communication) 
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which reads for a “free” particle 



.dp(x,x',t) 




■j_/ 




52 N 


— iA{x — x')^ 




* dt 




2m \ 


dx'^ 


dx-^J 










-x') 


( d 


d M 








-hi7(x 




d^)_ 


p(x,x',t) , 


(24) 



where 7 is the damping constant, and here A = myksT. 

If one compares the effectiveness of the two terms representing decoher- 
ence and relaxation, one finds that their ratio is given by 



decoherence rate 
relaxation rate 



= mkBT{6x)^ oc 




(25) 



where Xth denotes the thermal de Broglie wavelength of the considered object. 
This ratio has for a typical macroscopic situation (m = Ig, T = 300K, 
Sx = 1cm) the enormous value of about 10^°! This shows that in these cases 
decoherence is far more important than dissipation. 

Not only the center-of-mass position of dust particles becomes “classical” 
via decoherence. The spatial structure of molecules represents another most 
important example. Consider a simple model of a chiral molecule. 

Right- and left-handed versions both have a rather well-defined spatial 
structure, whereas the ground state is - for symmetry reasons - a superpo- 
sition of both chiral states. These chiral configurations axe usually separated 
by a tunneling barrier, which is so high that under normal circumstances tun- 
neling is very improbable, as was already shown by Hund in 1929. But this 
alone does not explain why chiral (and, indeed, most) molecules are never 
found in energy eigenstates! 

In a simplified model with low-lying nearly-degenerate eigenstates |1) and 
|2), the right- and left-handed configurations may be given by 



|L)=^(|1) + |2)) 

|i?) = ^(|l)-| 2 )). (26) 

Because the environment recognizes the spatial structure via scattering pro- 
cesses, only chiral states are stable against decoherence. 



|R,L)|^?o>-4|R,L)|#fi.z,> . (27) 

The dynamical instability of energy (i.e., parity) eigenstates of molecules 
represents a typical example of “spontaneous symmetry breaking” induced 
by decoherence. Additionally, transitions between spatially oriented states 
are suppressed by the quantum Zeno effect, described below. 
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4.2 Quantum Zeno Effect 

The most dramatic consequence of a strong measurement-like interaction 
of a system with its environment is the quantum Zeno effect. It has been 
discovered several times and is also sometimes called “watchdog effect” or 
“watched pot behavior”, although most people now use the term Zeno effect. 
It is surprising only if one sticks to a classical picture where observing a 
system and just verifying its state should have no influence on it. Such a 
prejudice is certainly formed by our everyday experience, where observing 
things in our surroundings does not change their properties. As is known 
since the early times of quantum theory, observation can drastically change 
the observed system. 

The essence of the Zeno effect can easily be shown as follows. Consider 
the “decay” of a system which is initially prepared in the “undecayed” state 
|u). The probability to find the system undecayed, i.e., in the same state |tt) 
at time t is for small time intervals given by 

P{t) = |(u| exp{— 

= 1 - (AHff + 0(t^) (28) 

with 

{AHf = - {u\H\uf . (29) 

If we consider the case of N measurements in the interval [0, t], the non-decay 
probability is given by 



PnH) « 



1 - {AHf 




1 - {AH)h^ = P{t) . 



(30) 



This is always larger than the single-measurement probability given by (28). 
In the limit of arbitrary dense measurements, the system no longer decays, 

PN(t) = 1 - (/iff)"^ + . . . 1 . (31) 

Hence we find that repeated measurements can completely hinder the natural 
evolution of a quantum system. Such a result is clearly quite distinct from 
what is observed for classical systems. Indeed, the paradigmatic example for 
a classical stochastic process, exponential decay, 



P{t) = exp(-n) , 



(32) 



is not influenced by repeated observations, since for N measurements we 
simply have 



PN{t) = 






N 



= exp{—Pt) . 



(33) 
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So far we have treated the measurement process in our discussion of the 
Zeno effect in the usual way by assuming a collapse of the system state onto 
the subspace corresponding to the measurement result. Such a treatment 
can be extended by employing a von Neumann model for the measurement 
process, e.g., by coupling a pointer to a two-state system. A simple toy model 
is given by the Hamiltonian 



H = Ho + Hm 

= y(|l>{2i |2)(1|) + E\2){2\ -b 7P(|1)(1| - |2)(2|) , (34) 

where transitions between states |1) and |2) (induced by the “perturbation” 
V) are monitored by a pointer (coupling constant 7). This model already 
shows all the typical features mentioned above. 

The transition probability starts for small times always quadratically, 
according to the general result (28). For times, where the pointer resolves the 
two states, a behavior similar to that found for Markow processes appears: 
The quadratic time-dependence changes to a linear one. For strong coupling 
the transitions are suppressed. This clearly shows the dynamical origin of the 
Zeno effect. 

An extension of the above model allows an analysis of the transition 
from the Zeno effect to master behavior (described by transition rates as 
was first studied in quantum mechanics by Pauli in 1928). It can be shown 
that for many (micro-)states which are not sufficiently resolved by the envi- 
ronment, Fermi’s Golden Rule can be recovered, with transition rates which 
are no longer reduced by the Zeno effect. Nevertheless, interference between 
macrostates is suppressed very rapidly [7]. 



4.3 Decoherence of Fields 
In QED we find two (related) situations, 

• “Measurement” of charges by fields; 

• “Measurement” of fields by charges. 

In both cases, the entanglement between charge and field states leads to 
decoherence as already described above in the discussion of superselection 
rules, see also [5] and references therein. 

In recent quantum optics experiments it is possible to prepare and study 
superpositions of different classical field states, quantum-mechanically repre- 
sented by coherent states, for example Schrodinger cat states of the form 

|!F) = N{\a) -I- 1 - a)) (35) 

which can be realized as field states in a cavity. In these experiments (see [1]) 
decoherence can be turned on gradually by coupling the cavity to a reservoir. 
Typical decoherence times are in the range of about 100 fis. 
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For true cats the decoherence time is much shorter (in particular, it is 
very much shorter than the Ufetime of a cat!). This leads to the appearance 
of quantum jumps, although all underlying processes are smooth in principle 
since they are governed by the Schrodinger equation. 

In experimental situations of this kind we find a gradual transition from 
a superposition of different decay times (seen in “collapse and revival” ex- 
periments) to a local mixture of decay times (leading to “quantum jumps” ) 
according to the following scheme. 



theory 


experiment 


superposition of different de- 
cay times 


collapse and revivals 


11 


11 


loc£il mixture of different de- 
cay times 


quantum jumps 



4.4 Spacetime and Quantum Gravity 

In quantum theories of the gravitational field, no classical spacetime exists 
at the most fundamental level. Since it is generally assumed that the grav- 
itational field has to be quantized, the question again arises how the corre- 
sponding classical properties can be understood. 

Genuine quantum effects of gr avity a re expected to occur for scales of 
the order of the Planck length y/Gh/c?. It is therefore often argued that 
the spacetime structure at larger scales is automatically classical. However, 
this Planck scale argument is as insufficient as the large mass argument in 
the evolution of free wave packets. As long as the superposition principle is 
valid (and even superstring theory leaves this untouched), superpositions of 
different metrics should occur at any scale. 

The central problem can already be demonstrated in a simple Newtonian 
model[8]. Consider a cube of length L containing a homogeneous gravitational 
field with a quantum state ^ such that at some initial time t = 0 

\i>) = ci\g) + C 2 \g') , (36) 

where g and g' correspond to two different field strengths. A particle with 
mass m in a state |x;), which moves through this volume, “measures” the 
value of g, since its trajectory depends on the acceleration g: 

IV’)lx^“^) ^ Cilff)lxg(t)) +C2|5')IXfl'W> - 



(37) 
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This correlation destroys the coherence between g and g', and the reduced 
density matrix can be estimated to assume the following form after many 
such interactions are taken into account: 



p{9, 9', t) = p(9, 9', 0) exp {-rt{g - g'f) , (38) 



where 



r = nL‘^ 




3/2 



for a gas with particle density n and temperature T. For example, air under 
ordinary conditions, L = 1 cm, and t = 1 s yields a remaining coherence 
width of Ag/g « 10“®[8]. 

Thus, matter does not only tell space to curve but also to behave classi- 
cally. This is also true in full quantum gravity. 

In a fully quantized theory of gravity, for example in the canonical ap- 
proach described by the Wheeler-deWitt equation, 



a)) = 0 , 



(39) 



where # describes matter and is the three-metric, everything is contained 
in the “wave function of the universe” !?. Here we encounter new problems: 
There is neither an external time parameter, nor is there an external ob- 
server. How these problems can be tackled is described in Claus Kiefer’s 
contribution[l 2] . 



5 Lessons 

What insights can be drawn from decoherence studies? It should be empha- 
sized that decoherence derives from a straightforward application of standard 
quantum theory to realistic situations. It seems to be a historical accident, 
that the importance of the interaction with the natural environment was 
overlooked for such a long time. Certainly the still prevailing (partly philo- 
sophical) attitudes enforced by the Copenhagen school played a (negative) 
role here, for example by outlawing a physical analysis of the measurement 
process in quantum-mechanical terms. 

Because of the strong coupling of macroscopic objects, a quantum descrip- 
tion of macroscopic objects requires the inclusion of the natural environment. 
A fully unitary quantum theory is only consistent if applied to the whole uni- 
verse. This does not preclude local phenomenological descriptions. However, 
their derivation from a universal quantum theory and the interpretation as- 
signed to such descriptions have to be analyzed very carefully. 

We have seen that typical classical properties, such as localization in 
space, are created by the environment in an irreversible process, and are 
therefore not inherent attributes of macroscopic objects. The features of the 
interaction define what is classical by selecting a certain basis in Hilbert 
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space. Hence superselection sectors emerge from the dynamics. In all “classi- 
cal” situations, the relevant decoherence time is extremely short, so that the 
smooth Schrodinger dynamics leads to apparent discontinuities like “events” , 
“particles” or “quantum jumps” . 

There are certain ironies in this situation. Local classical properties find 
their explanation in the nonlocal features of quantum states. Usually quantum 
objects are considered as fragile and easy to disturb, whereas macroscopic 
objects are viewed as the rock-solid building blocks of empirical reality. How- 
ever, the opposite is true: macroscopic objects are extremely sensitive and 
immediately decohered. 

On the practical side, decoherence also has its disadvantages. It makes 
testing alternative theories difficult (more on that below), and it represents a 
major obstacle for people trying to construct a quantum computer. Building 
a really big one may well turn out to be as difficult as detecting other Everett 
worlds! 

5.1 Does decoherence solve the measurement problem? 

Clearly not. What decoherence tells us, is that certain objects appear classical 
when they are observed. But what is an observation? At some stage, we still 
have to apply the usual probability rules of quantum theory. These are hidden 
in density matrices, for example. 



5.2 Which interpretations make sense? 

One could also ask: what interpretations are left from the many that have 
been proposed during the decades since the invention of quantum theory? I 
think, we do not have much of a choice at present*, if we restrict ourselves 
to use only wavefunctions as kinematical concepts (that is, we ignore hidden- 
variable theories, for example). 

There seem to be only the two possibilities either (1) to alter the Schrddin- 
ger equation to get something like a “real collapse” [3,13], or (2) to keep the 
theory unchanged and try to establish some variant of the Everett interpre- 
tation. 

Both approaches have their pros and cons, some of them are listed in 
the following table. Clearly collapse models face the immediate question of 
how, when and where a collapse takes place. If a collapse occurs before the 
information enters the consciousness of an observer, one can maintain some 
kind of psycho-physical parallelism by assuming that what is experienced 
subjectively is parallel to the physical state of certain objects, e.g., parts of 
the brain. The last resort is to view consciousness as causing collapse, an 
interpretation which can more or less be traced back to von Neumann. In 

* The following owes much to discussions with Dieter Zeh, who finally convinced 
me that the Everett interpretation could perhaps make sense at all. 
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collapse models 


Everett 


traditional psycho-physical parallelism: 
What is perceived is parallel to the ob- 
server’s physical state 


new form of psycho-physical paral- 
lelism: Subjective perception is parallel 
to the observer state in a component of 
the universal wave function 


probabilities put in by hand 


probabilities must also be postulated 
(existing “derivations” are circular) 


problems with relativity 


peaceful coexistence with relativity 


experimental check: 
look for collapse-like deviations from 
the Schrodinger equation 
11 

hard to test because of decoherence 


experimental check: 

look for macroscopic superpositions 

hard to test because of decoherence 



any case, the collapse happens with a certain probability (and with respect 
to a certain basis in Hilbert space) and this element of the theory comprises 
an additional axiom. 

How would we want to test such theories? One would look for collapse-like 
deviations from the unitary Schrodinger dynamics. However, similar apparent 
deviations are also produced by decoherence, in particular in the relevant 
meso- and macroscopic range. So it is hard to discriminate these true changes 
to the Schrodinger equation from the apparent deviations brought about by 
decoherence [9]. 

Everett interpretations lead into rather similar problems. Instead of spec- 
ifying the collapse one has to define precisely how the wavefunction is to be 
split up into branches. Decoherence can help here by selecting certain direc- 
tions in Hilbert space as dynamically stable (and others as extremely fragile 
- branches with macroscopic objects in nonclassical states immediately de- 
cohere), but the location of the observer in the holistic quantum world is 
always a decisive ingredient. It must be assumed that what is subjectively 
experienced is parallel to certain states (observer states) in a certain compo- 
nent of the global wave function. The probabilities (frequencies) we observe 
in repeated measurements form also an additional axiom!. The peaceful co- 
existence with relativity seems not to pose much problems, since no collapse 
ever happens and all interactions are local in (high-dimensional) configuration 

! There exist several claims in the literature that probabilities can be derived in 
the Everett interpretation. I think these proofs are circular. Consider a sequence 
of N measurements on copies of a two-state system, all prepared in the initial 
state a|l) + h\2). The resulting correlated state contains 2^ components, where 
each pointer state shows one of the 2^ possible sequences of measurement results 
(e.g. as a computer printout). But these pointer states are always the same, inde- 
pendently of the values of a and 6! Only if each brcmch is given a weight involving 
|a|^ and |b|^ one may recover the correct frequencies. See also [11]. In addition, 
deep (cmd partially very old) questions about the meaning of probabilities seem 
to reappear in the framework of Everett interpretations. 
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space. But testing Everett means testing the Schrodinger equation in partic- 
ular with respect to macroscopic superpositions, and this again is precluded 
by decoherence. 

So it seems that both alternatives still have conceptual problems and both 
are hard to test because of decoherence. We should not be surprised, however, 
if it finally turned out that we do not know enough about consciousness and 
its relation to the physical world to solve the quantum mystery [14]. 
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The Meaning of Decoherence* 



H. D. Zeh 

Institut fur Theoretische Physik, Universitat Heidelberg, D-69120 Heidelberg, 
Germany 



Abstract. The conceptual and dynamical aspects of decoherence are analyzed, 
while their consequences on several fundamental applications are discussed. This 
mechanism, which is based on a universal Schrodinger equation, is furthermore com- 
pared with the phenomenological description of open systems by means of ‘quantum 
dynamical maps’. 



1 Ensembles, Entanglement, and Zwanzig Projections 

Decoherence is usually defined as the practically irreversible disappearance 
of certain nondiagonal elements from the density matrix of a bounded but 
open system. It can be explained by the latter’s unavoidable interaction with 
its environment according to the Schrodinger equation for a global system 
under certain initial conditions. This delocalization of phase relations seems 
to form the most ubiquitous irreversible process in nature — similar to (but in 
general far more efficient than) the Boltzmann equation in classical statistical 
physics. In order to understand its importance correctly, one has carefully 
to analyze the meaning of the quantum mechanical density matrix, since 
its usual introduction by means of ‘quantization rules’ would be insufficient 
for this purpose. As will be explained below, there are indeed two quite 
dz^erent interpretations of the density matrix. Their confusion would lead to a 
common ‘naive’ misinterpretation of the concept of decoherence as describing 
a collapse of the wave function. 

If the wave function (that is, the quantum mechanical state) of a physical 
system is assumed to be defined, but not completely known, one may often 
describe this incomplete knowledge by an ensemble of wave functions tpa with 
probabilities pa- In this ensemble, the probabilities Pa (rather than a density 
matrix p{q, q') that would arise from the formal quantization rules) form the 
analog of the classical probability distribution on phase space, p(p,q). The 
meaning of the density matrix can only be appreciated when considering en- 
semble expectation values of observables A, that is, mean values of expectation 
values with respect to the various states V’q which form the ensemble: 

~ = Trace{Ap} = '^an{<!>n\pHn) , (la) 

a n 

* This contribution is based on Sects. 4.2 - 4.4 of Zeh (1999). For personal reasons 
I was not able to present it at the conference as plcinned. This explains a certain 
amount of overlap with Erich Joos’ contribution. 
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with 

p ■=Y^\l})a)Pa{'>l>a\ and A-.= ^\<))n)an{(l)n\ ■ (1&) 

a n 

The symbol (A) denotes here a twofold mean: with respect to the ensemble 
of quantum states ?/>„ with their probabilities pa, and with respect to the 
quantum mechanical indeterminism of measurement results a„ with their 
probabilities \{<j>n\i’a)\^ , valid for given quantum states i/’a- In this way, the 
concept of a density matrix depends on the probability interpretation of the 
wave function — although not on any specific kinematical concept (such as 
hidden or classical variables) that would characterize the objects to which 
these probabilities apply, or where and how they might dynamically arise. 

This ensemble interpretation of the density matrix according to p = 
Ha \'‘Pa)Pa{ipa\ does not require the members V’a of the ensemble of wave 
functions to be mutually orthogonal. They may in general even form an over- 
complete set. Therefore, the ensemble cannot be uniquely recovered from the 
density matrix. Von Neumann’s entropy, 

5 := -fcTrace{plnp} , (2) 

would represent an ensemble entropy in the form —k^palnpa only for the 
special ensemble consisting of the orthonormal eigenstates of p. Its conserva- 
tion describes dynamical determinism, provided the inner products between 
the states ip a are also conserved. This requires the unitarity of the Schrddinger 
equation, since the formal density matrix does not distinguish between norm 
and probability of a wave function. 

The mapping of ensembles of wave functions onto those which diagonal- 
ize their density matrix is an idempotent, information-reducing operation. 
Nonetheless, one may derive the von Neumann equation, 

i^ = [H,p]=:Lp , (3) 

from the ensemble interpretation and the further assumption that all wave 
functions defining the ensemble satisfy a Schrodinger equation idipaldt = 
Hipa with one and the same Hamiltonian H. Although similar assumptions 
are used in classical statistical mechanics, presuming the Hamiltonian to be 
‘given’ does not appear as an entirely consistent procedure while regarding 
states as incompletely known: the exact Hamiltonian of a bounded classical 
system would in general essentially depend on the uncontrollable state of its 
environment. 

Rather than describing an ensemble of wave functions, a density matrix 
may also represent the local or ‘reduced’ perspective of entangled quantum 
systems. The generic quantum state of any two combined systems (with vari- 
ables X and y, say) may be written as 

V’(a;,2/) = ^c„„<)fi„(x)#„(?/) 

m,n 



( 4 ) 
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For spatially distinct subsystems, this entanglement represents the funda- 
mental (kinematical) quantum nonlocality. All partial measurements at one 
of the subsystems say) can then be characterized by expectation values 

of observables A^, 

{A^) := Trace{A,^ptotai} = Trace^jA^p^} . (5) 

Here, is defined as a partial trace, p^ := Tracey {ptotai}, while ptotai niay 
still represent a wave function (or pure state), ptotai := |t^)(V'l- This new 
density matrix p^ is explicitly defined by the expansion coefficients Cmn of 
the total state (4), 

■— {4’m\p<l>\‘Pm') — ^ ’ (®) 

n 

rather than by a statistical distribution p„ according to OamPaC*^/. Al- 
though it cannot be distinguished by local operations from the density matrix 
describing an ensemble of quantum states, it does here evidently not represent 
such an ensemble. Mere incomplete information would mean that one definite 
member of the ensemble described reality. Therefore, this ‘apparent ensem- 
ble’ or ‘improper mixture’ (d’Espagnat 1966) must not be used to explain 
the probability interpretation on that it has been based in (5). The funda- 
mental difference between proper and improper mixtures cannot be overcome 
(though possibly obscured) by applying the formal limit of an infinity of de- 
grees of freedom (cf. Hepp 1972) . Statistical operators for all subsystems (as 
widely used in the phenomenological quantum theory of open systems) are 
therefore insufficient, as they neglect nonlocal quantum correlations. This 
formalism remains blind to the measurement problem (see below). 

Any density matrix, such as p^ or p^ := Tracey {ptotai}, is hermitian, and 
can therefore be diagonalized in the form = Yn\^n)Pn{^n\ that defines 
its eigenbasis {^n}- This form represents an (in general apparent) ensemble 
of orthogonal states. By using tbis diagonal form and (6) one observes that all 
eigenvalues pn are non-negative. Phenomenological dynamical maps (Sect. 3) 
must therefore be chosen ‘completely positive’ by hand, that is, they have 
to conserve this property for all density matrices (including those of their 
subsystems). 

For an entangled state such as (4), the eigenbasis of both subsystem den- 
sity matrices defines the Schmidt canonical form, 

= 'Y^y/Pk^k{x)^k{v) , ( 7 ) 

k 

which, in contrast to (4), is a single sum (Schmidt 1907, Schrodinger 1935). 
For given subsystems, this representation (and therefore also its time depen- 
dence — see Kubler and Zeh 1973) is completely defined by the state ip of 
the total system (except for degenerate probabilities) . All phase factors which 
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could multiply the roots of the formal probabilities in (7) have here been 
absorbed into the orthonormal states or ^k- Since indistinguishable par- 
ticles cannot be used to define subsystems, entanglement is not understood 
to include the formal correlations which describe symmetrization or antisym- 
metrization of the wave function. These pseudo-correlations are merely an 
artifact from using classical particle concepts. 

Complete neglect of all correlations between two subsystems can be for- 
mally described by a Zwanzig projection (an idempotent mapping of density 
matrices), 

P iepP pip ^ P^ • (8) 

Such operators P on density matrices, with JP^ = P, form a convenient tool 
in deriving master equations for the ‘relevant’ part prei Pp of p, such as 



dprel ] _ Pe ~ Prel 

/master”" 



(9) 



They reduce information contained in the density matrix (and thus raise the 
entropy) if they are genuine projections (linear and hermitian — see Sect. 3). 
The stronger Zwanzig projection of locality, PocaiP = 11* Pav^, , leading to 
a density matrix that factorizes with respect to small volume elements AVk 
in space, would be required in order to arrive at the approximate concept of 
an entropy density s{r). In quantum mechanics, a Zwanzig projection that 
neglects certain interference terms. 



.^emidiagP • — ^ ] PnPPn 



( 10 ) 



is often useful. Here, {Pn} is a complete set of projectors on mutually or- 
thogonal Hilbert subspaces. A master equation requires that the irrelevant 
part, pirrei := (1 — P)p, is dynamically irrelevant in the future (similar to the 
particle correlations neglected in Boltzmann’s StoJJzahlansatz). 

A rednction of information less than by Psep is obtained by the relevance 
concept of classical correlations only, 

Pclassica.liWW) ■='Y^Pk\^k){h\®\^k){^k\ , ( 11 ) 

k 

here again written in the Schmidt-canonical basis. The Zwanzig projection 
Classical retains all ‘statistical’ correlations (based on incomplete information) 
while dropping all quantum correlations (entanglement). In the Schmidt rep- 
resentation the latter would require a twofold sum over k and k' in the density 
matrix (in an arbitrary representation a sum over two pairs of indices). The 
rhs of (11) can always be interpreted as representing lacking information 
about one ‘real’ product state. The presence of genuine quantum entangle- 
ment can be recognized in any representation of the density matrix (Werner 
1989, Peres 1996). 
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A reduced density matrix does in general not obey a von Neumann equa- 
tion any more if the total wave function if) evolves according to a Schrodinger 
equation. Its dynamics cannot be autonomous. Although it can be explicitly 
formulated (Kiibler and Zeh 1973, Pearle 1979), its solution would in gen- 
eral require solving the Schrodinger equation for the total system. Indeed, 
multiplied by the unit operator in #-subspace represents another Zwanzig 
projection, 

^subPtotal ■— P(f> ® 1^ • (12) 

Phenomenological master equations for are referred to as ‘open systems 
quantum dynamics’ (see Sect. 3). They are often derived by assuming a heat 
bath as an (uncorrelated) environment (Favre and Martin 1968, Davies 1976). 
However, from a fundamental point of view, master equations should explain 
the presence of heat baths (that is, canonical ensembles described by a tem- 
perature parameter) rather than presuming their existence. 

The expectation values (la) and (5), which led to the concept of a density 
matrix, refer to probabilities for the outcomes of quantum measurements. Von 
Neumann (1932) introduced his dynamical concept of ideal measurements (or 
measurements of the first kind) as unitary interactions between microscopic 
systems and measurement devices. They represent forks of causality (spread- 
ing information — see Zeh 1999), defined by the transition 4>n^o-^ (f)n^n, 

where 4>n is an eigenstate of an observable A = Yln\'^n)(in{4>n\- is the 
initial state of the apparatus, and its ‘pointer position’ corresponding 
to the result n. The observable A is defined by this interaction between wave 
functions up to the scale factor a„ if the states <pn are orthogonal. If the micro- 
scopic system is initially in one of the eigenstates, it does not change during 
an ideal measurement, while the apparatus evolves into the corresponding 
pointer state (Non-ideal measurements could be similarly described by 
replacing (f)n with a different final state d'^.) 

However, for a general initial state, ^^Cntpri, one obtains for the same 
interaction and for the same initial state of the apparatus 

I ^ ^ Cn0n I ^0 ^ ) Cn0n^n — • ^ • (1^) 

\ n / n 

The rhs is an entangled state, while an ensemble of different measurement re- 
sults (that is, of states <f>n^n with probabilities |c„p), would require this fork 
of causality to be replaced by a fork of indeterminism (leading to different 
potential states). The formal ‘plus’ characterizing the superposition would 
have to be replaced with an ‘or’. This discrepancy represents the quantum 
measurement problem. The subsystem density matrices resulting from these 
two types of fork are identical, since there is no way of distinguishing these 
different situations operationally by a local observation. However, as empha- 
sized above, this argument does not explain the fork of indeterminism that 
is at the heart of the probability interpretation. If the pointer states are 
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also orthogonal (as will have to be assumed for a measurement), both sides 
of (13) are Schmidt-canonical. 

This measurement problem exists regardless of the complexity of the mea- 
surement device (which may give rise to thermodynamically irreversible be- 
havior), and of the presence of fluctuations or perturbations caused by the 
environment, since the states # may be defined to describe this complexity 
completely, and even include the whole ‘rest of the world’. The popular ar- 
gument that the quantum mechanical indeterminism might, in analogy to 
the classical situation, be due to distortions (such as uncontrollable ‘kicks’) 
during a measurement (cf. Peierls 1985, for example) is incompatible with a 
universal unitary dynamics. It would require the existence of an initial en- 
semble of microscopic states that in principle had to determine the outcome. 
However, the entropy of the rhs of (13) does not characterize an ensemble as 
it would be required for this purpose. 

If both systems in (13) are microscopic, the dynamics representing the 
fork of causality can even be practically reversed in order to demonstrate 
that all arising components still exist. They may then contribute to individ- 
ual observable consequences that depend on all of them, and on their relative 
phases. This excludes the interpretation of (13) as representing a fork of in- 
determinism (a fork between mere possibilities), even though von Neumann’s 
fork of causality is defined in a classical configuration space (in terms of 
branching wave packets). If the transition from quantum to classical were 
completely understood, it would have to explain why the arena for the wave 
function appears as a space of ‘classical’ configurations in many situations. 

It should be kept in mind, however, that thd local concepts of relevance, 
such as Psepiflocai and Pdassicai, appear ‘naturM’oonly to our classical preju- 
dice. In the unusual situation of EPR/Bell type experiments, quantum corre- 
lations become relevant even for local observers. The locality of the dynamics, 
in field theory described by means of point interadfcions, for example, merely 
warrants the dynamical consistency of this concept of relevance, such as the 
approximate validity of autonomous master equations for Pocaip. 

2 Decoherence: Examples 

Using the terminology of Zwanzig projections introduced above, decoherence 
may be defined as the dynamical justification of a specific Psemidiag for a given 
system by presuming the relevance of the corresponding ‘local perspective’ 
that is formally represented by Psub- If this Psemidiag is valid under all normal 
circumstances, its eigenspaces are labeled by classical properties of the local 
(bounded but open) systems. In this way, ‘quasi-classical’ concepts (not just 
quasi-classical dynamics for pressumed classical objects such as particles) 
emerge through unavoidable interaction with the environment. 

Equation (13) formulates the interaction of a microscopic system <j> with 
appropriate controllable ‘pointer states’ # of a measurement device. Its asym- 
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metry in time represents a fact-like arrow (leading from factorizing to entan- 
gled states). It can possibly be reversed (with sufficient eflFort) if both sub- 
systems are microscopic. For genuine measurements, the states must be 
quasi-classical. Assume now that the pointer positions in (13) are replaced 
with uncontrollable (such as thermal) states of the unavoidable environment 
of the system that is described by the states (p, while this ‘system’ may 
even represent the macroscopic pointer states (being ‘measured’ themselves 
by their environment). Then this interaction cannot practically be reversed, 
and measurements by means of macroscopic instruments can thus not be un- 
done. This (inter)action is clearly analogous to Boltzmann’s Stofizahlansatz 
in creating correlations which propagate away, while it describes the specific 
quantum aspect of delocalizing phase relations (‘decoherence’). Its time arrow 
may therefore be referred to as quantum causality. The resulting local (re- 
duced) density matrix in the sense of (5) describes an apparent ensemble 
of quasiclassical states. 

This interaction with the environment, which leads to ever-increasing en- 
tanglement, is practically unavoidable for most systems in all realistic situa- 
tions (Zeh 1970, 1971, 1973, Leggett 1980, Zurek 1981, 1982, Joos and Zeh 
1985). It is this quantitative aspect that seems to have been greatly overlooked 
when classical systems were unsuccessfully described by a Schrodinger equa- 
tion. Decoherence is efficient, since it does not require the environment to 
act on the system (as it would have to do in order to induce ‘distortions’ or 
Brownian motion). It does neither depend on the concepts of momentum and 
energy, nor include any transfer of heat or the presence of an environmental 
heat bath, since it may occur very far from equilibrium. 

Decoherence is effective on a much shorter time scale than thermal relax- 
ation or dissipation (see Joos and Zeh 1985, Zurek 1986). Its most important 
message is that there are no approximately closed macroscopic systems (save 
the whole universe). On the other hand, systematic decoherence requires a 
‘normal’ environment that monitors certain properties (represented by sub- 
spaces). The latter may then appear as ‘classical facts’, which exist regardless 
of their observation, while their superpositions never occur (locally). While 
this situation is the basis of Zurek’s (operationally understood) existential 
interpretation (Zurek 1998) , it is here evidently derived from the assumption 
of an ‘absolutely existing’ universal wave function (of which it forms a dy- 
namically autonomous branch — or a ‘consistent history’ in terms of wave 
functions). It appears indeed strange that most physicists prefer to accept 
certain conceptual inconsistencies (often referred to as ‘complementarity’) 
which allow them to believe in the existence only of what they can ‘see’, 
even though their successful and consistent theory tells them that there must 
be a lot more (unless this theory is deliberately changed where it cannot be 
confirmed). 

Some important applications of decoherence will now be discussed. 
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2.1 Trajectories 



In an imagined two-slit interference experiment with ‘bullets’ (or slightly 
more realistically with small dust particles or large molecules), not only their 
passage through the slits, but their whole path would unavoidably be mea- 
sured by scattered air molecules or photons under all realistic circumstances. 
For macroscopic objects we could simply confirm this fact by opening our 
eyes. Therefore, no interference fringes could ever be observed — even if the 
resolution of our reading and registration devices were fine enough. Macro- 
scopic objects resemble alpha particles in a cloud chamber (Mott 1929), since 
they can never be regarded as being isolated in a vacuum (as it can be ar- 
ranged for microscopic objects). Their unavoidable entanglement with their 
environment leads to a reduced density matrix that is equivalent to an ever- 
increasing ensemble of narrow wave packets following slightly stochastic tra- 
jectories. 

For a continuous variable, such as the center of mass position of a macro- 
scopic particle, decoherence competes with the dispersion of the wave packet 
that is reversibly described by the Schrodinger equation. Even the appar- 
ently small scattering rate of photons or atoms off small dust particles in 
intergalactic space would suffice to suppress all coherent spreading of the 
wave packets (Joos and Zeh 1985). An otherwise free particle, for example, 
is then dynamically described by the master equation 



.dp{x,x',t) 

^ di 



J_ 

2m 




p - i\{x - x')'^p 



(14) 



which can be derived from a universal Schrodinger equation by assuming the 
future irrelevance of all initial correlations with the environment (cf. Joos’ 
Chap. 3 and App. 1 of Giulini et al. 1996). The coefficient A is here deter- 
mined by the scattering rate and its efficiency in orthogonalizing states of 
the environment. One does not have to postulate a fundamental semigroup 
in order to describe open quantum systems (Sect. 3). If the environment rep- 
resents a heat bath, (14) corresponds to the infinite-mass limit of quantum 
Broumian motion (cf. Caldeira and Leggett 1983, Zurek 1991, Hu, Paz and 
Zhang 1992, Omnes 1997). This demonstrates that even for entirely negligible 
recoil (which is responsible for noise and friction) there remains an important 
effect that is based on quantum nonlocality. Although Brownian fluctuations 
are required in a thermal environment, they describe much smaller effects on 
the density matrix of macroscopic degrees of freedom than decoherence. 

Classical properties (e. g. shape and position of a droplet) thus emerge 
from the wave function (and are maintained) in an irreversible manner. Par- 
ticle aspects (such as tracks in a bubble chamber) axe described by the re- 
duced density matrix because of unavoidable interactions with the environ- 
ment according to a universal Schrodinger equation. The disappearance of 
interference between partial waves during a welcher Weg experiment (Scully, 
Englert and Walther 1991, Diirr, Nonn and Rempe 1998) does not require 
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a (fundamental) wave-particle ‘complementarity’. Similarly, there is no su- 
perluminal tunnelling (see Chiao 1998) in a consistent quantum description, 
since all parts of a wave packet propagate (sub-) luminally, while its group 
velocity does not represent propagation of a physical object in the absence 
of a fundamental particle concept. 

Master equations for open systems, such as (14), can also be derived by 
means of Feynman path integrals (Feynman and Vernon 1963, Mensky 1979), 
that is, by using a decoherence functional. The path integral is here used for 
calculating the propagation of wave functions of systems together with their 
environments, while the latter are then dynamically traced out. However, 
only because of the decoherence contained in this procedure may superposi- 
tions of different paths with their physically meaningful phase relations (that 
is, propagating wave functions) appear to a local observer as representing 
ensembles of trajectories. 

All classical phenomena, even those representing ‘reversible’ classical me- 
chanics, are based on this (for all practical purposes) irreversible decoherence, 
with a permanent production of physical entropy that may be macroscopi- 
cally negligible, although it is large in terms of bits. These ‘measurements’ by 
the environment according to (13) must be irreversible in this sense in order 
to avoid the possibility of ‘quantum erasing’ the information from the envi- 
ronment, and thus to restore coherence (just as for measurements proper). 
Recoherence would mean that every scattered particle were completely and 
coherently recovered in order to relocalize the initial phase relations. The 
terminology of quantum erasing is therefore misleading: conventional eras- 
ing is understood as the destruction (that is, dissipation) of information — 
corresponding to an increase of entropy — , while the dissipation of phase 
relations would just warrant perfect decoherence (rather than undoing it). 
Experimental realizations of quantum erasers in certain microscopic systems 
(cf. Kwiat, Steinberg and Chiao 1992) do not always recover the whole initial 
superposition — they may partly rebuild it. 



2.2 Molecular Configurations as Robust States 

Chiral molecules, such as right- or left-handed sugar, represent another sim- 
ple property controlled by decoherence. A chiral state is described by a wave 
function, but in contrast to the otherwise analogous spin-3 state of an am- 
monia molecule, say, not by an energy eigenstate (see Zeh 1970, Primas 1983, 
Woolley 1986) . The reason is that it is chirality (but not parity) that is con- 
tinuously ‘measured’, for example by scattered air molecules (for sugar under 
normal conditions on a decoherence time scale of the order 10~®sec — see 
Joos and Zeh 1985). Measurements of the parity of sugar molecules, or their 
preparation in energy eigenstates, are therefore practically excluded, since 
this would require an even stronger coupling to the corresponding device. 

As a dynamical consequence, each individual molecule in a bag of sugar 
must then retain its chirality, while a parity state — if it had come into exis- 
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tence in a mysterious or expensive way — would almost immediately ‘collapse’ 
into an apparent mixture of both chiralities with equal probabilities. Parity 
is thus not conserved for sugar molecules, while chirality could be confirmed 
‘without demolition’ when measured again. (A mixture of chiralities would 
be formally identical to a mixture of parities only in the pathological case of 
exactly equal probabilities.) 

This dynamical robustness of certain properties under the influence of the 
environment seems to characterize what we usually regard as ‘real classical 
facts’ (in the operational sense), such as spots on the photographic plate, or 
any other ‘pointer states’ of a measurement device. The concept of robustness 
is compatible with a (regular) time dependence, as exemplified in the previous 
section for the center of mass motion of macroscopic objects. Since entropy 
production by interaction with the environment is least for a density matrix 
already diagonal in terms of robust states, this property has been called a 
‘predictability sieve’, and proposed as a definition of classical states (Zurek, 
Habib and Paz 1993). 

Robustness also gives rise to quasi-classical ‘consistent histories’ in terms 
of wave packets, and it is required for the physical concept of memory, as 
in DNA, brains or computers — with the exception of quantum computers, 
which are extremely vulnerable to decoherence (Haroche and Raimond 1996, 
Ekert and Jozsa 1996 — see also Zurek 1998). In contrast to robust properties, 
which can be assumed to exist as ‘facts’ regardless of their measurement, 
potentially measurable quantities are called ‘counterfactual’ if they may occur 
in superpositions. They must then not be assumed to possess definite though 
unknown values. However, all situations can be described and distinguished 
by means of decoherence in terms of a (f) actual universal wave function. 

Chemists know that atomic nuclei in large molecules have to be described 
classically (for example by rigid configurations, which may vibrate or rotate 
in a time-dependent manner) , while the electrons have to be represented by 
stationary or adiabatically comoving wave functions. This asymmetry is then 
often attributed to a Born-Oppenheimer approximation in terms of the mass 
ratio. However, this argument is insufficient, since the same approximation 
can be applied to small molecules for calculating the stationary energy eigen- 
states with their discrete energy bands. This insufficient argument is now also 
found in quantum gravity, where it is claimed to explain classical spacetime 
by merely employing a Born-Oppenheimer approximation with respect to the 
inverse Planck mass. The argument cannot be improved by means a WKB ap- 
proximation for the massive variables, since this would still not exclude broad 
wave functions (instead of narrow wave packets following quasi-trajectories). 
The WKB approximation may only explain the quasi-classical propagation of 
wave fronts according to geometric optics, and therefore the stability of wave 
packets once they have formed. 

The formation of quasi-classical wave packets for the atomic nuclei in 
large molecules or for the gravitational field can instead be explained by 
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decoherence (Joos and Zeh 1985, Unruh and Zurek 1989, Kiefer 1992 — see 
also Sect. 2.4). For example, the positions of atomic nuclei in large molecules 
are permanently monitored by scattering of (other) molecules. But why only 
the nuclei (or ions), and why not even they in very small molecules? The 
answer can only be quantitative, and it is based on a delicate balance between 
internal dynamics and interaction with the environment, whereby the density 
of states plays a crucial role (Joos 1984). Depending on the specific situation, 
one will either obtain an approximately unitary evolution, a master equation 
(with time asymmetry arising from quantum causality), or complete freezing 
of the motion (quantum Zeno effect). The situation becomes simple only for 
a ‘free’ massive particle, which is described by (14). 

2.3 Charge Superselection 

Gaufi’ law, q = J E ■ dS, tells us that every local charge is correlated with 
its Coulomb field on a sphere at any distance. A superposition of different 
charges, 

Q Q q 

= ■ ( 15 ) 

would therefore represent an entangled state of the charge and its field. Here, 
Xq describes the bare charge, while = ^near^far jg functional 

of its complete field, symbolically written as a tensor product of a near- 
held and a far-held. The dressed (physical) state of a charge would then be 
described by a density matrix of the form 

Plocal = E (16) 

if the states of the far held are mutually orthogonal (uniquely distinguishable) 
for different charge q. The charge is decohered by its own Coulomb held, and 
no charge superselection rule has to be postulated in a fundamental way (see 
Giulini, Kiefer and Zeh 1995). The dressing of a charged particle by its near- 
held (including reversible polarization of surrounding matter) would formally 
decohere the bare charge, but remain observationally irrelevant, since only 
the dressed particle can be used in experiments. 

While this result is satisfactory from a theoretical point of view, a more 
practical question is, at what distance and on what time scale a point charge 
in a superposition of two different locations (such as an electron during an in- 
terference experiment) would be decohered by the corresponding dipole held. 
Classically, the retarded Coulomb held on the forward light cone would con- 
tain complete information about the path of the charge. However, since inter- 
ference between different electron paths has been observed over distances of 
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the order of millimeters (Nicklaus and Hasselbach 1993; see also Hasselbach’s 
contribution to this conference), one has to conclude that quantum Coulomb 
fields contribute to decoherence by their monopole component only.^ 

This consequence, which appears surprising from a classical point of view, 
may be readily understood in terms of quantized fields, since photons with 
infinite wave length (representing static Coulomb fields) cannot ‘see’ position 
at all (even though their number may diverge). Static dipole (or higher) mo- 
ments do not possess any far-fields, which are defined to decrease with 1/r^ 
only. Therefore, only the ‘topological’ Gaufi constraint = 47rj° remains 

of the Coulomb field in QED. This requires that the observed (retarded) 
Coulomb field has to be completely described by transversal photons, corre- 
sponding to the vector potential A, with divA = 0 in the Coulomb gauge, 
and in states obeying the Gaufi constraint. According to this picture, only 
the ‘positions’ of electric field lines — not their total number or flux — rep- 
resent dynamical variables that have to be quantized. In this sense, charge 
decoherence has been regarded as kinematical, although it may as well be 
interpreted as being dynamically caused in the usual way by the retarded 
Coulomb field of the (conserved) charge in its past. However, the absence of 
a dynamical Coulomb field, which may also eliminate the need to renormalize 
the mass of a charged particle, is incompatible with the concept of a Hilbert 
space spanned by direct products of local states. 

Dipole moments (defining position differences of a point charge), can thus 
be ‘measured’ either by the ‘real’ emission of transversal photons, or by the 
irreversible polarization of nearby matter (Kiibler and Zeh 1973, Zurek 1982a, 
Anglin and Zurek 1996). Emission of photons requires acceleration. For ex- 
ample, a transient dipole of charge e and maximum distance d, existing for a 
time interval t, involves accelerations a of at least the order d/ 1^ . According 
to Larmor’s formula, the intensity of radiation is at least |e^a^. In order to 
resolve the dipole, the radiation has to consist of photons with energy greater 
than field (that is, wave lengths smaller than d). The probability that infor- 
mation about the dipole is radiated away (by one photon, at least) is then 
very small (of the order aZ'^{d/ctff, where a is the fine structure constant 
and Z the charge number) . In more realistic cases, such as interference exper- 
iments with electrons, stronger accelerations may be involved, although they 
would still cause negligible decoherence in most situations. 

The gravitational field of a mass point is similar to the Coulomb field of 
a charge. Superpositions of different mass should therefore be decohered by 
the quantum state of spatial curvature, and give rise to a mass superselection 
rule. However, superpositions of slightly different mass evidently exist. They 
form the time-dependent states of local systems, which would otherwise be 
excluded. The quantitative aspects of this situation do not yet appear to be 
sufficiently understood. 



^ This conclusion emerged from discussions with E. Joos. 
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There would be no Coulomb field at all if the total charge of the quantum 
universe vanished (cf. Giulini, Kiefer and Zeh 1995). The gravitational coun- 
terpart of this complete disappearance of a classical quantity is the absence 
of time firom a closed universe in quantized general relativity (see Sect. 6.2 
of Zeh 1999). 



2.4 Fields and Gravity 

Not only are quantum states of charged particles decohered by their fields, 
quantum field states may also be decohered in turn by the sources on which 
they (re)act (see Kiefer’s Chap. 4 of Giulini et al. 1996, and his contribution 
to these proceedings). In this case, ‘coherent states’, that is, Schrodinger’s 
time-dependent but dispersion-free Gaufiian wave packets for the amplitudes 
of classical wave modes (eigenmodes of coupled oscillators), have been shown 
to be robust for similar reasons as chiral molecules or the wave packets de- 
scribing the center of mass motion of quasi-classical particles (Kiibler and 
Zeh 1973, Kiefer 1992, Zurek, Habib and Paz 1993, Habib et al. 1996). This 
explains why macroscopic states of neutral boson fields usually appear as 
classical fields, and why superpositions of macroscopically different ‘mean 
fields’ or different vacua (see Sect. 6.1) have never been observed. In partic- 
ular, quantum (field) theory must not and need not be reduced to a mere 
description of scattering processes with their unproblematic probability in- 
terpretation in terms of asymptotically isolated fragments. 

These coherent (minimum uncertainty) harmonic oscillator states are de- 
fined for each mode k as the (overcomplete) eigenstates of the nonhermi- 
tian photon annihilation operators with complex eigenvalues a* (that is, 
liklcuk) = Offclo!*))- They represent Gaufiian wave packets centered at a time- 
dependent mean field ak{t) = where Re{ak) and Im{ak) are anal- 

ogous to the mean position and momentum of a mechanical oscillator wave 
packet. Since the Hamiltonian that describes the interaction with charged 
sources is usually linear in the field operators a*, or o|, these coherent states 
form a robust ‘pointer basis’ under normal conditions: they cause negligible 
entanglement with their environment (here their ‘sources’). 

In contrast to these superpositions of many different photon numbers 
(that is, oscillator quantum numbers), one-photon states resulting from the 
decay of different individual atoms (or even the n-photon states resulting 
from the decay of a different number of atoms) are unable to interfere with 
one another, since they are correlated with mutually orthogonal final states 
(different atoms being in their ground state). Two incoherent components of 
a one-photon state may then appear (using Dirac’s language) as ‘different’ 
photons, although photons are not even conceptually distinguishable from an- 
other. A coherent macroscopic (‘collective’) excited state of the source would 
instead react negligibly (judged by means of the inner Hilbert space prod- 
uct) when as a whole emitting a photon. It would thus be able to produce 
the coherent (‘classical’) field states discussed above (see Kiefer 1998). In 
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his textbook, Dirac (1947) discussed also states of two (or more) photons 
which are entangled with one source state containing two or more decayed 
atoms (and which may be described by a symmetrized product of one-photon 
wave functions). Although these n-photon states form coherent components 
of QED, their (two or more) one-photon probabilities add again without in- 
terference (except for the exchange terms, which give rise to the Hanbury 
Brown-Twiss effect). 

Superpositions of different quasi-classical fields, Ci|ai) -f C 2 |a 2 ), have re- 
cently been produced and maintained for a short time as one-mode laser 
fields in a cavity (Monroe et al. 1996). Their smooth decoherence has also 
been observed (Brun et al. 1996), as reported at this conference by Haroche. 

Similar arguments as used above for electromagnetic fields apply to space- 
time curvature in quantum gravity (Joos 1986, Demers and Kiefer 1996 — for 
applications to quantum cosmology see Chap. 6 of Zeh 1999). One does not 
have to know its precise form (that may be part of an elusive unified quantum 
field theory) in order to conclude that the quantum states of matter and ge- 
ometry (as far as this distinction remains valid) must be entangled and give 
rise to mutual decoherence. The classical appearance of spacetime geometry 
with its fixed light cone structure (that is presumed in conventional quantum 
field theory) is thus no reason not to quantize gravity. The beauty of Ein- 
stein’s theory can hardly be ranked so much higher than that of Maxwell’s 
to justify its exemption from established theory. An exactly classical gravita- 
tional field interacting with a quantum particle would be incompatible with 
the uncertainty relations — as is known from the early Bohr-Einstein debate. 
The resulting density matrix (functional) for the gravitational tensor field as 
a ‘quantum system’ must therefore be expected to represent an apparent mix- 
ture of different quasi-classical curvature states (to which even the observer 
is correlated). 

Moreover, the entropy and thermal radiation characterizing a black hole 
or an accelerated Unruh detector are consequences of the entanglement be- 
tween relativistic vacua on two half-spaces separated by an event horizon 
(see Gerlach 1988, and Sect. 5.2 of Zeh 1999). This entropy measures the 
same type of ‘apparent’ ensembles as the entropy produced according to the 
master equation (14) for a macroscopic mass point. An event horizon need 
not be different from any other quasi-classical property. Nonetheless, the dis- 
appearance of coherence behind (even a virtual) horizon has been regarded 
as a fundamental irreversible process of decoherence. This does in no way 
appear justified. 

2.5 Quantum Jumps 

Quantum particles are often observed as flashes on a scintillation screen, or 
heard as ‘clicks’ of a Geiger counter. These macroscopic phenomena are then 
interpreted as being caused by point-like objects passing through the observ- 
ing instrument during a short time interval, while this is in turn understood 
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as evidence for the discontinuous decay of an excited state (such as an atomic 
nucleus). Using a rate for stochastic ‘decay events’ is equivalent to a master 
equation. A constant rate would describe an exponential decay law. Discrete 
quantum jumps between two energy eigenstates have also been monitored 
for single atoms in a cavity when strongly coupled to an observing device 
(Nagourney, Sandberg and Dehmelt 1986, Sauter et al. 1986). 

The Schrodinger equation, on the other hand, describes a wave func- 
tion (usually with angular distribution according to a spherical harmonic) 
smoothly leaking out of a decaying system (such as a ‘particle’ in a poten- 
tial well). This contrast between observation and the Schrodinger dynamics is 
clearly the empirical root of the probability interpretation in terms of discrete 
classical concepts, such as particles and events. Since its norm is conserved, 
a wave function can disappear exponentially only from a bounded open re- 
gion (usually an expanding sphere of size determined by the history of the 
decaying object and the speed of the decay fragments). This wave function 
represents a superposition (rather than an ensemble) of different decay times. 
Their interference and the dispersion of the outgoing wave lead to further de- 
viations from an exponential law. Although they are too small to be observed 
in free decay, they have been confirmed as ‘coherent state vector revival’ for 
photons emitted into reflecting cavities (Rempe, Walther and Klein 1987). 

The appearance of ‘particles’ as local objects following tracks in a cloud 
chamber has been described in Sect. 2.1 in terms of an apparent ensemble of 
narrow wave packets. If droplets forming a condensate in the cloud chamber, 
or similar phenomena, such as spots on a photographic plate and clicks of 
a counter, appear at certain times, this is interpreted as indicating ‘quan- 
tum events’. However, the same decoherence which describes localization in 
space may, in the same sense, also explain localization in time. Neither par- 
ticles nor quantum jumps are required as fundamental concepts (Zeh 1993). 
Whenever decay fragments (or the decaying systems) interact strongly with 
their environment, any interference between ‘decayed’ and ‘not yet decayed’ 
disappears on a very short (though finite) decoherence time scale, similar to 
Schrodinger’s cat superpositions described in the previous section. This time 
scale is in general far shorter than the time resolution in genuine measure- 
ments. If decoherence is even faster than relaxation into exponential behavior, 
decay may be strongly suppressed (‘quantum Zeno effect’ — see Joos 1984 
for a non-phenomenological discussion of its dynamics). 

Decoherence thus leads to an apparent ensemble of decay histories consist- 
ing of a succession of events. The environment ‘monitors’ the decay status (in 
general uncontrollably) at all times with a resolution defined by the decoher- 
ence time scale. A decaying system is then more appropriately described by a 
decay rate than by a Schrodinger equation. Its time dependence would be ex- 
actly exponential, while this master equation represents only an approximate 
local consequence of the global Schrodinger equation. Similarly, distinct decay 
energies forming an initial superposition would usually be absorbed into mu- 
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tually orthogonal final states of the environment. Microscopic systems (with 
their distinct energy levels) must therefore decohere into the eigenstates of 
their Hamiltonian. This consequence of robust numbers of emitted photons 
(Sect. 2.4) explains why stationary states characterize the atomic world, and 
von Neumann spoke of an Eingriff (intervention) required for their change. 

It seems that this situation of continuously monitored decay has led to 
the myth of quantum theory as a stochastic theory for fundamental quan- 
tum events (cf. Jadczyk 1995). For example, Bohr (1928) remarked that “the 
essence” (of quantum theory) “may be expressed in the so-called quantum 
postulate, which attributes to any atomic process an essential discontinuity, 
or rather individuality ...” (my italics). If this were true, there could be no 
lasers, superconducters, or similar macroscopic superpositions. Heisenberg 
and Pauli similarly emphasized that their preference for matrix mechanics 
originated in its (as it now seems misleading) superiority in describing dis- 
continuities. However, according to the Schrodinger equation and recent ex- 
periments, the underlying entanglement processes are smooth. The short de- 
coherence time scale mimics jumps between energy eigenstates or, depending 
on the situation, into narrow wave packets which in the Heisenberg-Bohr pic- 
ture are interpreted as particles (with classical properties restricted in validity 
by the uncertainty relations in order to comply with the Fourier theorem). 

While this new description may now appear as a consistent picture in 
terms of wave functions, an important question remains open: how do the 
probabilities which were required to justify the concept of a density matrix 
in Sect. 1 have to be understood if they do not describe quantum jumps or the 
spontaneous occurrence of classical properties through fundamental ‘events’. 
These interpretational problems are discussed in Sect. 4.6 of Zeh (1999), but 
we have here to conclude that, from an external point of view, the ensembles 
of wave functions derived by decoherence are apparent ones. 

3 Quantum Dynamical Maps 

The phenomenological description of open quantum systems by means of semi- 
groups offers some novel possibilities which go beyond a global Schrodinger 
equation. For example, quantum dynamical maps have been used to formu- 
late von Neumann’s ‘first intervention’ (the reduction of the wave function) 
as part of the dynamics (cf. Kraus 1971). This is possible, since semigroups 
cannot only describe the transition from pure states to ensembles, but also 
the ‘selection’ of an individual member. Otherwise they are equivalent to 
an entropy-enlarging Zwanzig-type master equation with respect to Pgub (or 
its equivalent in terms of path integrals — Feynman and Vernon 1963). Al- 
though the ‘irrelevant’ correlations with the environment, which would arise 
according to the exact global formalism, represent quantum entanglement, 
they are here usually not distinguished from classical statistical correlations 
(defined for ensembles only) when it comes to applications. This attitude is 
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equivalent to a popular but insufficient ‘naive’ interpretation of decoherence, 
which pretends to derive genuine ensenables. 

Quantum theory is sometimes even defined as describing open systems by 
means of a dynamical semigroup, that is, as a time-asymmetric local statis- 
tical theory. (Hence the term ‘statistical operator’ for the density operator.) 
However, this ‘minimal statistical interpretation’ is insufficient as a funda- 
mental theory, as it neglects the essential difierence between genuine and 
apparent ensembles, and thus all consequences of entanglement beyond the 
considered systems (quantum nonlocality). The superposition principle has 
even been claimed to be derivable (cf. Ludwig 1990), although it must then 
be re-introduced in a different way (for example by changing the laws of 
statistics — in conflict with any ensemble interpretation). 

Semigroups are certainly mathematically elegant and powerful. There- 
fore, they would represent candidates for new (fundamental) theories if con- 
ventional (Hamiltonian) quantum theory should prove wrong as a universal 
theory. The question is whether mathematical elegance here warrants physical 
relevance or is merely convenient within a certain approximation. To quote 
Lindblad (1976): “It is difficult, however, to give physically plausible condi- 
tions . . . which rigorously imply a semigroup law of motion for the subsystem. 

. . . Applications . . . have led some authors to introduce the semigroup law as 
the fundamental dynamical postulate for open (non-Hamiltonian) systems.” 
Such a law would fundamentally introduce an arrow of time, but it would 
depend on the choice of systems (and in some cases contradict experiments 
that have already been performed). 

The simplest quantum systems (such as spinors) are described by a two- 
dimensional Hilbert space. Their density matrix may be written by means of 
the Pauli matrices Ui (i = 1,2, 3) in the form 

p=i(l + cr-7r) , (17) 

where the (mathematically) real polarization vector tt = Trace{cr/>} — that 
is, the expectation value of all spin components — completely defines p as 
a general hermitian 2x2 matrix of trace 1. The latter is in turn equivalent 
to a (genuine or apparent) ensemble of orthogonal states (a spinor basis). 
The length of tt is a measure of purity, since Trace{p^} = (1 -I- 7t^)/2, with 
7T^ < 1. A pure state corresponds to a unit polarization vector, while an 
arbitrary density matrix (a general ‘state’ in the language of mathematical 
physics) is characterized by the mean value tt = Pet'ka of all unit vectors 
iTa in an ensemble of spinors that may represent this density matrix. 

A general trace-preserving linear operator P on p must be defined on 1 
and cr in order to be completely defined: 



PI 1 + TTo ■ cr 



Par := A - (T , 



(18) 
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with a real vector ttq and a linear vector transformation A. P is idempotent 
(a Zwanzig ‘projector’) if = A and tto • A = 0 (A = 0, for example) . If 
TTo 7 ^ 0, P creates information — even from the unit matrix. 

Dynamical combination of the projection P with a Hamiltonian evolution 
(rotation of tt) in the form of a master equation leads to the Bloch equation 
for the vector n{t), 

^=o;x(7r-7ro)-^7i(7r*-7rj)ei (19) 

i 

in a certain vector basis {cj} (cf. Gorini, Kossakowski and Sudarshan 1976). 
Values of 7 t < 0 or IttoI > 1 would violate the positivity of the density 
matrix at some f > 0 (cf. Sect. 4.2), and have thus to be excluded.^ The second 
term on the rhs describes anisotropic damping towards ttq. This formation 
of new information may describe very dilferent situations — for example 
equilibration with a stationary external heat bath of given temperature, or 
evolution towards a certain measurement result. However, hermiticity of P 
(corresponding to a genuine projection operator) would require ttq = 0 and 
A = A^, that is, a projection of vectors tt in space. 

If the two-dimensional Hilbert space describes something else than spin, 
such as isotopic spin ot a, K,K system, the polarization vector lives in an 
abstract three-dimensional space, with environmental conditions that cannot 
practically be ‘rotated’. The abstract formalism can also be generalized to 
n-dimensional Hilbert spaces. For this purpose the Pauli matrices have to 
be replaced with the (n^ — 1) hermitean generators of SU{n), while the real 
‘coherence vectors’ (the generalizations of the polarization vector tt) now live 
in the vector space spanned by them. For example, SU(3) gives rise to the 
‘eight-fold way’. The most important difference is that there are now more 
than one (in fact, n — 1) commuting hermitian generators. They may contain 
a nontrivial subset that is decohered under all realistic environmental condi- 
tions, and thus may form the center of a phenomenological set of observables 
(the set of ‘classical observables’ — cf. Sect. 2). 

In the infinite-dimensional Hilbert space of quantum mechanics, the Wig- 
ner function 

W ip, q) '■= — J + x,q - x)dx 

= ^ J J S ^q— ^p{z, z') dzdz' =: Trace{i7p,gp} (20) 

^ As mentioned before, all subsystem density matrices remain positive under a 
global Hamiltonian dynamics, and even under a collapse of the global state vec- 
tor. This property of 'complete positivity’ has to be separately postulated for 
phenomenological quantum dynamical maps (cf. Kraus 1971), thus further illus- 
trating that these maps do not describe a fundamental quantum concept. 
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(written in analogy to tt = Trace{ trp}) assumes the role of the Bloch vector. 
Evidently, := is the generalization of the 

Pauli matrices (with ‘vector’ index p, q).^ Therefore, the Wigner function is a 
continuous set of expectation values, which form the components (one for each 
point in phase space) of a generalized coherence vector. This ‘vector’ of expec- 
tation values characterizes the density matrix p again completely, and regard- 
less of its interpretation according to Sect. 1. It does neither represent a quan- 
tum state nor a probability distribution on phase space (as is evident from its 
possibly negative values), even though it allows one to calculate all expecta- 
tion values in the form of an ensemble mean, < F >= J f(j>,q)W{p,q)dpdq. 

Lindblad (1976) was able to generalize the Bloch equation to infinite- 
dimensional Hilbert spaces. He wrote it (in its form applicable to the density 
matrix) as 

i^ = [H,p]-'-J2{4LkP + pLlL,-2L,pLl) , ( 21 ) 

k 

with arbitrary generators L* in Hilbert space. It represents creation (local- 
ization) of information in the considered system, that is, a decrease of the 
corresponding von Neumann entropy (such as described by ttq in (18)), pre- 
cisely if some generators do not commute with their hermitian conjugates L\. 
This can be demonstrated by applying the non-Hamiltonian terms of (20) to 
the unit matrix p = 1. Otherwise it describes information loss (a genuine 
Zwanzig projection). This can also be seen from the general representation of 
a Zwanzig projector in quantum mechanical Hilbert space, Pp = ^kpVl, 
which is analogous to the square root of a positive operator in its eigenbasis 
for Vk = . 1£ 4 = Lk, the Lindblad terms can be written in the form 

of a double commutator, X^p -4- pL^ — 2LpL = [L, [X, p]]- For X = V^x 
one recovers (14), that is, decoherence in the a;-basis, as it could be derived 
firom unitary interaction with the environment (and shown to be practically 
unavoidable for macroscopic variables). 

One may similarly describe other ‘unread measurements’ and their corre- 
sponding loss of phase relations. However, ‘damping’ towards a pure state (a 
semigroup proper) according to the second term of (17) with a unit vector ttq 
allows one even to describe dynamically the transition from the initial state 
vector into a (freely chosen) definite measurement outcome (a ‘collapse’ — in 
contrast to a local or global Schrodinger dynamics). This can then readily be 
combined with a stochastic formalism representing an appropriate dice (or 
random number generator) that selects pure states according to the Born- 
von Neumann probabilities (Bohm and Bub 1966, Pearle 1976, Gisin 1984, 

® On a finite interval of length L, Sp,, would require the additional term 
~ sir order to remain traceless. In (20), the generalized Bloch 

vector W(p,q) is then accordingly replaced with W(p,g) — ^ JW{p,q)dq. (Note 
that in Zeh (1999) the factor exp[ip(z — z')] of the ^-term has erroneously been 
replaced by the iJ-function of (20).) 
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Belavkin 1988, Diosi 1988). If applied continuously, such as by means of the 
Ito process, this formalism describes measurements phenomenologically as a 
smooth indeterministic process (that does not distinguish between ensembles 
and entanglement). 

Many explicit models have been proposed in the literature (see Sta- 
matescu’s Chap. 8 of Giulini et al. 1996). Some of them merely replace the ap- 
parent ensemble arising through decoherence for a bounded open system with 
a genuine one (Gisin and Percival 1992). The system is then assumed always 
to possess its own (yet unknown) state ?/)(t) that follows an indeterministic 
trajectory in its Hilbert space according to a quantum Langevin equation — 
in conflict with the exact global dynamics that leads to entanglement. There- 
fore, this ‘quantum state diffusion model’ is essentially equivalent to what I 
have called above the ‘naive interpretation’ of decoherence. It may serve as 
an intuitive picture (or tool) for many practical purposes if (and insofar as) it 
selects the dynamically robust wave packets described in Sect. 2.2. However, 
it would be severely misleading if this formalism (based on the concept of 
a density matrix) gave rise to the impression of deriving a real collapse by 
just taking into account the interaction with the environment. If real phys- 
ical states are described by wave functions, there are only two possibilities: 
deviations from the Schrodinger equation or the Everett interpretation. 

Many contributions in the literature remain ambiguous about their true 
intentions, or simply disregard the difference between genuine and apparent 
ensembles (proper and improper mixtures). In particular, the quantum state 
diffusion model is not appropriate to define a fundamental dynamical process, 
since the resulting pure states ■ip{t) of a system would in general not define 
states for any of its subsystems (which could as well have been chosen as the 
system, and thus have led to a different stochastic evolution). The picture 
of a trajectory of states ip{t) for a macroscopic system that is not the whole 
universe is simply in drastic conflict with quantum nonlocality. 

Other models therefore attempt to reproduce the observed statistical as- 
pects of quantum theory (as they occur in measurements, for example) by 
means of dynamical laws which may be truly fundamental. Since they cannot 
remove all entanglement, they cannot describe trajectories of wave functions 
if{t) for all ‘systems’. Measurements are special applications of this general 
stochastic quantum dynamics that describes an increase of ensemble entropy. 
Explicit modifications of a universal Schrodinger equation were originally 
suggested in the form of stochastic ‘hits’, assumed to act in addition to the 
unitary evolution in order to suppress coherence with growing distance (Ghi- 
rardi, Rimini and Weber 1986). They were postulated to occur rarely for 
individual particles, but sufficiently often for entangled aggregates of many 
particles in order to describe quasi-classical behavior. This proposal was later 
formulated as a continuous process as indicated above (Pearle 1989, Ghirardi, 
Pearle and Rimini 1990). Since these models lead to novel predictions, they 
can be distinguished from a universally valid Schrodinger equation. In their 
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original form they would either be completely camouflaged by environmental 
decoherence (Joos 1986, Tegmark 1993), or are ruled out by existing ex- 
periments (Pearle and Squires 1994). They cannot be excluded in general, 
however, if one allows them to occur clearly after environmental decoherence 
has occurred in the observational chain of interactions. Their precise form 
would then be hard to guess in the absence of any empirical hints. 

Several authors have suggested to And the root of a fundamental quantum 
indeterminism in gravity. Their main motivation is the apparently classical 
nature of spacetime curvature. However, it has been indicated in Sect. 2. 4 
that spacetime need not be classical. Collapse models along these lines have 
been proposed in a more or less explicit form (Penrose 1986, Karolyhazy, 
Frenkel and Lukacz 1986). They regard the quantum state of the gravita- 
tional field either as an environment to matter in a specific quantum state 
diffusion model (as criticized above — see Diosi 1987), or they axe using an 
arising event horizon as a ‘natural’ boundary to cut off entanglement (Hawk- 
ing 1987, Ellis, Mohanty and Nanopoulos 1989). Even though this boundary 
between ‘systems’ may appear natural, this procedure would still not define 
an objective fundamental process (see also Myers 1997). In particular, the 
horizon depends on the complete history of motion of the observer. Under 
no circumstances would this proposal justify the replacement of apparent 
ensembles with genuine ones, unless explicitly postulated so in an invariant 
form as a modification of unitary quantum dynamics. 
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Abstract. The continuous weak measiurement of the energy of a single 2-level 
system driven by a resonant external field is studied. It is demonstrated that for 
appropriately adjusted fuzziness, information about the evolution of the state of 
the system \^p{t)) can be read off from the measurement readout E{t). It is shown, 
furthermore, how a measurement of this type may be realized by a series of weak and 
short interactions of the 2-level system with a quantum-mechanical meter system. 



1 Introduction 

The measurement of a physical quantity A on a quantum system, as is intro- 
duced as a well-known postulate of quantum mechanics, is based on a single, 
instantaneous measurement which is sharp and has a strong back influence on 
the system. For simplicity, we restrict the consideration to a non-degenerate 
discrete spectrum, a pure state and a selective measurement, then sharp (or 
perfect) means that the measurement yields exactly an eigenvalue a„ of the 
observable A as the only possible result. That the measurement is hard (or 
its influence is strong) means that it results in a transition of the state of the 
system to the respective eigenvector of the observable (projection measure- 
ment). For the probability of finding the result an, reference is made to a 
large number of single measurements on equally prepared states (ensemble). 

In contrast to this we want to discuss in the following a more general class 
of quantum measurements. Instead of a single instantaneous measurement we 
consider a continuous measurement performed on one and the same single 
quantum system [1]. Such a measurement over a time T can be regarded as the 
limit of monitoring some observable by a succession of short measurements. 
We consider selective measurements of the energy. A readout 

[E] = {£?(t)|0 <t<T} (1) 



is obtained in this way. 

A well-known limiting case is the Zeno effect. It is based on continuous 
projection measurement which could also be called perfect or sharp measure- 
ments. Because of the strong feedback on the measured system 

1. transitions are prevented, i.e. the state \ip{t)) of the system remains in 
an energy eigenstate |n), and 
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2. the measurement readout E{t) = E„ = const, is given by the correspond- 
ing energy eigenvalue 

We want to address the following central question: What happens for con- 
tinuous non-Zeno-type measurements? This question leads to a new research 
program which turns to a more general type of measurement which is still 
continuous but does not project the state further, so that the Zeno effect can 
be avoided [2-4], 

We will demand for the single measurement that it is based on a weak 
interaction of the measuring apparatus with the quantum system so that 
there is only a small feedback. For such a weak (or soft) measurement we 
have as characteristic properties 

1. that no transition of the system state to an eigenvector |n) occurs and 

2. that the registered readout E(t) is not necessarily constant and equal to 
an eigenvalue 

Accordingly we have an unsharp measurement or a measurement of low 
resolution. During short intervals there may be large deflections of E(t) from 
a constant curve En- In particular, a repetition of a continuous measurement 
will give in general for the same initial state \ip) a new readout [£1] which 
may be totally different from the previous one. It will be specified below how 
likely all the different readouts are. To express these properties we will also 
call this weak measurement a continuous fuzzy measurement. 

2 Dynamics Under a Continuous Fuzzy Measurement 

We consider selective measurements of energy. To describe a continuous fuzzy 
measurement we have to answer the following two questions: For an initial 
state Itfio) at the time t = 0 and a given particular measurement readout [£] 

1. what is the probability density P[E\ to obtain this particular readout [FI] 
and 

2. what is the final state of the system at the time t = T? 

Note that these questions exactly reflect the scheme known from a single 
projection measurement. In the latter case one asks the first question with 
reference to a given energy eigenvalue JB„, and the related final state is the 
eigenstate jn). 

There are several approaches [5] to answer the questions 1 and 2 which 
may be split up into two groups. The first group is based on phenomenolog- 
ical schemes. The second group studies the detailed dynamics of particular 
microphysical realizations of series of single weak measurements. We present, 
in Sects. 3 and 4, the phenomenological approach which leads effectively 
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to a Schrodinger equation with a modified Hamiltonian containing an anti- 
Hermitean term [6]. Relevant physical predictions may be worked out on this 
basis. 

It is important that concrete physical setups can be specified, which re- 
alize the phenomenological approach because they lead to exactly the same 
Hamiltonian, so that for them the same resulting physical behavior can be 
predicted. We present an example in Sect. 5. 




To specify the answers given in the phenomenological approach to ques- 
tions 1 and 2, we discuss a system with free Hamiltonian Hq and energy 
levels E„ which is under the influence of an external driving field V {t) . The 
resulting Hamiltonian is 

H ^Ho + V{t)=Hl ( 2 ) 

The effective Schrodinger equation which governs the continuous weak mea- 
surement is then given by 

= (^-^H - k{Ho - m . (3) 

It contains an anti-Hermitian term which represents damping. Information is 
dissipated. The parameter is a measure of fuzziness. A small influence of 
the measurement process on the development of the system leads to a large 
fuzziness of the registered readout [E], as will be seen below. 

The solution of (3) will enable us to answer the questions above. Equation 
(3) contains E{t), because a particular readout [E] is assumed to be given. 
We obtain, in the phenomenological approach, the probability density for [E], 

P[E] = < 1 , (4) 

and the final state, 

|final state) = (norm, factor) ■ I^t) . (5) 

For later use we decompose as usual 

= ( 6 ) 

n 

P[E\ = J2\Cn{T)f . 



so that 



(7) 
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We always have two things to look at: the time behavior of the state 
of the system and the curve E{t) of the readout. The central question will be 
how these developments are correlated. 



3 Otherwise Free System (No Driving Field) 
Continuously Measured 



To gain an understanding of the structure of readouts we discuss first the 
influence of the continuous measurement when there is no driving field present 
(V{t) = 0) [2]. To compare this with the pure Zeno effect we introduce the 
temporal mean-squared deviation of a readout [£] from an energy level Eni 

( )t := {{En - [E])\ = ^ j\En - Eitfdt . (8) 



This is an integral concept attributed to the total curve E{t) and specifies 
how “close” a (fuzzy) readout is to a level En- 
The dynamics according to (3) leads then to 



C'„(T) = C„(0)exp 



{{Er, - E)^)t 
AE^ 



(9) 



with 

AEr := ^ . (10) 

|C'„(T)p is the contribution to the probability density P[E] of [£^] (see (7)). 
It is exponentially small if the squared deviation ( )t is larger than AE^. 
This shows the following. For a readout [jE] to be probable, it must be closer 
than AEt to an eigenvalue E{t) = En- But note that AEt becomes smaller 
for increasing measurement duration T. This represents a remaining Zeno- 
type influence which can still be found if the weak measurement lasts long 
enough. Prom another point of view, AEt may also be called the resolution 
obtained in the continuous measurement after the duration T. 

The time after which the resolution achieves the level difference in a 2- 
level system, 

Tir = 1/kAE^ , AE := E 2 - Ei , (11) 

may be called level resolution time Tir. Small T\r indicates that the continu- 
ous measurement t represents a strong Zeno-type influence on the otherwise 
free system. We therefore find two characteristically different measurement 
regimes characterized hy T ^ T\r and T Tir- 

The level resolution regime is characterized by T » Tir. The weak mea- 
surement lasts longer than the time necessary to resolve the levels. Then only 
readouts [E\ that are close to a particular eigenvalue En are probable. The 
related probability is |C'n(t = 0)|^. It agrees with the probability of measuring 
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En for the initial state |V'o) in a projection measurement. The corresponding 
state \4>t) for i = T is in this case |n). The conclusion is that the resulting 
situation agrees with the one after a von Neumann-Liiders projection. 

The opposite situation is found in the nonresolution regime where the 
level resolution time has not yet been reached (T <§: Tir). In this case the 
continuous measurement does not distinguish between energy levels, it is still 
fuzzy. Readouts are probable in a wide band of width AEt around the levels 
En. 

4 Resonant External Driving Field Present 

Nontrivial effects are to be expected when the driving field is present [2]. In 
the following we restrict ourselves to a 2-level system with states |1) and |2) 
and energy eigenvalues Ei and E 2 - We assume that it is under the resonance 
influence of a periodical force with frequency w = AE/h, where AE = E 2 — 
El . If there are no measurements (« = 0) such a system undergoes periodic 
transitions between the eigenstates (Rabi oscillations) with 

V = Vo/h (12) 

determined by the nonzero matrix elements of the potential 

{^i\VW2) = {^2 \VWiY =-.Vn . (13) 

We ceill the time of inversion, Tr = tt/u, the Rabi time. 

Now the weak continuous energy measurement is characterized by three 
different time scales. They are directly related to the relative strengths of 
competeting influences. A short Rabi period Tr corresponds to a strong in- 
fluence of the driving field. Small Tir on the other hand represents a quick 
level resolution because of small fuzziness and therefore indicates a strong 
Zeno- type influence of the measurement. The measurement duration T is the 
time during which the Zeno-tjrpe influence accumulates, so that fuzziness ef- 
fectively decreases with T. All things considered, we have the driving field 
acting against the Zeno-type influence, which lasts for the time T. 

Again we have several regimes where the system shows characteristically 
different behaviors. The Zeno regime corresponds to the relation Tir < Tr C 
T. Regarding the state, we find the system in one of the eigenstates |n) after 
the continuous measurement. Because of the dominant influence of the quan- 
tum Zeno effect, the Rabi oscillations are completely damped away. For the 
readout we correspondingly find only E{t) « Ei or E{t) « E 2 . The prob- 
ability of E{t) being close to En is given by the decomposition coefficients 
|C'„(0)p fixed by the initial state. Accordingly the readout reflects the devel- 
opment in time of the state perfectly. But the information obtained from the 
readout is of no use, because the measurement has influenced the system so 
strongly that Rabi oscillations are suppressed. 
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All readouts Upper branch Lower branch 




0 T 2 T 0 T 2 T 0 T 2 T 

Time Time Time 



Fig. 1. Continuous measurement of a moderate fuzziness (dwTir/TR = 4/3). The 
left pair of diagrams shows all measurement readouts E{t) and the corresponding 
probability V 2 {t) = |c 2 (t)|^- In the middle and right diagram readouts are selected 
which point out that a transition to level 2 happens (middle) or does not happen 
(right). The respective curves 'P 2 {t) confirm that the state behaves like this 



In the Rabi regime of the continuous measurements (Tr < T < Tir) 
the Rabi oscillations of the state are not prevented by the damping. But the 
related energy measurement resulting in readouts [E\ is very fuzzy. It shows 
an error AEt much greater than AE. [E] is arbitrary in a band of width 
AEt = AE^/T^Jt. It is impossible to read off the time behavior of the 
state from the lapse of a registered curve E{t). We know from theory that 
there are Rabi oszillations of the state but we cannot measure them by a 
continuous measurement of the energy. 

This is different in the most interesting intermediate regime with Tir w 
Tr « T. A numerical analysis shows that in this case the state essentially 
still performs Rabi oscillation but with a slightly enlarged period [3]. It is 
important that for this regime the probable readouts [jff] show oscillations 
E{t) between the levels which reflect (“follow”) the Rabi oscillations of the 
state. This correspondence is the nontrivial new effect which can only be 
obtained with an adjusted weakness of the continuous measurement. For the 
regime of measurement that is intermediate between Zeno and Rabi, the 
results are also intermediate and much more interesting. The influence of the 
measurement on the state of the system is in this case less than in the Zeno 
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regime, and the information given by the measurement readout E{t) about 
the system behavior is more precise than in the Rabi regime so that the two 
time developments can match. 

The left pair of diagrams in Fig. 1 shows all read outs E{t) and the r elated 
state curves V 2 {t) = |c 2 (t)P with c„(t) = C'„(t)/v'|C'i(f)P + 1^2(01^. V 2 {t) 
is the probability of finding the system in the state 2 if a projection measure- 
ment were made at time t. It can be seen that the curves E{t) are separated 
at final time T in two branches approaching the upper or lower energy level. 
The respective probabilities of obtaining these curves do not differ much. The 
corresponding effect appears for 'P 2 {t)- 

It is now interesting to compare the curves in more detail by separating 
the readouts into two classes. The middle diagrams of Fig. 1 refer to readouts 
pointing to a level transition, and the right diagrams refer to its prevention. 
It can be read off directly that in this regime the information obtained from 
the readout E{t) is rather reliable. This means that a readout E{t) and the 
corresponding curve 'P 2 (t) for the development of the state are, with high 
probability, in accord with each other. If, for example E{T), is close to level 
E 2 , then the most probable behavior of V 2 (t) is the one characteristic for the 
transition from level 1 to level 2. For E{T) close to Ei, the system stays with 
high probability at level Ei according to 'P 2 {t). Note that it is approximately 
equally probable for a transition to occur or not to occur. 

The numerical analysis has therefore yielded the following important re- 
sult: The visualization of an externally driven quantum transition by a con- 
tinuous measurement of energy is possible if the weakness is chosen appro- 
priately, namely to be of intermediate strength. In this case one may draw 
conclusions from the aetual readout E{t) on the development in time V 2 (t) of 
the state of the system. But in this intermediate regime it is not possible to 
predict a transition to the other level, it may occur or not occur with proba- 
bilities of the same order. This remaining quantum uncertainty is a price for 
the visualization of the quantum transition. 

5 A Class of Microphysical Realizations 

In reality a continuous measurement is approximately realized by many sep- 
arated short interactions of duration 6r of the measured 2-level quantum 
system (state vector |V’(*))) with another quantum system called the meter 
(state vector |(^(t))). The meter receives information about the system this 
way. The state of the meter is then instantaneously measured in a projection 
measurement by a macroscopic measuring apparatus. The result of this mea- 
surement is registered. The complete process of interaction and projection 
is called one single elementary observation. Its duration St is assumed to be 
much shorter than the period r of repetition of such observations. Between the 
elementary observations the system undergoes a unitary development which 
may be caused, for example, by a resonant driving field. We will sketch below 
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the way many elementary measurements are combined to build up one single 
weak measurement (of the type introduced above), the result of which will 
represent a point of the readout curve E(t). 

We turn now to a class of possible realizations of an elementary obser- 
vation [4]; see Fig. 2. Before an observation starting at the time t, the sys- 
tem and the meter are uncorrelated and the state of the total system is 



weak interaction l'P> « l¥_> « 



t 

I'P > 



A 



Relate to <'PIHqI'P> 




Fig. 2. Schematic representation of a possible realization of an elementary obser- 
vation. A 2-level system is under the influence of a driving field. Before the ob- 
servational interaction the states |<;i(f)) of the meter and \ipit)) of the system are 
uncorrelated. They become entangled during the interaction, which results in the 
state |x(^ + of fhe total system. If the detector £>+ reacts and the state |(/i+) is 
observed, the system is transferred to the state |^+), which will be close to \xp{t)) 
if the interaction is weak (correspondingly for detector D - ) 
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|x(t)) = \(j){t))\‘>p(t)). As a result of the interaction, the meter and system be- 
come entangled in a unitary development: x(* + = |^+)|^+> + |0_)|V'-). 

The meter is then measured. If the state |^+) is observed (the detector Z)+ 
clicks) we call it a positive result of the observation. The system is then trans- 
ferred to the state Correspondingly, if the second state |^-) is observed, 
we call it a negative result. The probabilities of the two results depend on 
the initial state of the system. Note that we assume the information 

about the meter state is always complete (there is no degeneracy) . This is in 
analogy to the result of s-wave scattering of an electron (taken as the meter) 
by a 2- level system in [3]: it may be deflected (positive result) or not (neg- 
ative result). The weakness of the elementary observation is established in 
demanding that its influence on the system state is small: \ij)) ps |^_|_) rs \‘4>-)- 
Note that the system is not projected onto an energy eigenstate |n). 

The dynamics of the interaction representing the elementary observation 
is fully determined by the way it acts if the system is in one of the eigen- 
states |1) or |2). Let be the probability that the measurement result -I- 
is obtained if the system is in the eigenstate |n). The following parameters 
characterize the interaction: 



and the system 



p+ 


:= 2 [p+^+7'+^] . 


(14a) 


Ap+ 


:= p'+ - p+^ 


(14b) 


E\ 


; = 1/2 [Er + £ 2 ] , 


(15a) 


AE : 


: = E 2 — El . 


(15b) 



It is possible to show [4] that the probability p+dV’)) of obtaining a pos- 
itive result for an arbitrary system state |^) is related to the mean value of 
the energy (V’|Lfo|V’) of this state according to 



{’>k\Ho\il}) - E ^ P-i-(|V>)) -p+ 
AE ^P+ 



(16) 



To obtain one point of the readout we consider a long sequence of el- 
ementary observations and divide it into shorter series of N observations 
(N series) with results (+,-,-,••-,+)• Let N+{t) be the total number of 
positive results obtained in the N series at the time t. Then we will take 



n+{t) := 



N+{t) 

N 



(17) 



as the result of one weak measurement. The nonunitary development of the 
system 



mt+At))=u{At)\m) 



(18) 
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can be worked out as a function of n+(f). But a problem remains; How can 
one work out, on the basis of the readoff n+(t), the energy readout E{t)7 
To make the corresponding procedure plausible we make a small digres- 
sion. Let us discuss many N series all starting with the same initial state 
\ip{t)). This is a situation which will not, of course, occur in the succession of 
the N series described above. We now average the different resulting n+(t) 
to obtain n+d^}). It can then be shown that this average agrees with the 
probability p+( 1 1 / 1 } ) above [4], 

p+i\tp)) = n+(|^)) , (19) 

so that (18) may be rewritten as 

{'ip\Ho\’ip) - E _ nT 

AE Ap ' ^ ^ 

This result means that one can register the mean value (ip\Ho\‘ip) by many 
N series of nonprojecting (weak) measurements all starting with \^p). An 
ensemble result can be obtained from a time sequence of weak elementary 
observations performed at the same object. 

We return to one long measurement consisting of a succession of N series. 
The results n+(t) are obtained. In transcribing (22) we can now define the 
corresponding value E{t) of the energy readout by the ansatz 



E{t)-E n+{t)-p+ 

AE ' Ap+ ' ^ ’ 

U{t) has already been obtained as a function of n+(t). Rewriting it with (23) 
as a function of E{t), it has been demonstrated in [4] that we obtain 



U{t) = exp 



-^H-K{E{t)-Hof]t 



with K and level resolution time T\r given by 



T 1 ^ 4p+(l-p+) 

K-(AEy {Ap+r 



(22) 



(23) 



The conclusion based on (24) is that we have reproduced in a micromodel 
the dynamics introduced in the phenomenological scheme. In fact we have 
found a whole class of realizations because the scheme above is rather general. 
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Abstract. Linear superpositions of macroscopically distinct quantum states (some- 
times also called Schrodinger cat states) are usually almost immediately reduced to 
a statistical mixture if exposed to the dephasing influence of a dissipative envi- 
ronment. Couplings to the environment with a certain symmetry can lead to slow 
decoherence, however. We give specific examples of slowly decohering Schrodinger 
cat states in a realistic quantum optical system and discuss how they might be 
constructed experimentally. 



1 Introduction 

A Schrodinger cat state is a linear superposition of two quantum states that 
differ on a macroscopic scale. Whereas superpositions of quantum states are 
commonplace in the microscopic world, a superposition of macroscopically 
distinct states is practically never observed. The understanding of why this is 
so has evolved considerably with the development of the quantum mechanics 
of dissipative systems [1,2]. Dissipative systems are systems that are coupled 
to an environment (also called “heat bath”) with a large number of degrees 
of freedom. The coupling allows for an exchange of energy between system 
and bath. Therefore the motion of the system will slow down till only ther- 
mal fluctuations in equilibrium with the heat bath are left. This effect is also 
present in classical mechanics and takes place on a classical time scale, Tdasa- 
But the coupling to the environment also very rapidly destroys quantum me- 
chanical interference effects, and leads to an effectively classical behavior. The 
decoherence arises on a time scale Tdec which is typically much shorter than 
Tciass- As a general rule, if a seperation D in phase space can be assigned to 
the states involved in the Schrodinger cat state, the two time scales behave 
as Tdec /Tciass ~ {f>'/Dy where r is some positive power depending on the 
details of the coupling and the environment [3-8]. This separation of time 
scales has also been termed “accelerated decoherence”. The validity of this 
picture starts to be confirmed in experiments of Haroche et al, who were able 
to turn on the coupling to an environment in a controlled way and measure 
the decay of the coherences [9,10]. 

The basis in which the density matrix becomes diagonal depends on the 
coupling to the environment, as was pointed out by Zurek [3]. Suppose that 
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the coupling Hamiltonian contains a “coupling agent” A, Hint = A/({x, p}), 
where /({x, p}) is some function of the environmental coordinates. Accel- 
erated decoherence arises in the basis formed by the eigenstates of A, the 
socalled pointer basis. Thus, after the short time Tdec the reduced density 
matrix of the system will be diagonal in this basis, but may still contain 
off-diagonal matrix elements (coherences) in another. 

It has recently been shown, however, that even in the pointer basis accel- 
erated decoherence can be absent if the coupling to the environment has a 
certain symmetry [3,11-15]. Indeed, suppose that A|V'i) = a\ipi) and A\ip 2 ) = 
alV’ 2 )j be. a is a degenerate eigenvalue of A, then the environment cannot 
distinguish between states |i/’i) and 1 ^ 2 ) • A Schrodinger cat state \ip) = 
Cl IV’) + C 2 IV’) is therefore stable against dephasing. It may loose its coher- 
ence on the time scale on which the symmetrical arrangement of the state is 
destroyed, which can be as large as Tdass- 

In this paper we give specific examples of such longlived Schrodinger cat 
states in the context of superradiance with a well known, experimentally 
verified damping mechanism. We calculate the decoherence rates and propose 
a way how the Schrodinger cat states might be realized experimentally. 

2 Superradiance and the Schrodinger Cat States 

The system that we consider is well known from the phenomenon of superra- 
diance [16] : A large number of identical two-level atoms in a cavity radiate 
collectively. We assign formally to each atom a spin-| operator whose 
z-component tells us whether the atom is in its lower or upper state. If all 
atoms couple in the same way to a resonant electromagnetic field mode in 
the cavity, the system as a whole can be described by a collective variable 
J = the so called Bloch vector {N is the number of atoms). It can 

be thought of formally as an angular momentum. The coupling of the atoms 
to the resonant electromagnetic field mode (with creation and annihilation 
operators and a) be of the form 

Hint — "h , (1) 

with some coupling constant g. Dissipation ultimately arises by the cav- 
ity’s non-ideal mirrors, i.e. the field mode is itself damped and photons may 
leak out of the cavity at a rate k. Under the assumption of weak coupling 
(gy/N/K 1), low temperatures (fcjgT -C hu;, the level seperation of the 
atoms), and the Markov assumption (f 1 /k) the master equation 

^P(-’') = ^i[J-,P{T)J+] + [J-Kt),J+]) (2) 

for the reduced density operator p was derived in [17]. We have written 
the time t dimensionless in units of the inverse classical damping rate as 
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T = 2 jgHjK, i.e. r is already in units of Tdass- The classical limit is obtained 
by j -> 00 and yields a spherical phase space in which the orientation of the 
classical Bloch vector can be parametrized by the polar angles Q (reckoned 
against the J^-axis) and (the azimuth of the equatorial projection reckoned 
against the J^-axis). The variables p = J^jj = cos 6 and ip aquire the role of 
classical canonical momentum and coordinate [18]. Since the classical phase 
space contains 2j + 1 states, we may think of h as scaling like 1/j. The Bloch 
vector behaves classically like an overdamped pendulum, dd/dr = sin0 and 
tp = const.. Many of the consequences of (2) have been confirmed experimen- 
tally [19]. 

The states that correspond as much as possible to classical states are the 
so called angular momentum coherent states [7) = \ 6 ,p) [20,21]. They cor- 
respond to a classical angular momentum pointing in the direction given by 
the polar angles G and p, with the complex label 7 given by 7 = tan(0/2)e"^. 
They have minimal uncertainty, ApAq ~ 1/j. In terms of \jm) states one 
has the expansion 

I 7 ) = (1 + 77*) X) y (j 

Coherent states may be more familiar from the harmonic oscillator, where 
they are eigenstates of the annihilation operator. The compactness of Hilbert 
space prevents the existence of exact eigenstates of J_, but one can show 
that the angular momentum coherent states are approximate eigenstates of 
J_ in the sense that the angle between J-I7) and [7) is of the order of 1/j. 
They therefore qualify as pointer states in the limit j 00. 

In the following we will consider the fate of a Schrodinger cat state 

IV”) =A^(|7i) + |72», (4) 

where Af is the appropriate normalization constant. Note that the two com- 
ponents can indeed be macroscopically distinct if the number of atoms in 
the superradiance experiment is large. We will show that the damping (2) 
leads in general to accelerated decoherence. Our central prediction is, how- 
ever, that accelerated decoherence is absent for Schrodinger cat states with 
7i72 = 1. Such two states correspond to two classical angular momenta ar- 
ranged symmetrically with respect to the equator G = n/2 (i.e. G2 = tt — Gi) 
on a great circle pi = P2 = const.. They decohere only on the classical time 

scale, 'I'dec ^ ^class’ 

The initial density matrix corresponding to the state (4) reads /5(0) = 
l-^P(l7i)(7i| + |7 i)(72| + |72)(7i| + |72)(72|)- Since the evolution equation of 
(}{t) is linear it suffices to concentrate on one off-diagonal paxt p(r) evolving 
from p(0 ) = |7i)( 72|. Its decay is conveniently studied in terms of one of the 
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norms 



Ni{t) = tvpp^ , or ( 5 ) 

^2{ t ) — ^ ^ IPmimal) (6) 

mi, m2 



where Pmim^ = ■ Both norms are obviously zero if coherences 

in the 7 basis are absent. The time on which they decay to zero sets the 
decoherence time scale Tdec- 

Our prediction of slow decoherence, Tdec ~ Tdass for 7172 = 1 , is based 
on three analytical results: 

1 . The initial time derivative of iVi(r) reads 

dN^ frl 

— = - 2j (sin^ 61 + sin^ 62 - 2cos(<^2 - <Pi) sin^i sin02) ( 7 ) 
- ((1 + COsPi)^(lH- COS02)^) • 



Thus, for (p2 = ipi and sin 9 i = sin 62, the term proportional to j vanishes. 
This marks the absence of accelerated decoherence. 

In the following we will restrict ourselves to </3i = 1^2 = 0 and denote 
7i = |7»| throughout the rest of the paper. 

2 . In the particular case of the states I71} = \jj) and I72} = \j - j) (cor- 
responding to 7i = 0 and 72 = 00), the exact time evolution N2{t) is 
given by iV2(r) = e"’’ for all times! The coherence decays on the classical 
time scale, even though the two states are macroscopically as distinct as 
possible. 

3 . For finite times t with jr <g; 1 , a semiclassical evaluation of the norm 
N2{t) for <^i = (^2 = 0 leads to 



N2{t) 

N2{Q) 



= exp 



( .. ( 71 - 72 )^( 1 - 7172 )% ^ 
V ^ ((l+ 7 ?)(l+ 7 l))^ J 






(8) 



This means accelerated decoherence as long as 71 72 and 7172 7^ 1 . If, 

however, 7172 = 1 then the next order in 1/j shows that 



N2 {t) 

iV2(0) 



= exp 



( 87^ - 37^ + 4 'yf - 37? -h 3 2 

U+i; 2(7? +1)4 



ii + o{i/j)). 



( 9 ) 

( 10 ) 



The expression in the exponent is correct up to and including order (jr)^. 
Obviously, accelerated decoherence is absent /or 7172 = 1 . Indeed, a single 
coherent state 71 = 72 = 7 leads, in linear order, to almost the same 
decay. 




( 11 ) 
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It is clear that the symmetry of the sine function under 9 tt - 6 un- 
derlies the longevity. As mentioned the coherent states I 7 ) are approximate 
eigenstates of the coupling agent J_ and therefore qualify as pointer states. 
The symmetry of the sine function means that the corresponding “approxi- 
mate eigenvalue”, is doubly degenerate. A linear combination of 

two vectors of the pertaining subspace is stable against decoherence. We have 
here the interesting situation that the deviation of order 1/j from exact de- 
generacy is small enough to compensate for the acceleration factor j of the 
decoherence rates. Similiar but more general statements about the decoher- 
ence in the presence of degeneracy breaking coupling agents can be found in 
[ 11 ]. 

We now describe in some detail the derivation of the three mentioned 
results. The first, eq.( 8 ) can be obtained straight forwardly by inserting the 
equation of motion for p{r) into = tr(^pi -I- p^)- 

The second result is an exact solution of the master equation (2) [17,22]. 
To see this we write (2) in the |jm)-basis and introduce mean and relative 
quantum numbers, m = and k = jjg latter quantum number 

is conserved and therefore only enters as a parameter, pmi,m2 = Pm{k, t). The 
solution can be written as 



i-|*l 

Pm(k,T) = ^ ] D,Tin(k, T)pfi(k, 0) 

n—-j+lkj 



( 12 ) 



in terms of the dissipative propagator Dmn(k,r). With the help of the ab- 
breviations Qmn = ^nd Qi = j{j + 1) - l(l - 1) One has an exact 

Laplace integral representation for Dmn{k,r), 



^mn(,kj t ) — 



\/Qm—k,n—kQm+k^n+k 



27ri 



^6+ioo n 

/ (13) 

Jb — ioo 1—m. ^ ^ 

l=m 



where the real parameter b should be chosen larger than the largest pole in 
the denominator. Depending on m and n, in general a large number of poles 
contribute to the integral. But for the case at our interest (mi = j, m 2 = -j), 
we have m — 0 = n, k = j and therefore only one pole contributes. We 
immediately obtain N 2 {t) = po{j,T) = Doo(j,r)po(j,0) = exp(-r). 

Starting point for the third result is the short time propagator 



I^mn {k, t) 



^/Qm-k,n-kQm+k,n+k /rV J } 

(n-m)! \jj 



derived in [22]. It is valid up to times (n - m)r < 1 . Since we are 

going to sum over m and n, both m + n and m - n can be of order j and 
one should therefore have jr < 1. The expansion (3) shows that (at = 0 ) 
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all initial density matrix elements are real and positiv. Since also the short 
time propagator is real and positiv, the same is true for the density matrix 
elements to the later time r, such that the norm N 2 simplifies to 

^ 2 ('^) — ^ j Pmjk,T') = ^ ^ Dmn(^k,T)pn{k,0) . ( 15 ) 

k,m m,n,k 

Note that in general N2{0) ^ 1, such that in order to study the decay of the 
coherences one should look at the quantity n(r) = N 2 {t)/N 2 ( 0 ). 

The first step in calculating n(r) is to evaluate the sum over the final states 
m. This summation does not involve the initial density matrix at all, so we 
can define S{n,k,T) = and N{t) = E„_fc5(n,A:,r)p„(fc,0). 

The latter two summations will eventually be done by Laplace’s method, 
that is by an asymptotic expansion in 1/j for j oo. In order to remain 
consistent with the limitation jr 1 we will have to rescale time as 



T = 



r 

3 



(16) 



with f <C 1 kept fixed for j oo. This is indeed reasonable since we expect 
decoherence of an ordinary Schrodinger cat state on a time scale 1/j, that 
is N{t) ~ AT(0) exp(— jr). If we kept r fixed for j oo we could only 
recover N(r) = 0, whereas we can study the decay if we keep f fixed. The 
precise calculation of S{n,k,r) by summing over m is difficult. However, 
since we shall be interested only in short times {jr C 1) we can reconstruct 
S{n, k, t) from its initial time derivatives. Let us write the derivatives directly 
in reduced coordinates that become continous in the limit j oo, u = n/j 
and T] = k/j, as 



dS{n,k,T = j) 1 

ax 1^-0 =.r+,^-l + (.--)^ 



d^S{n,k,T = ^) 



Wi 



lf=0 



/ dS{n,k,T = |) 
« 3 

(- + 3^ 



+ Wi{W2-Wi) (17) 



f=0 



= J(i-(.-,-l)^) (i-(. + ,-l; 



W2 



= J(l-(^.-r,-l)2) (l-(^ + ^-^)2). 



For the further derivation we will keep S in the form of a polynomial, 
S{v,T],f) = 1 + a{v,Ti,llj)f + b{u,r),l/j)f^ + 0{f^) with a{v,r},l/j) = 
dS/df lf_Q and h{v,r],l/j) = \d^S!df^ \f-o- Higher terms in f can be in- 
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eluded, but already the first two terms account rather well for the initial de- 
cay of the coherences. 



We now transform the remaining two sums in N 2 {t) (eq.(15)) into in- 
tegrals by Euler-Maclaurin summation and finally integrate via Laplace’s 
method. To this end we first write the coefficients /9„(fe,0) in the expansion 
of the initial density matrix as continuous functions of the reduced coordi- 



nates 1 ] and v = n/j. The result can be cast in the form 

p„(fc,0) = C7e^'^“(''-’»), (18) 

where the “action” So is given by 

So{i^,V) = (1 -i^)ln( 7 i 72 ) -l-T?ln — - (19) 

7i ^ 

-l-p(l + u + r}) + p{l - V + ri) + p{l + 1/ - T])) (20) 

p{x) =a;lnx. (21) 



The action is correct up to lowest order l/j. Terms of order 1/j have been 
absorbed in the prefactor C which turns out to be independent of v, rj and 
therefore will cancel in n(r). We thus have to order 



N 2 {t) = 2fC J dr] j du{l + a{v, r], l/j)f + b{v, t], l/j)f^) exp(j5o(j^, r ])) . 

( 22 ) 

The prefactor 2 stems from the fact that k and n can be simultaneously in- 
teger or semi-integer, but cancels of course as well in n(r). Since the slow 
decoherence is a l/j effect, a carefull asymptotic expansion of the double inte- 
gral in powers of 1/y is in order. First of all, we expand the coefficients a and 
b as a{v,T],l/j) = and b{u,r),l/j) = The 

first few terms in the expansion read (w = — (t/ — r]Y) (1 — («/ -H r;)^)) 



ao = w + 7}^ — 1-1- 

1 — -\-7f —w 

ai = V 

w 



(23) 

(24) 



bo = \al (25) 

bi = (aooi - v{v'^ -\-w -Tj^ -1)) (26) 

&2 = ^ ((2oo 02 -1- of) {{rj^ - - 2{rf -1- 1) - 2 

-\-4u^ - 2»7® - lOz/^7?^ -f - lOi/^ - Su'^rf -1- 2ri‘^ -h 8v^ -\- 2rf^ 




(377^ + 71 /'* - lOv'^ri^ - 10j/2 - -b 3) . 



(27) 



For the expansion to make sense w should be sufficiently far (3> l/j) away 
from 0. The coefficient 02 will not be needed. If we insert the expansions in 
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the integral (22) we encounter functionals of the type 

/[/] = j dr) j (28) 

where f{v,r)) can be 1 or any of the coefficients in (23) to (27). The large 
parameter j in the exponent suggests to integrate by the two dimensional 
Laplace method. To obtain correctly the first few orders in 1/j for n(r) one 
needs an extension of Laplace’s method to higher orders, i.e. we also have to 
expand /[/] in powers of 1 jj : 

/[/] = + .... (29) 

The higher orders can be obtained from systematically reexpanding in 1/j 
the following exact representation of /[/] [23], 

9 °° 1 

= e^so(.o,.o)^|det(a)|-| ^ (/(*., 7,)e^'^("’’')) |,^,J30) 

where {i'o,Vo) denotes the position of the maximum of So- The matrix cr con- 
tains the four second derivatives of S at the maximum, CTv^ri — dud^So 1,^^ 
the new “action” R{v,t)) is the deviation of So from its quadratic approxi- 
mation, 



R{u,T))^So{i',r))- So{vo,r)o)-\{o-{^ (31) 

2 \r)- VoJ \V - VoJ 

and Ls is the second order homogeneous differential operator 



Ls = {~cr ^ 




(32) 



The angular brackets denote a scalar product. It is assumed that the integra- 
tion range contains exactly one maximum with di,So{i',r)) = 0 = driSo{i',r]). 
Due to the construction of R, all derivatives of R of lower than third order 
vanish and the term Vg{feP^) in (30) is therefore a polynomial in 1/j at 
most of the order 2//3. In order to get the first order in 1/j beyond the usual 
Laplace method (the term with I = 0) one has therefore to go up to f = 3. 

Combining the expansions of a and b in terms of a* , bk and the expansions 
of the corresponding functionals I[ak] and I[bk] according to (30) we find 



n(r) = 1 -f- f 



/(o)[lj 



^^^^(/(°)[ao]/(i)[l]-(/(°)[ai] 



+jW[ao])7(°)[l])+o(^) 
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+f^ 



/(“H&o] 1 

/(0)[1] j(/W[l])2 

1 






p{m[i]y 



( - (/W[62] + 






(33) 



The point of maximum So is located in our case at 

- 7|-7? „ _ l-7hl 

'^°-(1+7!)(1 + 7|)’ “ (l+7?)(l+7l)’ 

To proceed further we distinguish two different cases. 

Case 1: 7 i 7 ^ 72 and 7172 ^ 1 

Here already the ordinary Laplace method leads to a meaningful result, 



2(71-72)^(1-71:72)^ 

/{0)[1] -«o(^0,l?o)- 

W 1 1 2/ 1 

J(0) ^ = bo{i'o,Vo) = • 



(35) 

(36) 



We have therefore n(r) = 1 +• ao(^'0ii?o)'r + 5no(^Oii?o)'i^^) and thus, correct 
up to Cl(f^) the anounced result (8), where we have resubstituted f in terms 
of jr. 



Case 2: 7172 = 1 

The leading terms (35), (36) now vanish due to aoii'ojfjo) = 0. From the 
prefactor of the term linear in f in (33) only 



l jW[ao] _ l/7?-iy 

j /W[l] J\7i+lj 



(37) 



survives, from the quadratic term only 



1 J(°)[62] 
f JW[1] 




(7%" + l), 



(38) 



as the reader might verify in a straightforward but lengthy calculation. In 
particular, the coefficient proportional to 1/J in the term is zero, such 
that to quadratic order in f n(r) depends only on r, not on jr: 



= "-j(K 



tI-7? 



(1 + 7i)(1 + 7|) 



+ 1 T^ + 0(f^) (39) 



The agreement of Eq.(39) with exact numerical results extends well beyond 
the range r -C 1/J for which the theory was made initially. This is not 
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surprising since the main contribution to the norm comes from a region where 
n ~ 0 ~ m, so that the limitation on the validity of the short time propagator 
is much less severe than in the assumed worst case where both n - m and 
n + m are of order j. The agreement with the numerical result becomes even 
better and leads to rather precise results even for r ~ 1 if we rewrite the 
decay again in exponential form as was done in (9). 



3 Possible experimental realization 

It has been experimentally verified that (2) describes adequately the radia- 
tion by identiccd atoms resonantly coupled to a leaky resonator mode [19] in 
a suitable parameter regime (see the discussion in the context of the equa- 
tion). It should therefore be possible to observe the slow decoherence of the 
special Schrodinger cat states. We now propose a scheme for their prepara- 
tion. Starting by all atoms in the ground state and with the field mode in its 
vacuum state, a resonant laser pulse brings the Bloch vector to a coherent 
state \0,tp). Note that the cavity may be strongly detuned (with respect to 
the atomic transition frequency) during the whole preparation process (de- 
tuning 6 ^ k). The dissipation mechanism (2) is hereby turned off and the 
system evolves unitarily with a Hamiltonian containing a non-linear term 
oc ( 9 ^ The free evolution during a suitable time will split the coher- 
ent state \6,ip) in a superposition of \B,ip') and \6 ,^' as described in [24]. 
Finally, a resonant 7 t/ 2 pulse brings the superposition to the desired orienta- 
tion symmetric to the equator, by rotation through the angle 7 t/ 2 about an 
axis perpendicular to the plane defined by the directions of the two coherent 
states produced by the free evolution. At this point the cavity can be tuned 
to resonance, thereby switching on the dissipation mechanism and one can 
study the decay of coherence. 



4 Conclusion 

We have shown that a certain symmetry of the coupling to the environment 
leads in the phenomenon of superradiance to the existence of longlived co- 
herences of superpositions of macroscopically distinct quantum states. Even 
though the components of the linear superposition are not exact eigenstates 
of the coupling operator to a degenerate eigenvalue, the deviation from de- 
generacy is small enough for the coherences to decay on a classical time scale 
only. We have proposed a preparation scheme with which such Schrodinger 
cat states might be realizable experimentally. 
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Abstract. Bose-Einstein condensates held in effectively one-dimensional traps can 
support localized ‘bubbles’ known as grey solitons. We show that, in an inhomoge- 
neous trapping potential, grey solitons move through the background condensate 
cloud as particles, interacting only weakly with other condensate excitations. As 
realistic proposals already exist for one-dimensional traps and for creating solitons 
in them, these objects offer an unprecedentedly controllable laboratory for study- 
ing the mesoscopic regime between closed-system quantum mechanics and classical 
dynamics. 



1 Introduction 

The success of the Gross-Pitaevski mean field theory in describing experimen- 
tally observed dilute Bose-Einstein condensates[l-3] shows that one really 
can persuade a large number of particles to behave as a field. The perversely 
obvious thing to do with such a field, then, is to persuade it to behave as a 
particle. This would not only be a pleasant closing of a circle, but would offer 
a powerful laboratory for studying the interface between quantum and clas- 
sical physics, by providing a wholly artificial mesoscopic particle, composed 
of highly controllable, weakly interacting atoms. In this paper we discuss 
one particular particle-like configuration of the Gross-Pitaevski mean field, 
namely the one-dimensional grey soliton. We describe the classical behaviour 
(i.e. the behaviour prescribed by mean field theory) of grey solitons in inho- 
mogeneous potentials, reporting both analytical and numerical results. This 
raises the difficult but fascinating problem of quantizing solitons. 

2 Instability of dark solitons 

The Gross-Pitaevski equation (GPE) governs the evolution of the c-number 
‘macroscopic wave function’ rp{x,t) of a Bose-Einstein condensate. (It may be 
derived as a mean-field approximation to the quantum many-body theory of a 
dilute Bose gas at extremely low temperature, and so its success in describing 
recent experiments on such gases is no mystery.) By appropriately scaling 
the wave function, space, and time, and incorporating a chemical potential 
by extracting a factor *, one can write the GPE in the convenient form 

- «^)V’ ■ (1) 
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We have assumed a repulsive inter-atomic interaction, and have not restricted 
the normalization constant /da; |'0p. We will focus for the rest of this paper 
on the limit of a long trap so thin that one can apply the GPE in one di- 
mension. The approach to this limit from three dimensions has recently been 
discussed [4]. 

Eqn. (1) in one dimension with y = 0 has been extensively studied 
in nonlinear optics[5], and a particle-like solution has long been known: 
i>DS = Ktanh(Kx). This time-independent solution is known as a dark soli- 
ton, because it describes a small dark spot in a light pulse. In the case of 
a condensate, the ‘dark spot’ corresponds instead to a small ‘bubble’ of low 
condensate density, maintained by destructive interference of matter waves. 
If ij){x) were restricted to be real, the dark soliton would be topologically 
stable in the same way as the Sine-Gordon kink that it strongly resembles. 
It is not difficult to see, however, that by taking ^ into the complex plane 
one can continuously deform it into a configuration with constant density: 
rotating the phase of V; by f in opposite directions on each side of x = 0 
makes the phase of ^ uniform, and one is then free to fill in the zero in |'^P. 
The dark soliton is thus topologically unstable. 

In fact, it is also energetically unstable. As a time-independent solution 
to (1) {V = 0, one dimension), = KtanhKX is a stationary point of the 
free energy functional 

+ . (2) 

One can determine the energetic stability of the dark soliton, against per- 
turbations that conserve the total number of particles, by diagonalizing the 
Hessian matrix of second order variations of G with respect to V" and if}* . 
There turns out to exist exactly one negative eigenvalue, whose eigenvector 
is the purely imaginary perturbation Stl> = i sech«x. 



3 Robustness of grey solitons 

Being topologically and even energetically unstable is nevertheless no disaster 
for dark solitons as mesoscopic particles. In the first place, under most cir- 
cumstances they are dynamically stable, meaning that an external source of 
dissipation not included in the GPE is necessary for driving their instability 
by extracting energy. And secondly, even if such dissipation is present, it does 
not mean that the dark soliton quietly fills in and disappears. It persists as 
a strong local minimum in condensate density, though not a zero, becoming 
a grey soliton. And this means that it begins to move. 

Here is the connection between greyness and velocity. In one dimension 
with F = 0 constant, dark solitons centred at various locations x = g are only 
a one-parameter time-independent sub-family of the following two-parameter 
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family of time-dependent solutions to (1): 

'4’q,q {x,t) = iq+ - q'^ tanh \/k? — q^{x - q) , (3) 

where q is the time derivative of q, constant and satisfying satisfying |^| < k. 
Setting q — 0 recovers the dark soliton discussed above. For finite q, the 
density minimum moves; but the background condensate far away from the 
minimum does not. The soliton thus moves through the background conden- 
state, without disturbing it. (It is also of course possible for the background 
to move, and to drag the soliton with it. Such motion could even readily be 
excited in a realistic case where the background is finite; but in the present 
paper we will ignore this basically trivial complication.) 

For moving solitons, never drops below q^\ they are less ‘dark’ than 
dark solitons, hence ‘grey’. Also the phase slip across the soliton is tt — 
2arctan(|4|/v^K^ — This means that in the limit q -¥ ±k, where it is 
travelling at the superfluid critical velocity, the grey soliton actually becomes 
identical with motionless condensate. A motionless (dark) soliton is obviously 
an excited state of the condensate; but a soliton of maximal velocity is the 
ground state! The free energy of a general grey soliton (with F = 0) is 

G{q,q) = li^^-q^f^ . ( 4 ) 

We can therefore say that grey solitons have negative kinetic energy. 

Recalling that there was only one negative eigenvalue of the free energy 
Hessian for the dark soliton, we can conclude that acquiring velocity is the 
only instability of solitons. And since a grey soliton with constant velocity 
is an exact solution to the GPE (with constant potential), the accelerational 
instability can only be driven by external dissipation. (To be more formal, 
we can note that ‘diagonalizing the Hessian matrix’ is actually an ambiguous 
operation, because this matrix can be diagonalized in two different ways, 
using either an orthogonal or a symplectic transformation. The orthogo- 
nal diagonalization is far easier, requiring only the solution of Schrodinger 
equations, and it identified xl> ipas + eisechrea; as ‘the’ instability. This 
certainly sufficed to show that there were configurations near to the dark 
soliton having lower free energy; but it actually implied nothing about how 
such configurations might appear under Gross-Pitaevski evolution. To answer 
this question requires the symplectic diagonalization, which identifies normal 
modes having canonically conjugate pairs of co-ordinates, and involves solv- 
ing the much more difficult Bogoliubov equations. Doing this confirms that 
the only negative energy excitation of the dark soliton is the acceleration 
'tpDS ‘4’ds + ^dgipq^q\q=o — ipDs + which is canonically conjugate to the 
translational zero mode. The dynamical normal mode with negative energy 
does not even particularly resemble the negative energy eigenvector found 
by the orthogonal diagonalization; in this respect, the orthogonal ‘short cut’ 
with its simpler equations is simply misleading.) 
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Thus the instability of the dark soliton is not to break up or fill in, but 
merely to acquire velocity; and (if V is constant) even this can only proceed 
through physics not included in the mean field theory of the GPE. Esti- 
mates of time scales for soliton ‘decay’ under experimental conditions, taking 
post-mean-field corrections into account, range from one to 100 seconds [6], 
depending mainly on the condensate temperature. This is a very long time for 
experimental purposes, and should pose no serious problems for observation 
of dark and grey solitons. Indeed, observing viscous anti-damping should be 
possible, and interesting in its own right. 

4 Solitons in trapped condensates 

Since grey solitons have both positions q and independent velocities g, they 
have the phase space of a particle in one dimension. (As an aside, note for 
comparison that for a superfluid vortex in two dimensions, the two positional 
degrees of freedom are in fact canonically conjugate, so that the vortex phase 
space is also only two dimensional[7]. Vortices are topologically stable, but 
this comes at the price of a reduced phase space.) It is therefore natural 
to seek a particle-like second order equation of motion for dark solitons in 
an inhomogeneous potential V{x). One can readily guess that, at least in a 
sufficiently slowly varying potential, one should simply replace K^—V(q) 
in (3), and insert the result into a background Thomas-Fermi cloud. The 
question of how such a configuration will evolve in time, however, is not 
trivial. Time-dependent variational approaches can be informative but also 
misleading. Fortunately, a more systematic procedure exists. 

In the experimentally relevant situation where V{x) varies slowly on 
the healing length scale |^|“^, one can apply a time-dependent boundary 
layer theory similar to that used for vortices in Ref. [7]. Perturb around the 
Thomas-Fermi approximation everywhere outside a small moving ‘core zone’ 
extending a few healing lengths from the monopole; treat the inhomogene- 
ity of V as a perturbation within the core zone; and then match solutions 
smoothly at the moving boundary. This procedure leads to a very simple 
result in the case where the only excitations present (other than the soliton 
motion) are those generated by the soliton as it accelerates or decelerates. 
In this case the boundary layer theory demonstrates that when the healing 
length is much smaller than the Thomas-Fermi cloud, the system is in a sort 
of Mossbauer limit, in which phonon mode excitations conserve momentum 
without contributing significantly to the total energy. As a result, the soliton 
energy — q^ — V{q)]^^^ is conserved to leading order in the ratio of length 
scales, and this implies the equation of motion 

q=-lv'{q). (5) 

In a harmonic trap, Eqn. (5) implies oscillation of the soliton with fre- 
quency l/\/2 times that of the dipole mode of the condensate [8]. We have 
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confirmed the frequency factor to rather more than the expected accuracy 
in numerical simulations of harmonic traps over a wide range of condensate 
densities and oscillation amplitudes; we have also monitored the center of 
mass motion, and confirmed that it is decoupled and has the trap frequency 
(which is an exact consequence, in a harmonic trap, of Ehrenfest’s Theo- 
rem). Eqn. (5) also holds for arbitrary potentials, however, as long as they 
vary slowly on the healing length scale. We have therefore further confirmed 
the good accuracy of our ‘Mossbauer limit’ equation of motion by solving 
Eqn. (1) numerically over a wide range of parameters and for various poten- 
tials; a generic sample is shown in Fig. 1. 




L_/ Ml / 1' \J 

-15 0 X 15-15 0 X 15-15 0 x 15 



Fig. 1. Normalized \ip\^ (Jdx \rp\^ = 300) for a dark soliton oscillating in an eisym- 
metric potential with a bump, shown in dots. The potential is F = 0.1x(r — 2) -I- 
1.1/ cosh*(a:), the soliton starting point is x=-2.81 (with a grid uncertainty of about 
0.03); Eqn. (5) predicts the intervEil between successive times of complete darkness 
(IV'P = 0 at the minimum) to be T/2 = 11.5 ± 0.1. Comparing times in lower left 
and lower right plots shows the Mossbauer limit is good to within 5%; the ratio of 
healing length 1/|V>| to potential scale is of this order. 



To solve the NLSE numerically we use the split-step Fourier method [9], in 
two stages. First we construct an initial state with no excitations apart from 
the soliton, by propagating a crude trial wavefunction in imaginary time, re- 
normalizing it between each step, and also after each step re-setting the wave 
function to zero at the location we choose for the soliton. This rapidly leads 
to the configuration of lowest energy, for fixed particle number and with 
the prescribed zero in density, and we interpret this as our desired initial 
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soliton state. We simply stop the imaginary time evolution after sufficient 
relaxation, save the configuration, and then propagate this optimized initial 
state in real time. We are able to simulate several periods of soliton motion, 
even at condensate densities approaching those attained in real experiments. 
(At f dx = 1000, our condensate cloud extends over ten times the trap 

width.) 



4.1 Interactions between two solitons 

Analytical work on dark solitons in bulk has shown that two dark solitons 
interact through a short range repulsive potential, whose maximum height is 
finite and velocity dependent[10]. So solitons more than a few healing lengths 
apart do not influence one another, and solitons colliding rapidly can pass 
through each other with negligible interaction; but two slow solitons cannot 
pass each other. Moreover, the transition between impenetrability and near- 
freedom is fairly sharp as a function of relative velocity. See Fig. 2. 



5 Quantum solitons 

Finally we come to the question of understanding grey solitons as quantum 
mechanical particles. Although the Gross-Pitaevski equation to which we 
have found soliton solutions resembles a Schrodinger equation, and in ordi- 
nary units includes h in the standard places, it is in fact a type of classical 
limit to the full quantum field theory. Where for a single particle the clas- 
sical limit involves replacing operators X and P with c-numbers, the GPE 
results from replacing the annihilation and creation operator fields i){x) and 
'il>^{x) with c-numbers tp{x) and i>*{x). Whereas often one justifies the clas- 
sical limit by appealing to the smallness of h, the Gross-Pitaevski ‘classical 
limit’ is justified instead by the largeness of the number of particles in the 
condensate. But as a matter of principle, quantum corrections to the GPE, 
and hence to the physics of grey solitons, are required. 

And in some respects quantum corrections must be qualitatively drastic. 
In the theory we have described so far, for instance, grey solitons behave as 
particles whose position and velocity are both well-defined at all times; they 
can remain at perfect rest at an extremum of the potential V ; and they will 
bounce off a sufficiently high barrier without any chance of penetration. But 
since the underlying theory of the dilute Bose gas is quantum mechanical, 
one expects solitons actually to exhibit an uncertainty relation, zero point 
motion, and tunneling. And if two or more solitons are present, the question 
of their statistics as particles arises: are solitons fermions, or bosons? 

There are even situations in which quantum corrections must become 
quantitatively significant on a short time scale. According to Eqn. (5) , a dark 
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Fig. 2. Soliton positions xs, for two different cases of two solitons oppositely dis- 
placed in a harmonic trap. In both cases Jdx\xl)f = 100. The horizontal axis is time 
in units of 2tt jOtrap- The solid lines show the solitons passing through each other; 
the dashed lines, for two solitons initially displaced somewhat less, shows bouncing 
motion. Note the modulation of the harmonic motion, due to coupling of the soliton 
pairs to the background quadrupole mode. This failure of the ‘Mossbauer’ limit is 
fairly significant at this low density.) 



soliton positioned at a local maximum of V is stationary, but dynamically 
unstable. Numerical solutions of the GPE confirm this prediction. Under 
these circumstances, though, Bogoliubov theory shows that the number of 
quasi-particles excited against the mean field background grows exponentially 
in time. This means that on a logarithmically short time scale the mean field 
theory approximation on which the GPE is based must break down. A similar 
breakdown in mean field theory must occur if the potential is varied in time 
(as should indeed be experimentally feasible) in such a way as to make the 
classical soliton motion chaotic. And once mean field theory fails, a theory of 
solitons as quantum mechanical particles, including their decoherence under 
the influence of the background gas, is required in order to understand what 
happens next. 

In this paper we can unfortunately do no more than raise these questions. 
But we emphasize that this is a new arena for decoherence, in which novel the- 
oretical problems arise, and in which prospects for experimental realization 
are excellent. Perhaps chief among the theoretical problems is the concep- 
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tual question of how to distinguish a soliton as ‘system’ from background 
gas as ‘environment’. The crux here is that which modes are orthogonal to 
the soliton depends upon the soliton position emd momentum, making the 
formulation of an open system description problematic. Experimentally, the 
encouraging signs are that effectively one-dimensional traps are considered 
realistic prospects for the near future by leading experimentalists (and de- 
velopment is currently underway), and that robust schemes for creating and 
observing solitons have already been proposed. It seems reasonable to hope 
that we will soon know more about solitons in Bose-Einstein condensates 
as mesoscopic particles, and thus about an unusually clean portion of the 
frontier between quantum and classical physics. 
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Abstract. We consider a quantum particle in a coherent superposition of two 
well localized wave packets. Through an external harmonic potential the two wave 
packets are accelerated towards each other, start to overlap, and an interference 
pattern emerges. When the particle is coupled to the radiation field, assumed to be 
in a thermal state, the interference pattern is partially suppressed, which defines 
the decoherence amplitude. For our model we compute both the decoherence and 
the friction rate. They are given in terms of fundamental constants and a certain 
scaling function of the temperature. With the exception of unphysical regimes our 
results are in agreement with the prediction of the master equation for this system. 



1 Introduction 

Quantum mechanical superpositions are fragile objects and break up easily 
unless well isolated from the environment. While on an intuitive level this 
insight goes back to the early days of quantum mechanics, the quantitative 
study of the process of decoherence dates from the eighties [1-5]. Usually one 
considers a “small” quantum system coupled to a suitable environment. Be- 
sides the intrinsic unitary time evolution the quantum system is now subject 
to friction and fluctuating forces. The main conclusion is that, in general, 
quantum superpositions decohere way before dissipative effects are of any 
significance. 

On a theoretical level the standard set-up is to consider an initial state 
which is a coherent superposition of two localized wave packets of width a 
separated by a distance d with d~> a. One couples this quantum system to a 
suitable environment and studies how long the superposition is maintained. 
Two particular types of environments have been investigated in considerable 
detail: 

• a free Bose field with massless excitations linearly coupled to the quantum 
system, 

• collisions with a low density gas of massive particles. 

To follow the dynamics of such an open quantum system, one popular route 
is to approximate the environment through a quantum mechanical master 
equation. While developed originally for a different purpose, master equations 
have been a very useful guide in unraveling the various facets of decoherence. 
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On the strictly Hamiltonian level, one usually resorts to the free Bose field, 
since it can be integrated out exactly and leads to a Feynman Vernon in- 
fluence functional encoding the information on decoherence. In the dipole 
approximation and with a harmonic external potential the time evolution 
can be solved exactly. 

In this paper we add to the long list of case studies a harmonically bound 
particle coupled to the radiation field in the dipole approximation, which is 
in the class of exactly solved models. Experts have assured us that in the 
context of decoherence this model has not been considered before. We see 
two reasons for undertaking the present effort. 

(i) The environment is not modelled phenomenologically. Coupling parame- 
ters and dispersion relations are known and given in terms of fundamental 
constants. 

(ii) The temperature dependence can be studied systematically. In particular, 
one can follow quantitatively the cross over from coherence to decoherence. 

We divide our paper in three parts. In Section 2 we recall the model 
together with the method of solution and define the particular initial state 
of interest. In Section 3 we compute friction and decoherence coefficients. In 
Section 4 we discuss our results and add some general remarks. 



2 Particle coupled to the radiation field 

We consider a (spinless) quantum particle in three dimensions, mass m, 
charge — e, position q, momentum p, bound by the external harmonic poten- 
tial V(g) = 5 mujQq^. The particle is coupled to the radiation field quantized 
in the Coulomb gauge [6]. The dynamical variables are then the two trans- 
verse components of the vector potential A, V A = 0, and as canonically 
conjugate variables the transverse electric field, —E±. In the momentum rep- 
resentation one introduces the two component Bose field a{k,j),a^k,j),j = 
1,2, fc G E^, with commutation relations [a{k,j),a^{k',j')] = 6jj'S{k — k'). 
Let ei(fc),e 2 (fe),fe/|fe| form a left-handed dreibein. The transverse part of 
the vector potential is then given by 

A{x) = j2j 

( 1 ) 



and the transverse part of the electric field by 



E±{x) = J2 1 - 

( 2 ) 
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Here Lj{k) — c\k\ is the dispersion relation of the radiation field. The Hamil- 
tonian of the photon field reads 

: I dMc^\V X A{x)\^ + \E^{x)\^) : 

= '^l(fkhLj{k)a^{k,j)a{k,j). (3) 

j=i 

The particle is minimally coupled to the radiation field, i.e. as (p + 
e A{q))^ /2m. In the dipole approximation one replaces A{q) by ^4.(0), g = 0 
being the center of the external potential. By (1), A(0) is an operator on 
Fock space. To have it well defined one needs that the coupling coefficients 
are square integrable, i.e. f d^ku(k)^^ < oo. Clearly, this integral diverges 
at high wave numbers and we have to introduce an ultraviolet cut-off. In po- 
sition space this corresponds to smearing as A(p) = f (fxp{x) A(x), where 
p{k) = d^ p{x) with p[k) = ( 27 r)“^/^ for |fc| < kmax and 

p{k) = 0 for |fc| > kmax- Alternatively, one could introduce a smooth cut- 
off. We will see that our results depend only little on the cut-off, as long 
as it is within a physically reasonable range. Thus we arrive at the coupled 
Hamiltonian 

H = (p ® 1 -h el g) A(p))^ -t- y (q) <8) 1 + 1 ® f?/ . (4) 

2m 

The Hilbert space of states is ® {Tb © Eb) with Tb the bosonic Fock 

space over the one-particle space States evolve in time according to 

the Schrodinger equation 

Q 

= Hxjjt . 

The Heisenberg equations of motion are linear and coincide with the clas- 
sical evolution equations, which we write down for completeness. Without risk 
of confusion we denote the classical variables again as {q,p, A{k),—E±(k)). 
They evolve as 

^q{t) =—{p{t) + e [ d^k’p{k')Q{k')A{k',t)), 

at m J 

j^p{t) =-mwlq{t), 

-A(fe,t) =-E^{k,t), 

^E±{k,t) = w{kfA{k,t) 

+ ep{k)Q{k)-{p{t) + e [ d^k' p{k')Q{k')A{k' ,t )) , (5) 

m J 
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where Q{k)u — ^ ej{k){ej{k) ■ u) is the transverse projection. Through 

the solution of (5) a Heisenberg operator at time t is expressed as a linear 
combination of the Heisenberg operators at time t — 0. E.g. for the position 
operator we have 

g(t) = c(t)q + b{t)p + e J (fkp{k)Q{k)[-gk{t)A{k) + gk{t)E±{k)] . (6) 

The coefficients c{t),b{t),gk{t) come from the solution to (5), while in (6) 
q,p, A{k),E±{k) are time zero operators as defined above in (1), (2). They 
will have to be properly averaged over the initial quantum state. 

We assume that initially the particle is in a coherent superposition of two 
Gaussian wave packets centered at ±d = (±d, 0,0). Let p be such a wave 
packet centered at 0 with {g>\<p) = 1, {g>\q\<p) = 0, {<p\q^\^) = {g>\p\g>) = 0, 

{'•p\Pi\p) = (/i/ 2 c 7)^, i = 1,2,3. Then the normalized coherent superposition 
is 



= (V'+ + ^>-1^+ + V*-) ^''^(^+ + ■0-), tl}±{x) = g}{x ^ d) . (7) 

The photon field is assumed to be in the thermal state at inverse tempera- 
ture /3 = 1/fesT with statistical operator pg — Z~^ exp\—pHf\. The initial 
density matrix of the coupled system is then 

p = {W){i’\)®P0- ( 8 ) 

Let us set e = 0 for a moment. Then V'+>V’- are accelerated towards the 
origin. At time t — 7r/2o;o = t they interfere maximally with a pattern of 
wave number feo = {2dmLJo/fl,0,0). For non-zero coupling we have 

tv[q{t){\ip+){'ip+\® pp)] = de~'^*cosQot (9) 

with exponentially small relative corrections. (9) defines the friction coeffi- 
cient 7. We will assume that 

7T = 77r/2o;o < 1 • (10) 

We are allowed then to ignore the frequency shift to d>o, i.e. <Do — and 
the two parts of the wave packet still maximally overlap at time t = t. 
The interference pattern has a slightly shifted wave number. However the 
amplitude is damped by the factor 



( 11 ) 



which defines the decoherence coefficient F. We will compute 7 and F for 
our model in the following section. 
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3 Friction and decoherence coefficients 



We are interested in the time of first maximal interference, i.e. t = 7t/2wo = r, 
more precisely tr[q'i(T)(|i/!+)(V’+|®p/ 3 )] = (gi(r))++ = 0. Of course one could 
carry out the computation for arbitrary times, but there is no need. 

We discuss friction first, which is visible in {q{t))j^+ . Since (p)++ = 0, 
(A(fc))-|-+ = 0, (£7j_(fe))++ = 0, we only have to solve the classical equations 
of motion with initial condition (d, 0, 0, 0) and obtain 



OO 

J dte-^*(q{t))^+ = dz{z^ + , (12) 

0 

where 

e{z) = (e^/m) I j <fk\p{k)\'^ (z^ + . (13) 



For e = 0, the Laplace transform (12) has the two poles at z± = ±i wq ■ For 
small e these poles wander to the left, their (negative) real part being the 
friction coefficient. Possibly, there are other singularities moving in from — oo, 
but for small e their contribution is negligible compared to the poles at z± 
[7]. To lowest order the friction coefficient 



1 fkiiQ 

Gtt he m(P ’ 



(14) 



We require 7 r -C 1, i.e. 



1 ^0 
12 he me^ 



« 1 . 



(15) 



The decoherence coefficient requires more work. Since the motion is only 
along the 1-axis, we set x\=y to simplify notation. We define 



Pij = (IV’iX’/’il) ® P/3 , i,j = +,-■ (16) 



p++,p+_,p_+,p are Gaussian density matrices and they remain Gaussian 

under the unitary time evolution. Since we are interested only in the spatial 
interference pattern, we need the distribution of qi with respect to p±±{t) 
which we denote by p±± (y,t). They are Gaussian and therefore determined 
by their first and second moments. We set 

(gi(i))±± = tr[p±±(t)q'i]/tr[p±±] = j dy p±±{y,t)y = a±±(t), 

(gi(f)^)±± =tr[/3±db(i)??]/tr[p±±] = J dyp±±{y,t)y'^ , 

Zl±±(f) 



(17) 
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Then at time t = t 

{i>+ + V’-IV’+ + {p++{y,t) + p+-{y,t) + p-+{y,t) + p^-(y,t)) 

= {ip+ +^_|^+ 

[1 + {ip+\ip-) exp [-(a^/2z\)] cos{iay/A)] (18) 

with A = A++{t) and a = (r) . Clearly 

= (V'+IV’-) exp[-(aV2/\)] . (19) 

We emphasize that (19) is valid only for Gaussian wave packets. 

Since (pi)+- = idh/2cr^, we have 

a = {idh/2a^) (l/wom) . (20) 

To compute A we use (6). Then 

^ = {Qi(.Tf)++ - (9iW>l+ = Krf {pl)++ 

+e^{[J d^kp{k)Q(k){-gk{T)A{k)+gk{T)E_L{k))f)++. (21) 

Prom above (y?|Pi |^) = {h/2a)^ and, since friction is small by assumption, we 
have 6(r) = l/mwo- To obtain the coefficients gfe(f), we need the solution q{t) 
of the classical equations of motion for general initial data. As before, their 
Laplace transform is explicit [7]. Since friction is small, we set approximately 
i{z) = 0. Then the Laplace transform can be inverted with the result 

t 

9k{i) = dssinojoit — s) cosw{k)s (22) 

mujo J 



and therefore 



TT/ ^ 

9kir) = -{l/muiD / ds cos s cos{uj{k)s/LJo) 
0 

7t/2 

9k{T) = {1/mujo) J ds sin s cos{Lj{k)s/uJo) . 



Finally we need 

{ip+\ip-) = exp [~(f/2a^ ] . 
Inserting in (19) we obtain 

rr = - {-f — 
2V'' 1 + J 



(25) 
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with the dimensionless factor 

d = (2(rma;o/h)^e^([ f Skp{k) Q{k) (-yfe(r) A(fc) + gk{r)E±{k))]^)++ . 

(26) 

To compute the thermal average we use (1), (2) and 

{a\k,j)a{k',j'))++ = 6jy8{k - k') - 1)-^ . (27) 

Then 

e^{[-]^)++ = he^{mu!o)~^ J d^fc|p(fe)|^w(fe)“^ coth (/3fioj(fe)/2) (28) 

7t/2 7t/2 

{{ J dssins cos{u>{k)s/u}o))^ + {i^{k)/uJo)^{ J dscoss cos(w(fc)s/wo))^} . 

0 0 

Therefore 

<5 = (2nwo/c)V(/3/^o) (29) 

nc 

with the scaling function 

(fcmaxC/wo) 

f[u) = -^-^ J du;ujcoth(t(;u/2){(l - t£;^)“^(l — 2tysin(7rui/2) + in^)} . 

0 

(30) 

The function in the curly brackets equals 1 at tu = 0, is finite at u; = 1, 
and decays as w~^ for large w. Thus the integral in (30) is logarithmically 
divergent at the upper border. 



4 Discussion of the results 



The condition of small friction is 

£. <r 1 

he mc^ ’ 

cf. (15). For decoherence we distinguish two regimes. If 

(S > 1 , then Tr = ^ ■ 

As seen from the specific example below, 5 > 1 requires an unphysically high 
temperature and we can safely disregard this regime. If 

(5 < 1 , then Ft = - — {2dwo/c)^f{Phwo) . 



(31) 



(32) 



(33) 




84 



Diirr and Spohn 



In this regime the decoherence is independent of the width ct, as long as 5 < 1 
is satisfied. If < 1, then 



(ftmaaC/tJo) 



f{^hwo) = J d«;{(l-w;^) ^(1 - 2wsin(7rtx)/2) + 



/3huo 



(34) 



independent of the cut-off. On the other hand, if 0hujo > 1, then 



(^mo» c/ W q) 



J dww{{l — w‘^) ^(1 - 2iusin(7r'«;/2) + u;^)} 

0 

~ ^®S(^maxC/wo) • (^5) 



Thus f{u) crosses over to a constant at u = uq which depends on the choice 
of the cut-off. Again firom the example below, if one sets the cross over scale 
by Phwo = 1, one is already deeply in the coherence regime. Physically the 
cut-off dependent piece of f{PhuJo) can be ignored. Thus, up to the clauses 
discussed, we have the final result 



rr = l^{2cLjo/cf , 
2 he ^ phwo 



(36) 



where the integral in (34) has been set equal to one, approximately. 

In the literature, decoherence is often expressed relative to friction, i.e. as 
r/j, which in our model is given by 



r 

7 




Afft = 2Tth^ I rnksT , 



(37) 



in agreement with results from master equations and from the infiuence func- 
tional [4]. Of course, in our model both F and 7 are computed separately. 
In addition, we believe to have followed a more physical approach. We define 
the friction by slowing down and the decoherence through the amplitude of 
the interference pattern, whereas usually only the off-diagonal pieces of the 
density matrix in the position representation are discussed [5] . 

To have a feeling for the order of magnitudes involved we compute the 
various coefficients for an electron. We choose d = 10“^m, a — O.SA, the Bohr 
radius, and require an interference pattern with a wave length Aq = lOOA. 

The friction coefficient is 



7T = 2 X 10"^'^ (38) 

and (31) holds easily. To have interference with wave length Aq, the frequency 
of the oscillator 



Wo = 3 X 10^/ sec , hwo = 2 x 10 ®eV . 



(39) 
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<5 > 1 corresponds to 



iShujo < 7 X 10“^® < 1 . (40) 

= 7 X 10“^® is equivalent to a temperature T — Z x 10^° °K, which is 
way beyond the physical validity of our model. If J < 1 and /3hujo < 1, Eq. 
(36) holds with 



Ft = 1.4 X IQ-y^tkJo . (41) 

If ^hujQ = 1, we have already Ft = 10“® and the cut-off dependent regime 
is not accessible. We define the cross over temperature, T){, from coherence 
to decoherence by Ft = 1. In our example 

Td = 2xlO^°K. (42) 

We recall that Ft enters in the exponent. Thus as a function of the 
temperature the cross over from coherence to decoherence is very sharp. 

We add some general remarks. 

(i) If there is no external potential and we choose ip+,ip- such that their 
average momenta are pointing towards each other, then at temperature T = 0 
physically one would expect perfect interference no matter how large the 
coherence length d. While this is correctly reproduced by letting T 0 in 
the first regime, the dipole approximation loses its validity when d is too 
large and one should use the standard translation invariant coupling. This is 
a more difficult task, since the corresponding Hamiltonian can no longer be 
diagonalized exactly. 

(ii) Decoherence results from two very distinct mechanisms, namely thermal 
noise and emission of real photons because of acceleration. In the dipole 
approximation 1/P is the strength of the thermal noise and huJo reflects the 
acceleration. From (36) we see that Ft is proportional to u>o/p, i.e. both 
effects enter linearly. 

(iii) As exemplified by our computation, decoherence manifests itself already 
after a short time, e.g. one oscillation or, in a collision model, one collision 
time. However in most studies, including our own, on a theoretical level this 
is in fact not well exploited. It would be of interest to develop tools for a 
quantitative investigation of decoherence in physically realistic models using 
the unitary evolution over short times only. 
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Abstract. The process of dynamical decoherence may cause apparent superselec- 
tion rules, which are sometimes called ‘environmentcilly induced’ or ‘soft’. A natural 
question is whether such dynamical processes are eventually also responsible for at 
least some of the superselection rules which are usually presented as fundamentally 
rooted in the kinematical structure of the theory (so called ‘hard’ superselection 
rules) . With this question in mind, I re-investigate two well known examples where 
superselection rules are usually argued to rigorously exist within the given math- 
ematical framework. These are (1) the Bargmann superselection rule for the total 
mass in Galilei invariant quantum mechanics and (2) the charge superselection rule 
in quantum electrodynamics. I argue that, for various reasons, the kinematical ar- 
guments usueJly given are not physically convincing unless they me based on an 
underlying dynamical process. 



1 Introduction 

Fundamental to the concept of dynamical decoherence is the notion of ‘de- 
localization’ [12][8]. The intuitive idea behind this is that through some dy- 
namical process certain state characteristics (‘phase relations’), which were 
locally accessible at one time, cease to be locally accessible in the course 
of the dynamical evolution. Hence locally certain superpositions cannot be 
verified anymore and an apparent obstruction to the superposition principle 
results. Such mechanisms can therefore be considered responsible for so-called 
soft superselection rules, like that of molecular chirality [18]. They are called 
‘soft’, because they only hold with respect to the limited class of local ob- 
servables and are hence of approximate validity. But there are also ‘hard’ 
superselection rules, which are usually presented as rigorous mathematical 
results within the kinematical framework of the theory. Such presentations 
seem to suggest that there is no room left for a dynamical interpretation, 
and that hence these two notions of superselection rules are really distinct. 
Here I wish to argue that at least some of the existing proofs for ‘hard’ su- 
perselection rules give a false impression, and that cfuite to the contrary they 
actually need some dynamical input in order to be physically convincing. 
We will look at the case of Bargmann’s superselection rule for total mass in 
ordinary quantum mechanics and that of charge in quantum electrodynam- 
ics (QED). The discussion of the latter will be heuristic insofar as we will 
pretend that QED is nothing but quantum mechanics (in the Schrbdinger 
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representation) of the infinite-dimensional (constrained) Hamiltonian system 
given by classical electrodynamics. 

Crucial to the ideas presented here is of course that ‘delocalized’ does 
not at all mean ‘destroyed’, and that hence the loss of quantum coherence is 
only an apparent one. This distinction might be considered irrelevant FAPP\ 
but it is important in attempts to understand apparent losses of quantum 
coherence within the standard dynamical framework of quantum mechanics. 

As used here, the term ‘local’ usually refers to locality in the (classical) 
configuration space Q of the system, where we think of quantum states in the 
Schrddinger representation, i.e., as T^-functions on Q. Every parametrization 
of Q then defines a partition into ‘degrees of freedom’. Locality in <5 is a more 
general concept than locality in ordinary physical space, although the latter 
forms a particular and physically important special case. Moreover, on a 
slightly more abstract level, one realizes that the most general description of 
why decoherence appears to occur is that only a restricted set of so-called 
physical observables are at ones disposal, and that with respect to those the 
relevant ‘phase relations’ apparently fade out of existence. It is sometimes 
convenient to express this by saying that decoherence occurs only with respect 
(or relative) to a ‘choice’ of observables. Clearly this ‘choice’ is not meant to 
be completely free, since it has to be compatible with the dynamical laws and 
the physically realizable couplings (compare [12]). But to fully control those 
is a formidable task - to put it mildly - and a careful a priori characterization 
of observables seems therefore almost always inescapable. In this respect the 
situation bears certain similarities to that of ‘relevant’ and ‘irrelevant’ degrees 
of freedom in statistical mechanics. 



2 Hilbert Spaces and Observables 

The mathematical modelling of a physical system involves a specification of a 
space of states and a space of observables. In quantum theory this is usually 
done with the help of the underlying classical theory. States are then identified 
with the space of rays in the Hilbert space 7t = L“^{Q), which we denote 
by VTi (projective Hilbert space) and observables are certain operators on 
7i. I am not aware of any generally valid criteria by which one might fully 
characterize sets of operators on 7i ‘as physical observables’. But there are 
certain mathematical structures which seem physically admissible and also 
natural, which, once imposed, allow to make some general statements about 
the set of physical observables. 

Self- Adjointness is a generally accepted criterion, and without loss of gen- 
erality one can also restrict to bounded operators. Although only certain com- 
binations of addition and multiplication preserve self-adjointness, it is mathe- 
matically more convenient to consider the whole algebra generated (in a sense 
made more precise below) by this set. This algebra is then called the algebra 



^ For All Practical Purposes. 
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of physical observables, O, although only its self-adjoint elements actually 
correspond to observables. Moreover, since physically the matrix elements 
are the relevant quantities, it is natural to require that a sequence of opera- 
tors converges if and only if (henceforth: iff) all the matrix elements converge; 
in technical terms, the algebra should be (topologically) closed in the weak 
operator topology, i.e., be a von Neumann algebra. An extremely useful fact is 
that weak closures of algebras can be characterized in purely algebraic terms. 
This works as follows: Let B{'H) denote the algebra of bounded operators on 
. If A C B{'H) is any subset, then A' := {B E B{'H) : AB — BA, VA € A} 
is called the commutant of A. Iterating this procedure leads to A", of which 
the following is true: (i) A” is a von Neumann algebra, (ii) it is the smallest 
von Neumann algebra containing A. In this sense one says that A" is the 
von Neumann algebra generated by A. In particular, if A was already a von 
Neumann algebra, it must satisfy A = A" . Note also that, by definition of 
the commutant, an inclusion of the form AC B implies B' C A' . 

Recall that the center, 0“^, of O consists of those elements in O which 
also lie in the commutant O' , i.e., commute with all elements in 0\ hence 

:= O n O' . Complex multiples of the identity operator are trivially con- 
tained in O" and any other ones are called superselection operators. If O" 
contains a projection operator onto a subspace %' C then O must leave 
%' invariant and B' is said to reduce O. In this case the theory is said to 
possess superselection rules. In the opposite case, O acts irreducibly on B 
and no superselection rules exist. 

We now list some simple and general criteria which have been suggested 
in the literature to characterize O. These criteria will involve O and O' and 
hence do not only concern the abstract algebraic object O, but also B on 
which O' depends. Hence they can either be read as condition on O C B{B) 
given B, or as certain ‘matching conditions’ between the two mathematical 
objects representing physical observables on one hand and states on the other. 

• In 1932, von Neumann [14] proposed to identify O = B{B). Then O' = 
{al, Q e C} and hence no superselection rules exist. 

• In 1952, Wick, Wightman, and Wigner [17] considered for the first time the 
possibility that O might be strictly smaller than B{B) and not act irreducibly 
on H, so that B = ®iBi, where each Bi reduces O. The projectors onto the 
Bi obviously lie in O" and hence are superselection operators. Now only the 
rays in [J^ Bi define pure states. This can be generalized to direct integrals. 

• In 1960, Jauch [10] properly formulated Dirac’s condition, that there should 
exist at least one ‘complete set of commuting observables’, which in this for- 
mulation makes sense only for operators with discrete spectra. The generally 
valid formulation is, that O should contain a von Neumann subalgebra AC O 
which is maximal abelian. Being abelian clearly means that AC A' and being 
maximal means that everything that commutes with A is already contained 
in it, i.e.. A' C A. Taken together, maximal abelian is equivalent to A = A'. 
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This condition can be read as saying that O cannot be too small, since it must 
accommodate an abelian subalgebra that is maximal.^ Now, the point is that 
the existence of a maximal abelian AQO can be equivalently expressed just 
in terms of O and O' , namely by saying that everything that commutes with 
O is contained in O, that is. O' C O (Dirac- Jauch condition). Necessity of 
this condition is readily seen, since A C O implies O' C A' = A C O. The 
converse was shown by Jauch [10]. Note also that O'^ := OC\ O' implies that 
O' C O can be rewritten as O" — O', which essentially says that the center 
of O already exhausts the set of all those elements in B('H) commuting with 
O. 

• In 1961, Jauch and Misra [11] discussed the relation between superselection 
rules and gauge symmetries (supersymmetries in their language). Since by 
definition gauge symmetries commute with physical observables, they are 
generated by the unitary elements of O'. But since C> is a von Neumann 
algebra, we have 0 = 0". Therefore O' C O is equivalent to O' C O", i.e. 
that O' is abelian. The Dirac-Jauch condition is therefore equivalent to the 
requirement that gauge groups should be abelian.^ 



3 Superselection Rules via Symmetry Requirements 

The requirement that a certain group must act on the set of all physical 
states is often the (kinematical) source of superselection rules. Here I wish to 
explain the structure of this argument. 

Note first that in quantum mechanics we identify the states of a closed 
system with rays and not with vectors which represent them (in a redundant 
fashion). It is therefore not necessary to require that a symmetry group G 
acts on the Hilbert space H, but rather it is sufficient that it acts on VH, 

^ Without further qualification the term ‘maximal’ always means ‘maximal in 
In contrast, A C O is said to be maximal abelian in O if A = A' DO. It 
would be pointless to require maximality in O, since such subalgebras always ex- 
ist (by Zorn’s Lemma). Obviously maximality in B{H) implies maximality in O. 
But in the general case the converse is true iff the Dirac-Jauch condition O' CO 
is met. Proof: Suppose (a) O' C O, (b) O' C A' (obvious from A C O), and 
(c) A = A C\0. Then for Z ^ O' (a), (b) and (c) immediately imply Z € A, 
hence O' C A or A' C O" = O. Then (c) is equivalent to ^ 

^ Note that the statement is not that gauge symmetries need a priori be abelian. 
For example, the permutation group for n particles (n > 2) is perfectly legitimate 
to start with. However, the unreduced n-particle Hilbert space is now definitely 
too big in the sense that it contains higher-dimensional subspaces in which each 
ray defines the same pure state. Such a redundeincy is against the Dirac-Jauch 
condition, which in particular implies that O should separate the rays in the space 
of physical states. In this case the Dirac-Jauch condition is met by truncating H 
so as to leave only one ray per pure state. Thereby the original gauge group is 
broken down to a residual one which is abeliam. See [6]. 
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the space of rays, via so-called ray-representations. Mathematically this is a 
non-trivial relaxation since not every ray-representation of a symmetry group 
G (i.e. preserving the ray products) lifts to a unitary action of G on Ti. What 
may go wrong is not that for a given g e G we cannot find a unitary (or 
anti-unitary) operator Ug on Ti] that is assured by Wigner’s theorem (see 
[1] for a proof). Rather, what may fail to be possible is that we can choose 
the Ujj’s in such a way that we have an action, i.e., that = Ug,g^. 

As is well known, this is precisely what happens for the implementation of 
the Galilei group in ordinary quantum mechanics. Without the admission 
of ray representations we would not be able to say that ordinary quantum 
mechanics is Galilei invariant. 

To be more precise, to have a ray-representation means that for each 
g € G there is a unitary^ transformation Ug which, instead of the usual 
representation property, are only required to satisfy the weaker condition 

Ug^Ug, = exp(f^(pi,p2)) Ugig,, (l) 

for some function ^ : G x G — > R, called multiplier exponent, satisfying® 

^(1,P)=C(5,1) = 0 , ( 2 ) 

4(51,52) -4(5 i ,5253) + 4(5 i 52,53) -4(52,53) =0. (3) 

The second of these conditions is a direct consequence of associativity: 
Ugi(Ug 2 Ug 3 ) = ( Ugj U g^ ) U gg . Obviously these maps project to an action of 
G on PTi. Any other lift of this action on VH onto Ti is given by a redefini- 
tion Ug -t Ug := exp(i 7 (g'))Ug, for some function 7 : G -> R with 7 ( 1 ) = 0, 
resulting in new multiplier exponents 

4'(5 i ,52) = 4(51,52) +7(51) -7(5152) +7(52), (4) 

which again satisfy (2) and (3). The ray representations U and U' are then 
said to be equivalent, since the projected actions on VTi are the same. We 
shall also say that two multiplier exponents 4, 4' are equivalent if they satisfy 
(4) for some 7 . 

We shall now see how the existence of inequivalent multiplier exponents 
together with the requirement that the group should act on the space of 
physical states, may clash with the superposition principle and thus give rise 
to superselection rules. For this we start from two Hilbert spaces Ti' and Ti" 
and actions of a symmetry group G on VTi' and VTi" , i.e., ray representations 
U' and U" on Ti' and Ti" up to equivalences (4). We consider TL = Ti' ® Ti" 

^ For simplicity we ignore anti-unitary transformations. They cannot arise if, for 
example, G is connected. 

® The following conditions might seem a little too strong, since it would be sufficient 
to require the equalities in (2) and (3) only mod 27 t; this also applies to (4). But 
for our application in section 4 it is more convenient to work with strict equalities, 
which in fact implies no loss of generality. 
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and ask under what conditions does there exist an action of G on VH which 
restricts to the given actions on the subsets VJi' and W!' . Equivalently: 
when is U = U' © U" a ray representation of G on for some choice of 
ray-representations U' and U" within their equivalence class? To answer this 
question, we consider 

Us.u,, = (u;,©u"j(u;,©u") 

= exp(i^'(gi,£f2))Ug^g, ®exp(^"(5i,32))U" 33 (5) 

and note that this can be written in the form (1), for some choice of 
within their equivalence class, iff the phase factors can be made to coin- 
cide, that is, iff and are equivalent. This shows that there exists a 
ray-representation on 1-L which restricts to the given equivalence classes of 
given ray representations on 'H' and Ti' , iff the multiplier exponents of the 
latter are equivalent. Hence, if the multiplier exponents and are not 
equivalent, the action of G cannot be extended beyond the disjoint union 
VH' U V %” . Conversely, if we require that the space of physical states must 
support an action of G then non-trivial superpositions of states in H' and 
71" must be excluded from the space of (pure) physical states. 

This argument shows that if we insist of implementing G as symmetry 
group, superselection rules are sometimes unavoidable. A formal trick to avoid 
them would be not to require G, but a slightly larger group, G, to act on the 
space of physical states. G is chosen to be the group whose elements we label 
by (9,g), where 0 G R, and the multiplication law is 

9192 = i0i,9i){92,92) = (9i +O 2 + ^{9i,92),9i92)- ( 6 ) 

It is easy to check that the elements of the form {6, 1) lie in the center of 
G and form a normal subgroup = R which we call Z. Hence G/Z — G but 
G need not be a subgroup of G. G is a central R extension® of G (see e.g. 
[15]). Now a ray-representation U of G on H defines a proper representation 
f/ of G on H by setting := exp(i^)U 5 . Then G is properly represented 
on 71' and %" and hence also on 7L = 71' ® W. The above phenomenon is 
mirrored here by the fact that Z acts trivially on V7L' and VH" but non- 
trivially on VTi, and the superselection structure comes about by requiring 
physical states to be fixed points of Z’s action. 



4 Test Case: Bargmann’s Superselection Rule 

An often mentioned textbook example where a particular implementation 
of a symmetry group allegedly clashes with the superposition principle, such 

® Had we defined the multiplier exponents mod 27 t (compare footnote 5) then we 
would have obtained a t/(l) extension, which would suffice so far. But in the 
next section we will definitively need the R extension as symmetry group of the 
extended classical model discussed there. 
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that a superselection rule results, is Galilei invariant quantum mechanics (e.g. 
[3]; see also Wightman’s review [19]). We will discuss this example in detail 
for the general multi-particle case. (Textbook discussions usually restrict to 
one particle, which, due to Galilei invariance, must necessarily be free.) It 
will serve as a test case to illustrate the argument of the previous chapter 
and also to formulate my critique. Its physical significance is limited by the 
fact that the particular feature of the Galilei group that is responsible for 
the existence of the mass superselection rule ceases to exist if we replace the 
Galilei group by the Poincare group (i.e. it is unstable under ‘deformations’). 
But this is not important for my argument. ^ 

Let now G be the Galilei group, an element of which is parameterized by 
(R,v,a,b), with R a rotation matrix in SO{3), v the boost velocity, a the 
spatial translation, and b the time translation. Its laws of multiplication and 
inversion are respectively given by 

9i 92 = {Ri,vi,ai,bi){R2,V2,a2,b2) 

= (i?ii?2 , Ui -b Ri • U2 , Oi + Ri ■ 02 + U1&2 , -f 62)1 (7) 

9 ~^ = {R,v,a,b)~^ = (ii“\ -R~^ ■ v , -R~^ ■ {a - vb ) , -b). (8) 

We consider the Schrodinger equation for a system of n particles of positions 
Xi, masses ruj, mutual distances := Hxj — Xj|| which interact via a Galilei- 
invariant potential I^({ry}), so that the Hamilton operator becomes H = 
Ei + ^- The Hilbert space is H (Pxi ■ ■ • d^Xn). 

G acts on the space {configurations} x {times} = as follows: Let 

9 = {R,v,a,b), then g{{xi},t) := {{R-Xi + vt + a} ,t + b). Hence G has the 
obvious left action on complex- valued functions on (3, V’) tp° 9 ~^- 

However, these transformations do not map solutions of the Schrodinger equa- 
tions into solutions. But as is well known, this can be achieved by introducing 
an R^"'^^-dependent phase factor (see e.g. [5]). We set M = the 

total mass and Vc = for the center-of-mass. Then the modified 

transformation, T^, which maps solutions (i.e. curves in 'H) to solutions, is 
given by 

lgi>{{xi},t) := exp [jrM[v ■ {r^ - a) - - b)]) tp{g-\{xi},t)). (9) 

However, due to the modification, these transformations have lost the prop- 
erty to define an action of G, that is, we do not have T^j o = T^^g^. 
Rather, a straightforward calculation using (7) and (8) leads to 

T91 oTg, = exp(2^(pi,52))Tgig2> (lO) 

with non-trivial multiplier exponent 

^{ 91 , 92 ) = ^{vi-Ri-a2 + ^vlb2). (11) 

^ In General Relativity, where the total mass can be expressed as a surface integral 
at ‘infinity’, the issue of mass superselection comes up again; see e.g. [7]. 
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Although each Tj is a mapping of curves in Ti, it also defines a unitary 
transformation on fL itself. This is so because the equations of motion define 
a bijection between solution curves and initial conditions at, say, t = 0, which 
allows to translate the map into a unitary map on 71, which we call Ug. 
It is given by 

Ugt/'({a:i}) = exp (|M[w • {vc - a) + exp{^Hb)ijj({R~^{xi-a+vb)}), 

(12) 

and furnishes a ray-representation whose multiplier exponents are given by 
(11). It is easy to see that the multiplier exponents are non-trivial, i.e., not 
removable by a redefinition (4). The quickest way to see this is as follows: 
suppose the multipliers are trivial, so that (4) holds with = 0. Then, 
trivially, this equation continues to hold after restriction to any subgroup 
Go C G. Now, choose for Go the abelian subgroup generated by boosts and 
space translations. Since it is abelian, the combination 7(51) —7(^152) +7(52) 
will necessarily be symmetric in 51,32 £ Go, whereas the exponent (11) is 
obviously not symmetric. As a result, they cannot cancel each other. 

The same trick immediately shows that the multiplier exponents are in- 
equivalent for different total masses M. Hence, by the general argument given 
in the previous chapter, if 71' and 7i" correspond to Hilbert spaces of states 
with different overall masses M' and M", then the requirement that the 
Galilei group should act on the set of physical states excludes superpositions 
of states of different overall mass. This is Bargmann’s superselection rule. 

I criticize these arguments for the following reason: The dynamical frame- 
work that we consider here treats ‘mass’ as parameter(s) which serves to 
specify the system. States for different overall masses are states of differ- 
ent dynamical systems, to which the superposition principle does not even 
potentially apply. In order to investigate a possible violation of the super- 
position principle, we must find a dynamical framework in which states of 
different overall mass are states of the same system; in other words, where 
mass is a dynamical variable. But if we enlarge our system to one where mass 
is dynamical, it is not at all obvious that the Galilei group will survive as 
symmetry group. We will now see that in fact it does not, at least for the 
simple dynamical extension which we now discuss. 

The most simple extension of the classical model is to maintain the Hamil- 
tonian, but now regarded as function on an extended, 6n -I- 2n - dimensional 
phase space with extra ‘momenta’ and conjugate generalized ‘positions’ 
Aj. Since the A^’s do not appear in the Hamiltonian, the mi’s are constants 
of motion. Hence the equations of motion for the aij’s and their conjugate 
momenta Pi are unchanged (upon inserting the integration constants m,) and 
those of the new positions Ai are 



Ai(t) = 



dv 

drui 



A. 

2m?’ 



(13) 



which, upon inserting the solutions {xi{t),Pi{t)}, are solved by quadrature. 
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Now, the point is that the new Hamiltonian equations of motion do not 
allow the Galilei group as symmetries anymore. But they do allow the R- 
extension G as symmetries [5]. Its multiplication law is given by (6), with ^ 
as in (11). The action of G on the extended space of {configurations} x {times} 
is now given by 

= (0,R,n,a,6)({xi},{Ai},t) 

= ({i?£Ci + ut + a} , {Ai - (-^0 + v ■ R-Xi + |v^i)} ,t + b). (14) 

With (6) and (11) it is easy to verify that this defines indeed an action. 
Hence it also defines an action on curves in the new Hilbert space Ti 
L^iR^’^,d^'^xd^X), given by 

tgilj :=^og-'^ , (15) 

which already maps solutions of the new Schrodinger equation to solutions, 
without invoking non-trivial phase factors. This simple transformation law 
contains the more complicated one (9) upon writing as a direct integral of 
vector spaces each isomorphic to our old Then, for each n-tuple of 

masses {m,}, the new Schrodinger equation reduces to the old one on 
and (15) restricts to (9) [5]. 

In the new framework the overall mass, M, is a dynamical variable, and 
it would make sense to state a superselection rule with respect to it. But now 
G rather than G is the dynamical symmetry group, which acts by a proper 
unitary representation on H, so that the requirement that the dynamical 
symmetry group should act on the space of physical states will now not lead 
to any superselection rule. Rather, the new and more physical interpretation 
of a possible superselection rule for M would be that we cannot localize 
the system in the coordinate conjugate to overall mass, which we call A, 
i.e., that only the relative new positions A< - Xj are observable.® (This is 
so because M generates translations of equal amount in all Aj.) But this 
would now be a contingent physical property rather than a mathematical 
necessity. Note also that in our dynamical setup it is inconsistent to just state 
that M generates gauge symmetries, i.e. that A corresponds to a physically 
non existent degree of freedom. For example, a motion in real time along 
A requires a non- vanishing action (for non- vanishing M), due to the term 
f dtM A in the expression for the action. 

If decoherence were to explain the (ficticious) mass superselection rule, it 
would be due to a dynamical instability (as explained in [12]) of those states 
which are more or less localized in A. Mathematically this effect would be 
modelled by removing the projectors onto .d-subintervalls from the algebra 
of observables, thereby putting M (i.e. its projectors) into the center of O. 
Such a non-trivial center should therefore be thought of as resulting from an 
approximation-dependent idealisation. 

® A system {(Aj,mi}) of canonical coordinates including M = m; is e.g. Ai := 
Ai, rhi — M and Xi = Xt — Ai, rhi = rtii for i = 2...n. Then A - Ai. 
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5 Charge Superselection Rule 

In the previous case I said that superselection rules should be stated within a 
dynamical framework including as dynamical degree of freedom the direction 
generated by the superselected quantity. What is this degree of freedom in 
the case of a superselected electric charge and how does it naturally appear 
within the dynamical setup? What is its relation to the Coulomb field whose 
role in charge-decoherence has been suggested in [7]? In the following discus- 
sion I wish to investigate into these questions by looking at the Hamiltonian 
formulation of Maxwell’s equation and the associated canonical quantization. 

In Minkowski space, with preferred coordinates = (t,x,y,z)} (labo- 
ratory rest frame), we consider the spatially finite region Z = {(t,x,y,z) : 
x^ + y^ + < i?^}. i? denotes the intersection of Z with a slice t = const, 

and (92? =: Sb its boundary (the laboratory walls). Suppose we wish to solve 
Maxwell’s equations within Z, allowing for charged solutions. It is well known 
that in order for charged configurations to be stationary points of the action, 
the standard action functional has to be supplemented by certain surface 
terms (see e.g. [9]) which involve new fields on the boundary, which we call 
A and /, and which represent a pair of canonically conjugate variables in 
the Hamiltonian sense. On the laboratory walls, dU, we put the boundary 
conditions that the normal component of the current and the tangential com- 
ponents of the magnetic field vanish. Then the appropriate boundary term 
for the action reads 

J dtdui{\ + (16) 

where cj) is the scalar potential and du> the measure on the spatial boundary 2- 
sphere rescaled to unit radius. Adding this to the standard action functional 
and expressing all fields on the spatial boundary by their multipole moments 
(so that integrals Jg^ du become ^;„), one arrives at a Hamiltonian function 

H= f [liE^ + (V X Af) +cf>{p-V-E)-A-j] +T<Plm{Elm ~ flm). 

Im 

(17) 

Here the pairs of canonically conjugate variables are (A{x), —E{x)) and 
(A;m,/(m), and Elm are the multipole components of n- E, where n is the 
normal to dS. The scalar potential (f> has to be considered as Lagrange mul- 
tiplier. With the given boundary conditions the Hamiltonian is differentiable 
with respect to all the canonical variables® and leads to the following equa- 

® This would not be true without the additional surface term (16). Without it 
one does not simply obtain the wrong Hamiltonian equations of motions, but 
none at all! Concerning the Langrangean formalism one should be aware that the 
Euler-Lagrange equations may formally admit solutions (e.g. with long-ranged 
(charged) fields) which are outside the class of functions which one used in the 
variational principle of the action (e.g. rapid fall-off). Such solutions are not 
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tions of motion 



A = 

-E = 



^Im — 



fl 



m 



= 

=j- V X (Vx A), 
dH 



dfln 



= -4>lr. 



dH 

dXim 



= 0 . 



(18) 

(19) 

(20) 
( 21 ) 



These are supplemented by the equations which one obtains by varying with 
respect to the scalar potential (j>, which, as already said, is considered as 
Lagrange multiplier. Varying first with respect to (f>{x) (i.e. within E) and 
then with respect to 4>im (i-e. on the boundary dE), one obtains 



G{x) : = V • E{x) - p{x) = 0, (22) 

Giro : = Elm — flm = 0. (23) 

These equations are constraints (containing no time derivatives) which, once 
imposed on initial conditions, continue to hold due to the equations of mo- 
tion.^® 

This ends our discussion of the classical dynamical theory. The point was 
to show that it leaves no ambiguity as to what its dynamical degrees of 
freedom are, and that we had to include the variables Xim along with their 
conjugate momenta fim in order to gain consistency with the existence of 
charged configurations. The physical interpretation of the Aj^’s is not obvi- 
ous. Equation (20) merely relates their time derivative to the scalar poten- 
tial’s multipole moments on the boundary, which are clearly highly non-local 
quantities. The interpretation of the fim's follow from (23) and the definition 
of Elm, i-e- they are the multipole moments of the local charge-flux n- E. In 
particular, for / = 0 = m we have 

/oo = (47t)-5Q, (24) 

where Q is the total charge of the system. Hence we see that the total charge 
generates motions in Aqo- But this means that the degree of freedom labelled 
by Aqo truly exists (in the sense of the theory). For example, a motion along 

stationary points of the action and their admittance is in conflict with the vari- 
ational principle unless the expression for the action is modified by appropriate 
boundary terms. 

Equation (19) together with charge conservation, p -t- V ■ j = 0, shows that (22) 
is preserved in time, and (21) together with the boundary condition that n • j 
and n x (V x A) vanish on dS show that (23) is preserved in time. 
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Aqo will cost a non- vanishing amount of action oc Q(Aoo“‘ - Ai,o'*‘'‘')- A. dec- 
laration that Aoo really labels only a gauge degree of freedom is incompatible 
with the inclusion of charges states. Similar considerations apply of course to 
the other values of I, m. But note that this conclusion is independent of the 
radius R of the spatial boundary 2-sphere dS. In particular, it continues to 
hold in the limit R oo. We will not consistently get rid of physical degrees 
of freedom that way, even if we agree that realistic physical measurements 
will only detect field values in bounded regions of space-time. See [4] for more 
discussion on this point and the distinction between proper symmetries and 
gauge symmetries. 

It should be obvious how these last remarks apply to the statement of 
a charge superselection rule. Without entering the technical issues (see e.g. 
[16]), its basic ingredient is Gauss’ law (for operator- valued quantities), lo- 
cality of the electric field and causality. That Q commutes with all (quasi-) 
local observables then follows simply from writing Q as surface integral of the 
local flux operator n • E, and the observation that the surface may be taken 
to lie in the causal complement of any bounded space-time region. Causality 
then implies commutativity with any local observable. 

In a heuristic Schrodinger picture formulation of QED one represents 
states ^ by functions of the configuration variables A{x) and \im- The mo- 
mentum operators are obtained as usual: 



-E{x) 



SA(x) 
. d 
dXlm 



(25) 

(26) 



In particular, the constraint (23) implies the statement that on physical states 
we have^^ 

= (27) 

oAoo 

This shows that a charge superselection rule is equivalent to the statement 
that we cannot localize the system in its Aqo degree of freedom. Removing by 
hand the multiplication operator Aqo (i.e. the projectors onto Aoo-intervals) 
from our observables clearly makes Q a central element in the remaining 
algebra of observables. But what is the physical justification for this removal? 
Certainly, it is valid FAPP if one restricts to local observations in space-time. 
To state that this is a fundamental restriction, and not only an approximate 
one, is equivalent to saying that for some fundamental reason we cannot 
have access to some of the existing degrees of freedom, which seems at odds 
with the dynamical setup. Rather, there should be a dynamical reason for 

Clearly all sorts of points are simply sketched over here. For example, charge 
quantization presumably means that Aoo should be taken with a compact range, 
which in turn will modify (26) and (27). But this is irrelevant to the point stressed 
here. 
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why localizations in Aqo seem FAPP out of reach. Again, if decoherence is to 
explain the phenomena of an apparent charge superselection rule, localization 
in Aoo must be highly unstable against dynamical decoherence. 

Regarding the charge superselection rule, Erich Joos asked the following 
question in section 3.2 of his contribution to this volume: “What is the quan- 
tum physical role of the Coulomb field” . In some sense the analysis given here 
is also meant to shed some light on this question. We have seen the neces- 
sity to include the non-local canonical variables and discussed their 

relation with the ^ - part of the electric field. Clearly, the arguments given 
here are neither complete nor rigorous in any sense. What they suggest is to 
relate the Xim degrees of freedom to the precise infrared structure of QED, 
for example along the lines of [20] [21] [9]. Eventually this raises the question 
of how to fully describe the state space of QED, which is known to be a 
notoriously difficult problem [2]. 

Also, from my presentation it did not become apparent why charge plays 
such a particular role among the other superselection operators fim associ- 
ated with the higher multipole moments of the asymptotic flux distribution. 
This question is further analyzed in [2] and from a more concrete lattice- 
calculational point of view in [13]. 
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Abstract. Modern theories assume that the gravitational field is of a quantum 
nature at the most fundamental level. I explain when, why, and to which extent 
gravitational degrees of freedom acquire classical properties through decoherence 
caused by other, irrelevant, degrees of freedom. This includes the cases of cosmo- 
logical variables, fluctuations in the early Universe that serve as seeds for galaxies, 
and black holes. 



1 Introduction 

A central role in the Copenhagen interpretation of quantum theory is played 
by the assumed classical nature of the measuring agency. According to Bohr, 
there exists always an “uncontrollable” interaction between object and clas- 
sical apparatus, which would render it impossible to assign an independent 
reality to the quantum world. However, the Copenhagen interpretation was 
never able to give dynamical laws for the border lines between quantum the- 
ory and the classical world. Strictly speaking, as first clearly noticed by von 
Neumann, this interpretation is even in conflict with the quantum-mechanical 
superposition principle which would in general lead to weird non-classical 
states. This is the reason why von Neumann introduced the infamous “col- 
lapse of the wave function” , although a precise form has never been given. 

Experimental research over the last decades has convincingly demon- 
strated that quantum theory is not only valid in the microscopic realm, as 
originally conceived, but also for mesoscopic systems - no contradiction to 
quantum theory and the Schrodinger equation has ever been found. This 
success forms the basis of the belief in the universality of quantum theory. 
Instead of presupposing the existence of classical objects, the important task 
is now to derive the classical nature of objects from the underlying quantum 
theory. In this respect, the programme of decoherence assumes that all classi- 
cal behaviour can be derived from the ubiquitous irreversible interaction of a 
quantum system with its natural environment. Since decoherence is the topic 
of this workshop, an introduction as well as examples can be found in other 
contributions to the present volume. Other monographs and reviews include 
Giulini et al. (1996), Kiefer and Joos (1999), and Zurek (1991). Progress in 
quantum optics has eventually led to an experimental verification of decoher- 
ence, and the appearance of classical behaviour has been precisely monitored. 
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The most classical structure seems to be the structure of space and time. 
Certainly for Bohr it would not have been acceptable to imagine that space 
and time must be described in quantum terms. And yet, modern develop- 
ments suggest that at a fundamental level spacetime - as the geometrical 
manifestation of the gravitational field - is subject to a quantum description 
due to reasons of consistency. How, then, does the classical nature of space 
and time emerge? My contribution is devoted to the application of the de- 
coherence programme to situations where gravitational fields play a decisive 
role. This does not only provide a new interesting example of decoherence, 
it also exhibits important novel aspects that are intrinsically linked to the 
peculiar quantum aspects of the gravitational field. 

My contribution is structured as follows. In section 2 I shall present some 
of the arguments which demonstrate that spacetime cannot be classical at 
the fundamental level. I shall also give a brief introduction into one of the for- 
mal schemes in which the quantisation of gravity can be discussed. Section 3 
then shows how global cosmological variables such as the radius of the Uni- 
verse acquire classical properties through decoherence. Modern cosmological 
theories presuppose the existence of an inflationary phase in the very early 
Universe. The unavoidable quantum fluctuations that arise in this period give 
rise to the observed structure in the Universe. In section 4 I discuss how and 
to which extent these primordial fluctuations become indistinguishable from 
a classical stochastic process. Finally, section 5 briefly discusses an example 
where decoherence plays a role for quantum black holes. 

I should emphasise that I shall here focus mainly on conceptual issues. 
Technical details can be found in the cited literature. 

2 Why spacetime cannot be classical 

In his first paper on gravitational waves, Einstein writes: 

Gleichwohl miifiten die Atome zufolge der inneratomischen Elektro- 
nenbewegung nicht nur elektromagnetische, sondern auch Gravita- 
tionsenergie ausstrahlen, wenn auch in winzigem Betrage. Da dies 
in Wahrheit in der Natur nicht zutreffen diirfte, so scheint es, dafi 
die Quantentheorie nicht nur die Maxwellsche Elektrodynamik, son- 
dern auch die neue Gravitationstheorie wird modifizieren miissen.^ 
(Einstein 1916) 

Motivated by these heuristic arguments, Einstein here anticipates the need 
for a quantum theory of gravity. In a sense, Einstein’s statement is put on 

^ In the same way the atoms would have to emit, because of the inneratomic elec- 
tronic motion, not only electromagnetic, but also gravitational energy, although 
in tiny amounts. Since this does hardly hold true in nature, it seems that quan- 
tum theory will have to modify not only Maxwells electrodynamics, but also the 
new theory of gravitation. 
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a rigorous footing by the famous singularity theorems of general relativity: 
Under very general conditions, the occurrence of a singularity, and therefore 
the breakdown of the theory, is unavoidable. A more fundamental theory is 
therefore needed to overcome these shortcomings, and the general expectation 
is that this fundamental theory is a quantum theory of gravity. There are also 
other arguments that can be put forward in favour of such a theory. These 
include 

• Initial conditions in cosmology: This is related to the singularity theo- 
rems, since they predict the existence of a “big bang” where the known 
laws of classical physics break down. To fully understand the evolution of 
our Universe, its initial state must be amenable to a physical description. 

• Unification: Apart from general relativity, all known fundamental theo- 
ries are quantum theories. It would thus seem awkward if gravity, which 
couples to all other fields, should remain the only classical entity in a 
fundamental description. Moreover, it seems that classical fields cannot 
be coupled to quantum fields without leading to inconsistencies. 

• Gravity as a regulator. Many models indicate that the consistent inclu- 
sion of gravity in a quantum framework automatically eliminates the 
divergences that plague ordinary quantum field theory. 

• Problem of time: In ordinary quantum theory, the presence of an ex- 
ternal time parameter t is crucial for the interpretation of the theory: 
“Measurements” take place at a certain time, matrix elements are eval- 
uated at fixed times, and the norm of the wave function is conserved in 
time. In general relativity, on the other hand, time as part of spacetime is 
a dynamical quantity. Both concepts of time must therefore be modified 
at a fundamental level. 

• Kinematical nonseparability of quantum theory: This is in fact the most 
general point and at the heart of quantum theory. Since in general quan- 
tum systems cannot be separated from their environment, this leads to 
the whole Universe as the only closed quantum system in the strict sense. 
To deal with quantum cosmology, therefore, one needs to invoke a quan- 
tum theory of gravity, since gravity is the dominant interaction at the 
largest scales. 

The task of quantising gravity has not yet been fully accomplished, but ap- 
proaches exist within which sensible questions can be asked. Two approaches 
are at the centre of current research: Superstring theory (or M-theory) and 
canonical quantum gravity. Superstring theory is much more ambitious and 
aims at a unification of all interactions within a single quantum framework. 
Canonical quantum gravity, on the other hand, attempts to construct a con- 
sistent, non-perturbative, quantum theory of the gravitational field on its 
own. This is done through the application of standard quantisation rules to 
the general theory of relativity. 

The fundamental length s cales w hich are connected with these theories 
are the Planck length. Ip = ^Gh/c^, or the string length, U. It is generally 
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assumed that the string length is somewhat larger than the Planck length. Al- 
though not fully established in quantitative detail, canonical quantum gravity 
should follow from superstring theory for scales I ^ Ig > Ip. One argument 
for this derives directly from the kinematical nonlocality of quantum theory: 
Quantum effects are not a priori restricted to certain scales. For example, the 
rather large mass of a dust grain cannot by itself be used as an argument 
for classicality. Rather, the process of decoherence through the environment 
can explain why quantum effects are negligible for this object. Analogously, 
the smallness of Ip or Ig cannot by itself be used to argue that quantum- 
gravitational effects are small. Rather, this should be an emergent fact to 
be justified by decoherence (see section 3). Since for scales larger than Ip or 
Ig general relativity is an excellent approximation, it must be clear that the 
canonical quantum theory must be an excellent approximation, too - at least 
in its semiclassical version on scales f > /p. The canonical theory might or 
might not exist on a full, non-perturbative level, but it should definitely exist 
as an effective theory on large scales. It seems therefore sufficient to base 
the following discussion on canonical quantum gravity, although I want to 
emphasise that the same conceptual issues arise in superstring theory. 

Depending on the choice of the canonical variables, the canonical theory 
can be subdivided into the following approaches: 

• Quantum geometrodynamics: This is the traditional approach which uses 
the three-dimensional metric as its configuration variable. 

• Quantum connection dynamics: The configuration variable is a non-abelian 
connection that has many similarities to gauge theories. 

• Quantum loop dynamics: The configuration variable is the trace of a 
holonomy with respect to a loop, analogously to a Wilson loop. 

There is a rigorous connection between the last two approaches, whereas 
their connection to the first approach is less clear. Since the semiclassical 
approximation is still undeveloped in the last two approaches, I restrict myself 
to quantum geometrodynamics. For the above reason one should, however, 
expect that a relation between all approaches exists at least on a semiclassical 
level. 

The central equation in all approaches is of the form 



m = o, ( 1 ) 

where H denotes the full Hamiltonian of gravity and matter; the wave func- 
tional depends on both the three-dimensional metric and non-gravitational 
fields. Since remains invariant under coordinate transformations, its depen- 
dence on the arguments is often denoted by where Q denotes the 

three-dimensional geometry. I shall also use this notation below, but one must 
keep in mind that this is a symbolic notation and that is not explicitly given 
in this form. 
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The “Wheeler-DeWitt equation” (1) has the form of a zero-energy Schro- 
dinger equation - any reference to an external time parameter t has com- 
pletely disappeared. The above-mentioned problem of time has thus been 
“solved” by the complete disappearance of time, see e.g. Barbour (1997), 
Kiefer (1997), Zeh (1999) for further discussion. With the absence of an ex- 
ternal reference time, the problem arises which Hilbert space to use. After all, 
the standard Hilbert space has the important property that, as a consequence 
of the Schrodinger equation, the inner product is conserved with respect to t 
- expressing the conservation of probability (unitary evolution). A final de- 
cision about the quantum-gravitational Hilbert space structure has not yet 
been made, and 1 refer to Isham (1992) and Kuchaf (1992) for a detailed 
discussion of this problem. Fortunately, this problem is of minor importance 
for the discussion of decoherence below: In the semiclassical approximation, 
the standard Hilbert space can be used. Barvinsky and Krykhtin (1993) have 
given general arguments that the positive definite Hilbert space can be 
used in the semiclassical approximation up to one loop. How the classical 
appearance of our Universe can be understood in the context of the timeless 
quantum equation (1) is the subject of the next section. 



3 Decoherence in quantum cosmology 

Full quantum gravity is “timeless” and bears no resemblance to our observed 
Universe. How can the connection be established? This task is accomplished 
in two steps. Firstly, a semiclassical approximation is performed during which 
a time parameter emerges as an approximate concept. This step is certainly 
not needed in quantum mechanics where an external time is available. Sec- 
ondly, the process of decoherence is employed to justify that interference 
terms within one semiclassical branch as well as between different branches 
can be neglected. 

The first step is accomplished through a Born-Oppenheimer type of ap- 
proximation scheme, see Kiefer (1994) for technical details. Such an approxi- 
mation can be performed if the relevant length scale I is much bigger than the 
Planck length (or string length). Typical ratios are Ip /I « 10“® for the Comp- 
ton wavelength I of a “grand-unified” particle. There then exist approximate 
solutions to (1) of the form 

w exp{iSo[G]/h)x[G, , (2) 

where ^ stands for non-gravitational fields. Similar to the eikonal approxi- 
mation in optics, classical trajectories in configuration space can here be re- 
covered from the “eikonal” So that solves the gravitational Hamilton- Jacobi 
equation. The wave function x obeys 
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where Hm is the Hamiltonian for non-gravitational fields. In this way, the 
well-known Schrodinger equation arises as an approximate equation from 
timeless quantum gravity. Correction terms to (2) are of order « 10^^° 

and yield genuine quantum-gravitational correction terms. They are discussed 
in detail in Barvinsky and Kiefer (1998), but they will not be needed here. 

The second step requires decoherence. Joos (1986) gave a heuristic ex- 
ample within Newtonian (quantum) gravity, in which the superposition of 
different metrics is suppressed by the interaction with ordinary particles. 
How does decoherence work in quantum cosmology? In particular, what con- 
stitutes system and environment in a case where nothing is external to the 
Universe? The question is how to divide the degrees of freedom in the con- 
figuration space in a sensible way. It was suggested by Zeh (1986) to treat 
global degrees of freedom such as the scale factor (radius) of the Universe 
or an inflaton field as “relevant” variables that are decohered by “irrelevant” 
variables such as density fluctuations, gravitational waves, or other fields. 
Quantitative calculations can be found, e.g., in Kiefer (1987,1992). 

Denoting the “environmental” variables collectively by /, the reduced 
density matrix for e.g. the scale factor a is found in the usual way by inte- 
grating out the /-variables, 

p{a,a') = j Vf^*{a'J)^{a,f) . (4) 

The resulting expression is ultraviolet-divergent and must therefore be regu- 
larised. This was investigated in detail for the case of bosons (Barvinsky et 
al. 1999b) and fermions (Barvinsky et al. 1999a). A crucial point is that 
standard regularisation schemes, such as dimensional regularisation or ^- 
regularisation, do not work - they lead to Trp^ = oo and therefore spoil 
one of the important properties that a density matrix must obey. This kind 
of problems has not been noticed before, since these regularisation schemes 
had not been applied before to the calculation of reduced density matrices. 

How, then, can (4) be regularised? In Barvinsky et al. (1999a,1999b) we 
put forward the principle that there should be no decoherence if there is 
no particle creation - dccoherence is an irreversible process. In particular, 
there should be no decoherence for static spacetimes. This has led to the 
use of a certain conformal reparametrisation for bosonic fields and a certain 
Bogoliubov transformation for fermionic fields. 

As a concrete example, we have calculated the reduced matrix for a sit- 
uation where the semiclassical background is a De Sitter spacetime, a{t) = 
cosh(i7f), where H denotes the Hubble parameter. This is the most in- 
teresting example for the early Universe, since it is generally assumed that 
there happened such an exponential, “inflationary”, phase of the Universe, 
caused by an effective cosmological constant. Taking various “environments” , 
the following results are found for the main contribution to (the absolute value 
of) the decoherence factor, |D|, that multiplies the reduced density matrix 
for the “isolated” case: 
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• Massless conformally-invariant field: Here, 

1^1 = 1 . 

since no particle creation and therefore no decoherence effect takes place. 

• Massive scalar field: Here, 

f Trm^a, 

|£>| « exp - a ) j > 

and one notices increasing decoherence for increasing a. 

• Gravitons: This is similar to the previous case, but the mass m is replaced 

by the Hubble parameter H, 

\D\ « exp {-CH^a{a - a')^) , C > 0 . 

• Fermions: 

|D| fs exp {^—C'm^c^H^{a — a')^) , C" > 0 . 

For high-enough mass, the decoherence effect by fermions is thus smaller 

than the corresponding influence of bosons. 

It becomes clear from these examples that the Universe acquires classical 
properties after the onset of the inflationary phase. “Before” this phase, the 
Universe was in a timeless quantum state which does not possess any classical 
properties. Viewed backwards, different semiclassical branches would meet 
and interfere to form this timeless quantum state. 

For these considerations it is of importance that there is a discrimination 
between the various degrees of freedom. On the fundamental level of full 
superstring theory, for example, such a discrimination is not possible and 
one would therefore not expect any decoherence effect to occur at that level. 

In general one would expect not only one semiclassical component of the 
form (2), but also many superpositions of such terms. Since (1) is a real 
equation, one would in particular expect to have a superposition of (2) with 
its complex conjugate. The no-boundary state in quantum cosmology has, 
for example, such a form. Decoherence also acts between such semiclassical 
branches, although somewhat less effective than within one branch (Barvin- 
sky et al. 1999b). For a macroscopic Universe, this effect is big enough to 
warrant the consideration of only one semiclassical component of the form 
(2). This constitutes a symmetry-breaking effect similar to the symmetry 
breaking for chiral molecules: While in the former case the symmetry with 
respect to complex conjugation is broken, in the latter case one has a breaking 
of parity invariance. 

It is clear that decoherence can only act if there is a peculiar, low-entropy, 
state for the very early Universe. This lies at the heart of the arrow of time 
in the Universe. Whether such a peculiar state can be justified from quantum 
cosmology is a matter of debate, see Zeh (1999) for a detailed discussion. 
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4 Classicality of fluctuations in the early Universe 



According to the inflationary scenario of the early Universe, all structure in 
the Universe (galaxies, clusters of galaxies) arises from quantum fluctuations 
of scalar fields and scalar fluctuations of the metric. Because also fluctuations 
of the metric are involved, this constitutes an effect of (linear) quantum 
gravity. 

These early fluctuations manifest themselves as anisotropies in the cosmic 
microwave background radiation and have been observed both by the COBE 
satellite and earth-based telescopes. Certainly, these observed fluctuations 
are classical stochastic quantities. How do the quantum fluctuations become 
classical? 

It is clear that for the purpose of this discussion the global gravitational 
degrees of freedom can already by considered as classical, i.e. the decoherence 
process of section 3 has already been effective. The role of the gravitational 
field is then twofold: Firstly, the expanding Universe influences the dynamics 
of the quantum fluctuations. Secondly, linear fluctuations of the gravitational 
field are themselves part of the quantum system. 

The physical wavelength of a mode with wavenumber k is given by 

_ /C-N 

'^phys — , ■ 



Since during the inflationary expansion the Hubble parameter H remains 
constant, the physical wavelength of the modes leaves the particle horizon, 
given by at a certain stage of inflation, provided that inflation does not 
end before this happens. Modes that are outside the horizon thus obey 




( 6 ) 



It turns out that the dynamical behaviour of these modes lies at the heart 
of structure formation. These modes reenter the horizon in the radiation-and 
matter-dominated phases which take place after inflation. 

For a quantitative treatment, the Schrddinger equation (3) has to be 
solved for the fluctuations in the inflationary Universe. The easiest exam- 
ple, which nevertheless exhibits the same features as a realistic model, is a 
massless scalar field. It is, moreover, most convenient to go to Fourier space 
and to multiply the corresponding variable with a. The resulting fluctuation 
variable is called yk, see Kiefer and Polarski (1998) for details. Taking as 
a natural initial state the “vacuum state”, the solution of the Schrddinger 
equation (3) for the (complex) variables yk reads^ 



x{y,t) = 




(7) 



^ Since there is no self-interaction of the field, different modes yy decouple, which 
is why I shall suppress the index k in the following. 
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where 



I/P = (2fc) ^(cosh2r + cos2(/Jsinh2r), (8) 

F = ^ sin 2(^ sinh 2r , (9) 

and explicit expressions can be given for the time-dependent functions r and 
ip. The Gaussian state (7) is nothing but a squeezed state, a state that is 
well known from quantum optics. The parameters r and p have the usual 
interpretation as squeezing parameter and squeezing angle, respectively. It 
turns out that during the inflationary expansion r — ^ oo, |F| 1, and p -i- 0 

(meaning here a squeezing in momentum). In this limit, the state (7) becomes 
also a WKB state par excellence. As a result of this extreme squeezing, this 
state cannot be distinguished within the given observational capabilities from 
a classical stochastic process, as thought experiments demonstrate (Kiefer 
and Polarski 1998, Kiefer et al. 1998a). In the Heisenberg picture, the special 
properties of the state (7) are reflected in the fact that the field operators 
commute at different times, i.e. 

[y(fi)^y(^2)l ~ 0 . (10) 



(Kiefer et al. 1998b). In the language of quantum optics, this is the condition 
for a quantum-nondemolition measurement: An observable obeying (10) can 
repeatedly be measured with great accuracy. It is important to note that 
these properties remain valid after the modes have reentered the horizon in 
the radiation-dominated phase that follows inflation (Kiefer et al. 1998a). 

As is well known, squeezed states are very sensitive to interactions with 
other degrees of freedom (Giulini et al. 1996). Since such interactions are 
unavoidably present in the early Universe, the question arises whether they 
would not spoil the above picture. However, most interactions invoke cou- 
plings in field amplitude space (as opposed to field momentum space) and 
therefore, 

[y,Hint]^0, ( 11 ) 

where Hint denotes the interaction Hamiltonian. The field amplitudes there- 
fore become an excellent pointer basis: This basis defines the classical prop- 
erty, and due to (10) this property is conserved in time. The decoherence 
time caused by Hint is very small in most cases. Employing for the sake of 
simplicity a linear interaction with a coupling constant g, one finds for the 
decoherence time scale (Kiefer and Polarski 1998) 



to 



^phys 



(12) 



For modes that presently reenter the horizon, one has \phys « 10^®cm, e*" « 
10®° and therefore 

(13) 



tu « 10 ^sec . 
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Unless g is very small, decoherence acts on a very short timescale. This con- 
clusion is enforced if higher-order interactions are taken into account. It must 
be noted that the interaction of the field modes with its “environment” is an 
ideal measurement - the probabilities are unchanged and the main predictions 
of the inflationary scenario remain the same (which manifest themselves, for 
example, in the form of the anisotropy spectrum of the cosmic microwave 
background) . This would not be the case, for example, if one concluded that 
particle number instead of field amplitude would define the robust classical 
property. 

The results of the last two sections give rise to the hierarchy of classi- 
cality (Kiefer and Joos 1999): The global gravitational background degrees 
of freedom are the first variables that assume classical properties. They then 
provide the necessary condition for other variables to exhibit classical be- 
haviour, such as the primordial fluctuations discussed here. These then serve 
as the seeds for the classical structure of galaxies and clusters of galaxies that 
are part of the observed Universe. 

5 Decoherence of black holes 

The process of decoherence involving gravitational fields is not restricted to 
cosmological situations. In fact, an interesting application is provided by the 
case of quantum black holes which is briefly reviewed here (see Demers and 
Kiefer 1996 for details). For not-too-small holes, the quantum state of a semi- 
classical black hole can be described by a state of the form (2), where the 
wave functional x is a correlated state of the geometric variables and other 
degrees of freedom. In particular, all information about Hawking radiation is 
contained in x- Instead of (2) one could equally well start with the superpo- 
sition 

w exp(i5o)x + exp(-i5o)x* (14) 

which can heuristically be interpreted as a superposition of a black hole with 
a white hole. Similarly, one can consider an analogous superposition where 
the second component is the vacuum - this would then be a superposition 
of a black hole with no hole. Analogous states involving the electromagnetic 
field have been prepared or will be prepared in quantum-optical experiments 
(Giulini et al. 1996). 

How can such superpositions decohere? One could certainly invoke any 
degrees of freedom that scatter off the hole as the decohering environment. 
In particular, the Hawking radiation that is described via x can serve as 
the irrelevant degrees of freedom. In this way the off-diagonal elements of 
the hole’s reduced density matrix are multiplied by a decoherence factor D 
whose absolute value reads 




Decoherence Involving Gravity 111 



where M is the mass of the black hole, C a numerical constant, and L denotes 
the length of a box in which the hole has to be put in order to avoid infrared 
singularities. It becomes clear from this expression that interferences between 
the components of (14) are suppressed if the size of the box is much bigger 
than twice the Schwarzschild radius. 

For the case of the superposition of a black hole with no hole, the deco- 
herence factor is reduced by a factor 1/4 in the exponent. This can easily be 
understood by noting that in this case only one component in the superposi- 
tion (14) carries Hawking radiation. 

The decoherence mechanism discussed above only works for semiclassical 
states due to the symmetry-breaking effect discussed in section 3. It should 
thus not work for virtual black holes which, like virtual particles in field 
theory, are time symmetric. Hawking and Ross (1997) conclude that quantum 
fields may decohere by scattering off vacuum fluctuations in which black-hole 
pairs appear and disappear. They speculate that particles could “fall” into 
virtual holes, which would then radiate other particles in a mixed state. Such 
a process can only happen if a direction of time is put in by hand in some 
hidden way. Virtual black holes by themselves should not decohere. 
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Abstract. We investigate an all-quantum-mechanical spin network, in which a 
subset of spins, the K “moving agents”, are subject to local and pair unitary 
transformations controlled by their position with respect to a fixed ring of M 
“environmental” -spins. We demonstrate that a “flow of coherence” results between 
the various subsystems. Despite entanglement between the agents and between 
agent and environment, local (non-linear) invariants may persist, which then show 
up as fascinating patterns in each agent’s Bloch-sphere. Such patterns disappear, 
though, if the agents are controlled by different rules. Geometric aspects thus help 
to understand the interplay between entanglement and decoherence. 



Introduction 

Originally, coherence refers to a strictly defined phase-relationship between 
(linear) wave-components. Such phase-relationships also underly superposi- 
tion states in quantum mechanics (with respect to a given set of basis states). 
The superposition principle can be extended to composite systems {N subsys- 
tems), for which we usually refer to product-states as the pertinent basis set. 
Corresponding coherent superpositions then include “local coherent states” 
in which case the product character remains untouched, and so-called “en- 
tangled” states [1] for which the strict product form is lost: The reduced 
subsystem-states appear “non-pure” for the latter case, entanglement acts as 
a source of local entropy. As opposed to local coherence, entanglement has 
no classical analogue. 

Decoherence may generally be seen as a suppression of superposition. 
In the strong sense this suppression results from (approximate) disjointness 
due to super-selection rules (leading to a classical domain proper [2]). The 
effect of superposition may (partially) be quenched for collective observables 
(such as the total spin), when, due to phase-randomness, the individual spins, 
though each well-defined, virtually cancel each other (in this case coherence 
may be recovered, cf. spin echo [3]). Roughly speaking, non-selective local 
properties of such incoherent ensembles are “ill-defined”, when used as an 
input to appropriate interferometers, no interference fringes are observed. 
“Ill-defined” properties also occur in individual quantum objects as a result 
of incompatibility [cf. Heisenberg uncertainty relations). Entanglements in 
composite systems implies that local properties become “incompatible” for 
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the state considered, the superposition character of reduced subsystem-states 
is suppressed [1]: Local coherence may be said “to have moved where nobody 
looks” (while coherence as such has not been destroyed). In this paper we 
investigate local state changes resulting from an iterative map applied to a 
composite system whose state evolves in the (in terms of N) exponentially 
large Hilbert-space [4]. This map may be visualized as arising from a circular 
motion of spins (“agents”) on a closed chain of fixed environment spins. 

Definition of Network Space 

The quantum network [5] to be considered here is composed of N pseudo- 
spins with state j = 0,1\ = 1,2, ■ ■ ■ ,N, and the transition-operators 

The 2^ product-states are 

\jk ■■•/) = I j)(i) (g) |fc)(2) ^ . . . (^ ^ijN) 

on which the “c-cluster-operators” 

Qjk-i ® a[,^^ ® • • • (g) (2) 

act. Here and in the following the upper indices (in parenthesis) refer to the 
subsystem-numbers, lower indices to the component/type of property. The 
are the following 5C/(2)-operators 

\(m) p(^) I p(m) 

^1 “ -GDI + ^10 

- pW) 

\{m) p(m) p(a^) 

"^3 “ -^11 — ^00 

A*'') = i(^) = + p(^'> (3) 

and c is the number of indices p 0 within the given set of the lower indices 
{jk ■••/}. Qjk - i thus operates on c subsystems out of N. Full description of 
the network-state \-ip) requires the specification of all the 2^^ - 1 expectation 
values 

-1 < =■■ Qjk - i < 1 • (4) 

Here, Qoo ■ ••o = 1, the c = 1 expectation values are the so-called Bloch- vectors 
for the individual spins, the c > 1 terms constitute c-point correlation func- 
tions. Dispersion-free expectation values are ±1. Largest quantum mechanical 
uncertainty pertains to operators with expectation-value zero. Therefore, as 
a convenient measure for the “weight” of well-defined properties of a given 
cluster of type c we take the respective “cluster-sum” [5] 

3 3 

c = 1 ■ ^ Qtoo- .o Qioo- - 0 j y} ^ 0oio---o Qoio •0 etc. 

i=l j=l 

3 

c = 2: Y 2 ^ Qijo - oQijo-- o etc. 

« J=1 
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The Ti -terms are identical with the square of the respective Bloch- vector- 
length. These cluster-sums obey the inequalities 



|2(c-i) +2 



c = odd 
c = even . 



( 5 ) 



For a product-state each cluster-sum equals 1, irrespective of its size. There 
are 2^ — 1 different clusters, implying 



2"^ - 1 = E E 

C=1 

One easily shows that this sum-rule must hold for any pure state! As a conse- 
quence only few clusters can exploit their full allowance of Zc (which increases 
exponentially with c !); in most cases Yc < which we call (partial) “c- 
decoherence” . A given 2-cluster has surplus correlation (“entanglement”), if 
for its partition holds. The various clusters have thus to 

“compete for weight” . Dynamically we may say that coherence “flows” from 
one part to another (without getting lost, though), under the influence of 
unitary transformations. 



Architecture 

We first split our network into 2 subgroups, N = K + M, where M pseudo- 
spins constitute the “environment”, fi = 1, 2, • • • , M, and the remaining spins 
are the “agents” , Sk = SI, 52, • • ■ , SK (Fig 1). The behavior of the network 
is specified in terms of a discrete set of unitary transformations [6,7], 

cos {ak/2) - sin (ak/2) 

^ p(Sk) ^ ^ p(Sk) ^ 

^ piSk) ^ -^( m ) p{Sk) ^ ^ 

is a local rotation around the x axis by angle ak, is the 

quantum-controlled-NOT-operation (QCNOT) with 0$)^ = 1 for ^ = 0, 
0g)‘^ = 1 for 6 = 7T. The sequence of transformations may be interpreted to 
result from cyclic and discretized [8] motions of the K agents along a circular 
chain of environment pseudo-spins: Controlled by position a local transforma- 
tion is followed by a pair-interaction 6 = 0,n, and vice versa. 

For any given agent Sk, the subscript 0 (“type of the agent”) is assumed to 
be fixed. The various agents may move in a constant or in a changing sequen- 
tial order. In the former case a strict iterative map results from 2M unitary 
transformations for each agent (equivalent to one full cycle p= 1, 2, • • •). For 
K = 1 this architecture may be viewed as a quantum- Turing-machine [9-13], 
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with the agent-spin being the Turing-head and the environment acting as the 
Turing-tape. Most results will be presented for this simplest scenario. In this 
case the resulting iterative map can be specified as 

l^(mi)) = |V>(0)) 

= r(^i)(mi)|t^(0)) (8) 

where rii = 1,2, mi = tii +2M(pi — 1); pi being the number of 

completed cycles, mi the step number, and 

(9) 

Pure-State Trajectories for A" = 1, 0 = 0 

We restrict ourselves to the reduced state-space dynamics (our “system of 
interest”) 

= <5ioo-o(mi) = (V’(mi)IQioo-ol^(mi)} . (10) 

Due to entanglement we will, in general, see the apparent decoherence, 

y<«> = ^|Af‘>p<l. („) 

i=l 

However, for specific initial states |ti’(0)) the state of the Turing-head 51 will 
remain pure: As |±)<^^ = ^(|0)(^> ± |1)(''^) are the eigenstates of with 
^(m)|^)(#j) _ the action of the QCNOT reduces to 

^ ^ l^pi) ^ 

;y^Sl.M)|^)(51) ^ |_^(,.) ^ ^ . (12) 

As a consequence, for the initial product-state 

IV-(O)) = |¥^(0))(^i) ® |P^(0)) (13) 

with 

|(^(0))('®^) = cos(9?o/ 2)|0/^^) - f sin(v?o/2)|lp^^ 

\V^0)) e {|±)W® |±)(2)®...® |±)(M)} _ (14) 

the state \ip{m)) remains a product-state at all steps m (“primitives”): 

mrnn = \ip{m\P^)f^^ ® \V^(0)) . (15) 
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Here is the Turing-head state at step m conditioned by \V^{Q)) 

and for a given head-state there are 2^ primitives. The Turing-head Bloch- 
vectors 

® iW|^(m|pJ)) (16) 

are all confined to the k — 2, 3-plane and obey the relation = 1. 

In Fig 2 we show the 4 primitives A^'^^^(m|'P-'), j = 1,2, 3, 4, for M = 2 
and a = 7t/\/3. The primitives are either periodic (Floquet-states) and then 
independent of a, or aperiodic (here: P++) and then controlled by a (the 
latter orbits are also periodic if a is a rational multiple of tt). A similar 
analysis holds for 0 = tt. 

Superposition of primitives for K = 1,6 = 0 

Now let the initial state be 



= r(0)). (17) 

1=1 

Then we find at step m 



IV'M) <g) |T’^(0)) 

1=1 

and, observing the orthogonality of the |7^^(0)), 



(18) 



= I]l«l 

1=1 



|2 i(Sl) 



(m|'P-^) . 



(19) 



This trajectory of agent 51 represents a non-orthogonal pure-state decompo- 
sition with weights p independent of m, and the decomposition can be seen 
as an intuitive example for quantum parallelism: The individual Turing-head 
performs exponentially many primitive trajectories “in parallel”. Different 
initial states with the same \aj\^ show the same reduced dynamics for 51. 



Special superpositions are 



const, for j 6 {periodic orbits} 
0 otherwise 



and the complementary type 

{ 



a,r = 



J const, for j £ {aperiodic orbits} 
0 otherwise . 



( 20 ) 



( 21 ) 
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The example for M = 3 is shown in Fig 3. In this case each superposition 
consists of 4 primitives. The trend towards reduced Bloch- vector lengths is 
easily recognized; however, there are no privileged basis states (in which case 
the points would be on a single straight line). 

Finally, starting from the ground state, the typical initial state for quan- 
tum computation [14,15] 



1^(0)) = ® I00---0) 



all 2^ pure state trajectories contribute with equal weight 



Wj 



2 



1 

W ■ 



( 22 ) 



(23) 



Calculations for M = 3, 10 are shown in Fig 4. The resulting pattern (“quasi- 
1-dimensional point manifolds” ) shows the existence of a local invariant (for 
M = 1,2, cf. [7]), which is a consequence of the underlying primitives. 



Computational Reducibility 

Knowing the 2^ primitives we can calculate the reduced Turing-head dy- 
namics from eq. (19) for any initial tape-state. This procedure, to be sure, 
becomes prohibitive for large M, as the number of those primitives grows 
exponentially. It turns out that a complementary problem is much easier to 
solve: To calculate all possible iterative maps (for any M and any control- 
angles a) for a selected initial tape-state (here: the ground state). This can 
be done by the recursion relation 

Ap^\m) = 0 
Af ')(m) = y„,M 

= (24) 

where Ym,M and Zm,M are specified in Table 1. 



Several agents, K >2 

We start by noting the commutator relations: 



9 p{S^) 
■^■^00 
9 p(^^) 



I I 

A3 



' A3 Ofifi' 



for Sk = Sk' 
for Sk ^ Sk' 



(25) 
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This means that for any agent of the same type all unitary transformations 
between different agents Sk ^ Sk' commute, i.e. the (time-) ordering is irrel- 
evant! Thus for K = 2, e.g., one finds (c/. eq. (8)) 

i[7(S2)(2) [7(-S2 )(i) [/(si)(2) C/(®i)(1) |V>o) 

= • • ■ (4) (3) ^(^2) (2) (j(S‘^) (1) X 

' V ' 

T(S2)(to2) 

■ ■ • C/(^i)(4) C/(^i)(3) l^o) 

' V ' 

= f |V’(0)> (26) 

where — l),U^^^\2fj) are equivalent to f/^^^)(2/i — l),U^^^^{2fx) 

(eq. (9)) respectively, so that the local agent properties are independent of 
each other: 

= (V-(0)T’t(^i)(mi)|Af')|f(^i)(mi)V>(0)) . (27) 

Corresponding relations hold for 52. As a consequence the patterns of each 
agent are not influenced by the presence of the other, even though both agents 
become entangled, in addition to the entanglement between each agent and 
the environment (tape)! 

Things change dramatically if the two agents are of different type. Then 
the order of the unitary transformations with respect to each agent matters, 
and the actions for each agent can no longer be grouped together. In Fig 5 we 
show the result for Ff = 2, M = 2. Now the patterns for each agent show an 
(apparent) randomness, there are no longer obvious local invariants visible. 

Summary and Conclusions 

Open systems are well-known examples exhibiting loss of coherence with 
respect to certain privileged basis states (the “measurement basis”). Here 
we have considered an all-quantum-mechanical spin-network subject to a 
discretized unitary transformation (iterative map). We deliberately choose 
to “look” only at a subset of spins, the K “agents”, which interact with a 
closed chain of M “environment” -spins, one after the other. For this pure- 
state dynamics the “flow of coherence” is explicitly demonstrated as well as 
the entanglement-induced decoherence. For agents of the same type fascinat- 
ing patterns result in their respective Bloch-spheres (a quantum version of 
Poincare-cuts) . These patterns can be understood as being based on a set of 
pure-state trajectories (“primitives”). For specific initial states even explicit 
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recursion relations (in the agent Bloch-vector-space) exist. This remarkable 
computational reducibility works for any network-size N = K + M. However, 
if the agents are of different type (non-commuting), they disturb each other 
via their common environment, and the resulting Bloch-sphere patterns show 
apparent randomness without obvious signs for invariants. This indicates that 
geometrical aspects can be a useful supplement to conventional algebraic re- 
sults for the discussion of decoherence and entanglement. 

We would like to thank C. Granzow, A. Otte and R. Wawer for stimulating 
discussions. 



Table 1. Recursion relations for the reduced state evolution of 51 in the case of 
K = 1,6 = 0, |V»o) = I00---0). Let Ym=Y,n,M, = Zm,M, 2m , 0 := -1, 

and m' := m — 4p 4- 2, where p is the cycle number for step rtr, m = n + 2M(j> — 1), 
n = 1,2, ■ ■ ■ , 2M. Yo = 0, Yi = siaa, Zq — —1, Zi = — cos a. 



Ym = —YlZm-1 — ZlYm-1 


n = odd 


^m,M — — ,M — 2 


n = even ^ 2M 


Ym,M = Ym-1,M - Yl(-2l)'^-^ 


n = 2M, p = odd 


^m,M — 1,M 


n = 2M, p = even 


Zm = —Z\Z,n-l -|-TlTm-l 


n = odd 


Zm = —ZlZm~2 -b TlYin_2 


n = even 




(^^ • ■ ■ : Umgebung 
S2 

(||D Agenten 

61 = 7T 



Fig. 1. The network architecture: The moving agents 51,52 move along the cir- 
cular environment (spins 1,2, 3, 4) in discrete steps, thus iterating between local 
transformations (arrows) and pair interactions (when in touch with an environ- 
ment spin). 
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Fig. 2. The primitives Vq (aperiodic) and Vq (periodic) for K — 1,6 — 0,M — I, 
and Po"*" (aperiodic), Vq , Pq i (periodic) for = 1, Z = 1, M = 2; a = 
7 t/\/3, <p(0) = 7t/6. 




Fig. 3. Equal-weight superpositions {aj = 1/2) of 4 periodic (4 aperiodic) orbits 
for \tpo) = ® |000),A' = 1,^ = 0, M = 3, and step numbers m < 3000. The 

equal-weight superposition (1/V^) of these two, in turn, generates the pattern for 
IV’o) = |0)(^1> ® |000) (see Fig 4 for M = 3); a = 
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Fig. 4. Turing-head-patterns for \^po) = g> (00 • • ■ 0), K = 1, i = 1, M = 3, 10, 
and step numbers m < 3000; a = 'k/s/Z. 
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Fig. 5. Local Bloch- vector patterns, \y — Xz — First row: K = \,M — 
1; 0 = 0 for 51 (left), 9 = n (right); second row: K = 2, 0 = 0 for 51, 0 = tt for 52; 
M = 1 (left), M — 2 (right); last row: K = 1, M = 2; 0 = 0 for 51 (left), 9 = tv 
(right); |^o) = |00 ■ • • 0); a = 7 t /\/3 in each case, rru < 4500, i = 51, 52. 
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Abstract. The aim of this lecture is to investigate the mathematical frame for 
fe 'vironment induced superselection rules. Some exactly soluble models are dicussed 
in detail and norm estimates on decoherence effects are derived. 



1 Introduction 

One of the puzzles of quantum mechanics is the question, how classical ob- 
jects can arise in quantum theory. Quantum mechanics is a statistical theory, 
but its statistics differs on a fundamental level from the statistics of classical 
objects. It is known since a long time that the statistical results of quantum 
mechanics become consistent with a classical statistics of facts, if the super- 
position principle is reduced to supers election sectors, i.e. coherent orthogonal 
subspaces of the full Hilbert space. The mathematical structure of quantum 
mechanics and of quantum field theory provides us with only a few superse- 
lection rules, the most important being the charge superselection rule related 
to gauge invariance, see e.g. [4] [14] and the references given therein. But 
there are definitively not enough of these superselection rules to understand 
classical properties in quantum theory. A possible solution of this problem 
is the emergence of effective superselection rules due to decoherence caused 
by the interaction with the environment. A detailed investigation of these 
problems together with an extensive list of references up to 1996 is given in 
[ 6 ]. 

The aim of this lecture is to present the mathematical context of decoher- 
ence and induced superselection rules. For that purpose some exactly soluble 
models of open systems are investigated. The dynamics of the total system - 
including the open system and the environment - is always determined by a 
semibounded Hamiltonian. Norm estimates of the off-diagonal parts of the 
statistical operators intertwining between different superselection sectors are 
discussed in detail. 

The lecture is organized as follows. After a short introduction to super- 
selection rules and to the dynamics of subsystems in Sects. 2 and 3, several 
models are presented in Sect. 4. For a class of simple models, given in Sect. 
4.1, the transition between the induced superselection sectors is suppressed 
uniformly in trace norm. A more realistic example with a quantum field as 
environment is investigated in Sect. 4.2. In this case the infrared behaviour 



P. Blanchard et al. (Eds.): Proceedings 1998, LNP 538, pp. 125-136, 2000. 
© Springer-Verlag Berlin Heidelberg 2000 




126 J. Kupsch 



of the environment is of essential importance for the emergence of induced 
superselection rules. Uniform estimates, which persist for arbitrary times, are 
only possible in the limit of infrared divergence. 

For the models of Sects. 4.1 and 4.2 the projection operators onto the 
induced superselection sectors commute with the Hamiltonian. By adding a 
scattering potential we obtain in Sect. 4.3 a model, which still has induced su- 
perselection sectors, and for which the projection operators onto these sectors 
do not commute with the Hamiltonian. In Sect 4.4 we present a spin model 
which has induced superselection sectors only in an approximate sense. 

2 Superselection rules 

We start with a few mathematical notations. Let be a separable Hilbert 
space, then the following spaces of linear operators are used. 

B{'hL): The R-linear space of all bounded self-adjoint operators A. The 
norm of this space is the operator norm ||A||. 

T{W)'. The R-linear space of all self-adjoint nuclear operators A. These 
operators have a pure point spectrum G R, f = 1, 2, ..., with \ai\ < oo. 
The natural norm of this space is the trace norm ||^||i = tr\/A~^A = |aj|. 

Another norm, u sed in the following sections, is the Hilbert-Schmidt norm 
||A ||2 = Vtr A+A. These norms satisfy the inequalities ||A|| < ||A ||2 < ||A||i. 

T>{'H): The set of all statistical operators, i.e. positive nuclear operators 
W with a normalized trace trW = 1 . 

P(7f): The set of all rank one projection operators P^. 

These sets satisfy the obvious inclusions P(?f) C 'D{'H) C T(?f) C S(?f). 

Any state of a quantum system is represented by a statistical operator 
W G the elements of V{'H) thereby correspond to the pure states. 

Any (bounded) observable is represented by an operator A G and the 

expectation of the observable A in the state W is the trace tiWA. Without 
additional knowledge about the structure of the system we have to assume 
that the set of all states corresponds exactly to V{H), and the set of all 
(bounded) observables is B{'H). The state space V{%) has an essential prop- 
erty: it is a convex set, i.e. Wi,W 2 G T>{'H) implies AiWi -I- A 2 W 2 G h{H) 
if -^ 1,2 > 0 and Ai -I- A 2 = 1. Any statistical operator W G 'D{7i) can be 
decomposed into pure states W = u;„P^ with G V{W} and probabili- 
ties Wn > 0, = 1- An explicit example is the spectral decomposition 

of W. But there are many other possibilities. It is exactly this arbitrariness 
that does not allow a classical interpretation of quantum probability. A more 
detailed discussion of the state space of quantum mechanics can be found in 
[ 10 ]. 

The arbitrariness of the decomposition of W originates in the superposi- 
tion principle. The superposition principle can be restricted by superselection 
rules. Here we do not want to discuss the arguments to establish such rules, 
for that purpose see e.g. [4] [14] and also Chap. 6 of [6], or to refute them, see 
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e.g. [12]. We only refer to some important consequences for the structure of 
the state space. In a theory with discrete superselection rules like the charge 
superselection rule, the Hilbert space 1-L splits into orthogonal superselection 
sectors Tim, ^ £ M, such that Pure states with charge m 

(in appropriate normalization) are then represented by vectors in T-Lm, and 
superpositions of vectors with different charges have no physical interpreta- 
tion. The projection operators Pm onto the orthogonal subspaces Hm satisfy 
PmPn = Smn and Em. = I ■ The set of states is reduced to those sta- 
tistical operators which satisfy PmW = W Pm for all projection operators 
Pm,m € M 

= evin)\w = Y,PmWPmy (i) 

An equivalent statement is that all observables of such a system have to com- 
mute with the projection operators Pm, m e M, and the set of observables 
of the system is given by 

A = (2) 

The projection operators {Pm \ m e M} are observables, which commute 
with all observables of the system, and they can be interpreted as classical 
observables. 

In theories with continuous superselection rules the finite or countable set 
of projection operators {P™, m € M} is substituted by a (weakly continuous) 
family of projection operators P{A) indexed by measurable subsets A C R, 
see e.g. [1]. These projection operators have to satisfy 

P(AiUA 2 ) = P(Ai) -I-P( zi 2 ) forallintervallsZ\i,Z \2 (3) 

P{Ai)P{A 2 ) = 0 if 2ii n A 2 = 0, and P(0) = 0, P(R) = 1. (4) 

The set of observables is now given by 

= {A ^ B{Ji) I AP{A) = P{A)A, A C R}, but there is no formulation of 
the corresponding set of states within the class of nuclear statistical operators. 

Remark 1. The statements about superselection rules are statements about 
the mathematical structure of a theory. The strict superselection rules con- 
sidered so far are rather unstable against slight modifications of the theory. 
Take e.g. the quantum field theory of elementary particles with the superse- 
lection rules of baryonic charge. If we add to the Hamiltonian a small term, 
which allows the decay of the proton (as done in grand unified theories) , the 
superselection rule of baryonic charge is spoiled. What remains is a strong 
quantitative suppression of matrix elements of observables which intertwine 
between different sectors. 




128 J. Kupsch 



The importance of superselection rules for the transition from quantum 
probability to classical probability is obvious. But there remains an essential 
problem: Only very few superselection rules can be found in quantum me- 
chanics and quantum field theory that are compatible with the mathematical 
structure and with experiment. A satisfactory solution to the problem of clas- 
sical observables is the emergence of effective superselection rules induced by 
the interaction with the environment. 

3 Dynamics of subsystems 

In the following we consider an open system, i.e. a system S which interacts 
with an environment E, such that the total system S + E satisfies the usual 
Hamiltonian dynamics. The Hilbert space 7is+B of the total system S + E 
is the tensor space "Hs ® 'Hb of the Hilbert spaces for S and for E. Let 
W € V{'Hs+e) be the state of the total system and A € B{'Hs) be an 
observable of the system S, then the expectation tvs+sW {A®Ie) satisfies the 
identity trs+£;(A ® Ie)W = txsAp with the reduced statistical operator p — 
ixsW € 'D{'Hs)- We shall refer to p = IteW as the state of the subsystem. 

As mentioned above we assume the usual Hamiltonian dynamics for the 
total system, i.e. W -r W{t) = U(t)WU'^{t) € 'D{%s+e) with the unitary 
group U{t) = exp(— zi? 5 +£;t) generated by the total Hamiltonian Hs^e- 
Except for the trivial case that S and E do not interact, the dynamics of the 
reduced statistical operator 

pit)^tvEU{t)WU+{t) (5) 

is no longer unitary, and it is exactly this dynamics which can produce ef- 
fective superselection sectors. More explicitly, the Hamiltonian of the total 
system can provide a family of projection operators {Pm, to, € M} which are 
independent from the initial state, such that the statistical operator behaves 
like 

P{i) - PmP{t)Pm (6) 

m 

in sufficiently short time. An equivalent statement is that the superposi- 
tions between vectors of different sectors Pm'E-s are strongly suppressed, 
Pmp{t)Pn -> 0 for f 00 if m n. Any mechanism, which leads to this 
effect, will be called decoherence. 

In the case of induced continuous superselection rule the asymptotics is 
more appropriately described in the Heisenberg picture, as stated above. But 
the decoherence effect is also seen in the Schrodinger picture: 
P{Ai)p{t)P{A2) — t 0 for f 00 if Zii and A2 have a positive distance. 

The investigation of the models in the following sections allows to give a 
more precise meaning to the statement (6). All models (with partial exception 
of the spin model in Sect. 4.4) have superselection sectors in the following 
sense 
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Definition 1. The subspaces Pm'Hs, m £ M, are denoted as induced super- 
selection sectors of the dynamics (5), if for all observables A 6 which 

have no diagonal matrix elements, i.e. PmAPm = O, m G M, and for all 
initial states W £Vi C V{'Hs+e), where T>i is a dense subset of ©(Hs+b), 
the trace 

trs+s(A ® lE)U{t)WU+{t) = tr sAp{t) 

vanishes if f ^ oo. 

Since only weak convergence is used, trs+E{A® lE)U{t)WU'^{t) -l 0 for 
W G Pi C T>{%s+e) implies that this trace vanishes for all W € V{Hs+e)- 
Definition 1 is therefore equivalent to a definition with IT € Pi C V{Hs+e) 
substituted by TT € 'D{Hs+e), and the superselection sectors do not depend 
on the choice of the dense subset Pi C 'D{'Hs+e)- 

This definition is so far rather useless, since it does not specify the time 
scale of decoherence. The investigation of the models will clarify the depen- 
dence of this time scale on the initial state, especially its matrix elements 
related to the environment. 



4 Models of decoherence 

In the following we present models for which the Hamiltonian of the total 
system provides a family of projection operators {Pm, G M} such that the 
off-diagonal elements Pmp{t)Pn, ‘m ^ n, of the statistical operator of the 
reduced dynamics (5) can be estimated with the trace norm. Especially we 
are interested to derive a uniform decrease 

||Pmp(f)P„||i 0 for f 00 if m / n (7) 

for arbitrary initial states p(0) E 'D{'Hs)- But such a result is only possible 
for the simple models of Sect. 4.1. In Sects. 4.2 and 4.3 we shall see that the 
decoherence of more realistic models yields more complicated results. 

The models of Sects. 4.1 and 4.2 have the following structure. The total 
Hamiltonian on 'Hs+e = P-s ® Pe has the form 

Hs+e = Hs ® Ie + Is ® He + AiS> B ( 8 ) 

where Hs is the Hamiltonian of S, He is the Hamiltonian of E, and A^B is 
the interaction term between S and E with self-adjoint operators A on Ps 
and B on Be- This Hamiltonian can be written as 
Hs+e = {Hs - ^A^) ® Ie + ^A® Ie + Is ® Bf + Is ® {He - \B'^). It 
is semibounded from below, if the operators Hs — and He — ^B^ are 
semibounded operators on Hs or He respectively. We make the following 
additional assumptions: 

1) The operators Hs and A commute, [P’s, 4] = O, hence 
[Hs ® Ie, a® B\ = O. 
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2) The operator B has an absolutely continuous spectrum. 

The assumption 1) is a rather severe restriction, which will be modified 
only in Sects. 4.3 by adding a scattering potential V , which has not to com- 
mute with any of the other operators. The investigation of the spin model 
in Sect. 4.4 shows that at least a reduced form of this assumption must hold 
in order to retain induced superselection rules. The assumption 2) has more 
technical reasons. It implies that estimates can be derived in the limit t -4 oo 
(without recurrences) in agreement with Definition 1. 

For the purpose of this paper it is sufficient to consider operators A which 
have a pure point spectrum 

= (9) 

m 

In the following we shall see that exactly the projection operators of this spec- 
tral decomposition determine the induced superselection sectors. If we allow 
a continuous spectrum for A, then the projection operators {Pjn,m £ M} 
are substituted by a weakly continuous family of projection operators P{A) 
as introduced in (3) (4), and continuous superselection sectors will emerge. 
Instead of trace norm estimates like (7) we obtain Hilbert-Schmidt norm 
estimates for \\P{A)p{t)P{A ')\\2 if the sets A and A' have a finite distance, 
see Sect. 7.6 of [6]. 

As a consequence of assumption 1) we have [Hs, Pm] = O for all m G M. 
The Hamiltonian (8) has therefore the form 

Hs+b = Hs ^ Ie + '^Pm ® Pm with Pm = He + XmB. (10) 

m 

The calculation of the reduced dynamics (5) leads to 

PmP{t)Pn = (tr^e-^-f^-* (11) 

where the operators P„ are the projection operators of the spectral represen- 
tation (9) of A, see e.g. Sect. 7.6 of [6j. For a factorizing initial state W = p^u 
with p G T>{'Hs) tuid a reference state u> G ’P(77b) of the environment, the 
operator (11) simplifies to Pmp{t)Pn = Pme~^^^*pe^^^^P„Xm,n{t) with 

Xm,n{t) = ^^E (e*'^"‘e“*^’"*w) , (12) 

and the emergence of dynamically induced superselection rules depends on 
an estimate of this trace. 

4.1 The Araki-Zurek models 

The first soluble models for the investigation of the reduced dynamics have 
been given by Araki [1] and Zurek [15], and the following construction is es- 
sentially based on these papers. In addition to the specifications made above, 
we demand that 
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3) the Hamiltonian and the potential B commute, [He,B] = O. 

We first investigate Pmp{t)Pn for a factorizing initial state W = p®u). 
Under the assumption 3) the trace (12) simplifies to 

Xm,n{t) — Let B = J^XPE{dX) be the spectral repre- 

sentation of the operator B. Then, as a consequence of assumption 2), for 
any w 6 V{He) the measure dp{X) := tr^ (P£;(dA) w) is absolutely continu- 
ous with respect to the Lebesgue measure, and the function 
x(f) := tr (e“*^*o;) = dp{X) vanishes if t -1 oo. But to have a 

decrease which is effective in sufficiently short time, we need an additional 
smoothness condition on co (which does not impose restrictions on the sta- 
tistical operator p € ViTis) of the system 5). If the integral operator, which 
represents oj in the spectral representation of B, is a sufficiently differentiable 
function (vanishing at the boundary points of the spectrum) we can derive 
estimates like \x{t)\ < <^7(1 + with arbitrarily large values of 7. Such 
an estimate leads to the upper bound for the norm (7) 

\\PmP(t)Pn\\i < \XmM < ^ 7(1 + <5 |f|)'^ (13) 

if I Am - A„| > (5 > 0. The constants 7 > 0, d > 0 and (7^, > 0 do not depend 
on the initial state p(0) = p & V{'Rs)- Moreover one can achieve large values 
of 7 and/or small values of the constant if the reference state lj 6 'D{'He) 
is sufficiently smooth. 

These results depend on the reference state lj only via the decrease of 
X{t). We could have chosen a more general initial state W 6 T>{'Hs+e) 

W = '^c^p^®w^ (14) 

with Pft e V{'Hs)^ G P{He) and numbers G R which satisfy 
Sfi WA < °° = f- (f^) dense in VCHs+e)- 

With the arguments given above for factorizing initial states the statement 
of Definition 1 can be derived for all initial states (14), and the sectors PnB-s 
are induced superselection sectors in the sense of this definition. Moreover, 
assuming that the components of the statistical operator W affiliated to the 
environment are sufficiently smooth functions in the spectral representation 
of B, the sum (e“d>'™--^r.)Bt^^) | satisfies a uniform estimate (13). 

Hence the time scale of the decoherence can be as short as we want without 
restriction on p(0) = tr^;lT = p^. 



4.2 The interaction with a Boson field. 

In this section we present a model without the restriction 3) on the Hamilto- 
nian. As specific example we consider an environment given by a Boson field. 
Such models can be calculated explicitly, and they have often been used as 
the starting point for Markov approximations. 
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As Hilbert space %e we choose the Fock space based o n the one particle 
space = >C^(R+) with inner product (/ | g) = f{k)g{k)dk. The 
one-particle Hamilton operator, denoted by e, is the positive multiplication 
operator (e/) (k) := e{k)f{k) with the positive energy function 
e{k) = c - k, c> 0, k E R 4 ., defined for all functions / with 
{l+e{k))f{k) G £^(R_|_). The creation/annihilation operators and a* are 
normalized to [ajtjajJi] = 5{k — k'). The Hamiltonian of the environment is 
then 

roo 

He = e{k)a^akdk. 

Jo 

With a'^if) = f{k)a'^dk and a{f) = f{k)akdk we define field op- 
erators by #(/) := 2~i (a+(/) + a{f)) for real functions / G £^(R+). The 
interaction potential is chosen as B = #(/) with 



(1 -I- £ ^) / S T^(R+) and 



< 2 “ 



(15) 



The restriction 




< 2 2 implies that He — is bounded from 



below, a necessary condition to have a semibounded total Hamiltonian (8), 
see [11], An example for the total Hamiltonian is given by a single particle 
coupled to the quantum field with velocity coupling 



Hs+e = 



)Ie + P<E) ^if) + Is^He 



— - (P ® /b 4- /s ® ^if)) + Is 



He - 



Since the particle is coupled to the field with A = P, the reduced dynamics 
yields in this case continuous superselection sectors for the momentum P of 
the particle. 

The operators (10) Pm are substituted by H\ := He + A#(/), A G R, 
which are Hamiltonians of the van Hove model [8], see also [3] and [5]. The 
restriction (l -1- e^^) / G £^(R+) is necessary to guarantee that all operators 
Hx, A G R, are unitarily equivalent and defined on the same domain. To de- 
rive induced superselection sectors we have to estimate the time dependence 
of the traces Xaffit) := tVEUaj3{t)iJ, a ^ (i, where the unitary operators 
Ua/ 3 {t) are given by 



:= exp{iHat) exp{-iH/3t), 

see (12). In [11] the following results are derived for states uj which are mix- 
tures of coherent states. 

a) Under the restrictions (15) the traces Xapit) do not vanish for t ->■ 00 . 

b) If <?(/) has contributions at arbitrarily small energies, the traces Xaisit), 
a ^ /3, can nevertheless strongly decrease within a very long time interval 
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0 < t < T. Estimates like (13) are substituted by \\Pmp{t)Pn\\i < 
or \\P{A)p{t)P{A’)\\^ < i9(t). But in contrast to (13) the function i9(t) 
increases again if t > T for some large T. 
c) For fixed a ^ j3 a. limit Xap{t) -t 0 for t oo is possible if £ 
£^(R+) is violated, i.e. in the case of infrared divergence. 

A large infrared contribution is therefore essential for the emergence of in- 
duced superselection sectors of the system S. This model has of course not 
the complexity of quantum electrodynamics, where infrared divergence of the 
electromagnetic field is related to the classical static limit of the fields. But 
nevertheless this model indicates that also the classical appearance of the 
matter might be related to the infrared divergence of the electromagnetic 
field. 

The role of infrared divergence can be illustrated by another singular limit 
of the model: the coupling to a free particle. We can restrict the one-particle 
space to the one dimensional space C, and the free field becomes a 
harmonic oscillator of frequency e = e > 0. In the (singular) limit e ^ 0 we 
obtain the Hamiltonian with coupling to a free particle 

He = withcoupling B = Q. (16) 

Then trEUap{t)u} can be calculated by standard methods, see the article [13] 
of Pfeifer, who has used this model to discuss the measurement process of a 
spin. With (16) we can easily derive trEUap{t)oJ — 0 if t — t oo and a ^ j3 for 
all statistical operators w of the free particle. But the Hamiltonian (8) of the 
total system is unbounded from below - corresponding to infrared divergence 
in the field theoretic model. 

As in Sect. 4.1 the choice of the initial state W of the total system can 
be extended to (14) with Pf^ € T>{Hs) and mixtures of coherent states £ 
V('He)- This class of states is again dense in V{'Hs+e)^ and, at least in the 
infrared divergent case, we obtain induced superselection sectors in the sense 
of Definition 1. 

4.3 Models with scattering 

For all models presented so far the projection operators onto the induced 
superselection sectors Pm ® Is commute with the total Hamiltonian 
[Pm ® IsiHs+e] = O. We now modify the Hamiltonian (8) to 

H = Hs+e + P = Hs ® Ie + Is ^ He + A® B + V 

where the operator V is only restricted to be a scattering potential. This 
property means that the wave operator O = lim(_>oo exp{iHt) exTp{—iHs+Et) 
exists as strong limit. To simplify the arguments we assume that there are 
no bound states such that the convergence is guaranteed on Hs+e with 
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I?"*" = 17 Then the time evolution U{t) = exp{—iHt) behaves asymptot- 
ically as Uo{t)0^ with Uo{t) = exp{-iHs+Et)- More precisely, we have for 

all w e v{ns+E) 

^Ihn \\U{t)WU+{t) - Uo{t)f2+WfiU+{t)\\^ = 0 (17) 

in trace norm. Following Sect. 4.1 the reduced trace tTEUo{t)0 '^W HUq {t) 
produces the superselection sectors Pm'Hs which are determined by the spec- 
trum (9) of A. The asymptotics (17) then yields (in the sense of Definition 1) 
the same superselection sectors for p{t) = tr EU{t)WU'^{t). Moreover we can 
derive fast decoherence by additional assumptions on the initial state and 
on the potential. For that purpose we start with a factorizing initial state 
W — p{Q) <8) u with smooth u>. To apply the arguments of Sect. 4.1 to the 
dynamics Uo{t)f2~'^WnUQ {t) the statistical operator 17+ (p ® w) 12 has to be 
a sufficiently smooth operator on the tensor factor TiE for all p € V{'Hs). 
That is guaranteed if we choose as scattering potential a smooth potential in 
the sense of Kato [9]. Then both the limits, (17) and 

limf^oo ll^m {trEUo{t)f2 '^W OUq (t)) Pnllj = 0, m n, are reached in suf- 
ficiently short time. Hence p{t) can decohere fast into the subspaces PrnPs 
which are determined by the spectrum (9) of A. But in contrast to (13) one 
does not obtain a uniform bound with respect to the initial state p(0) , since 
the limit (17) is not uniform in IF e 

A final remark should be added. Although the estimates are not uni- 
form in p(0), the bounds on decoherence are nevertheless stronger than 
those derived in the Coleman-Hepp model [7]. For any given initial state 
p(0) e T’i'Hs) we have an estimate ||p(f)||i < c(l-t-|fl)“'’' with some constant 
c > 0. Consequently, for this initial state p(0) the expectation values tr 5 p(f) A 
are uniformly bounded by \tisp{t)A\ < c ||A|| (1 -f |f|)“'’' for all observables 
A e Such a uniform estimate does not hold in the Coleman-Hepp 

model [2]. 



4.4 A spin model 

The following model illustrates that the assumption 1) on the Hamiltonian 
can be violated only in a restricted sense - e. g. by a scattering potential 
as seen in Sect. 4.3 - in order to maintain induced superselection sectors. 
The model of this section has a non-vanishing commutator [A, ifs], and 
there remain off-diagonal contributions of the statistical operator. But the 
magnitude of these off-diagonal contributions are limited by the magnitude 
of [A,Hs]. 

The Hilbert space of this model is 'Hs+e = P-s ‘Si 'H e with Hs = 
and He = £^(R). The Hamiltonian has the form (8) with the following 
specifications 




Mathematical Aspects of Decoherence 135 



Hs’tp = with ^ £ R^, Pauli matrices, i/j £ C^, 

Hsfix) = bx^ fix) with a positive constant 6 > 0, f{x) € £^(R), 

A= with a real coupling parameter A, 

B fix) = xfix), fix) £ £2(r). 

The total Hamiltonian Hs+e = Hs ® Ie + Is He + >1 0 R is bounded 
from below. The commutator [Hs, A] vanishes only if = const e^. 

The statistical operator of the spin-| system is a spin density matrix 
p("^) = h (1 + with a polarization vector in the unit ball = 

{”^£R^||'^|<l}. For the total system we assume an initial state W = 
P{f) 0 bj where w is a statistical operator on (R) with a smooth integral 
kernel u>ix,y). In [10] the reduced dynamics p(t) = trf;C/(f)TFC/+(f) with 
Uit) = eyi-pi—iHsEEt) is calculated. For t — > oo the operator p(t) converges 
to the state p{~^), where the polarization vector if is given by the linear 
mapping 

:= j dxLjix,x)lfix) i'^ltix)) (18) 

with the unit vector lt(a;) = \lf — Aa;etp^ — Aa;e|). Under appropriate 
conditions for the initial state oj of the environment, the difference 
pW ~ P{~t) can be uniformly estimated by ||p(f) - p('^)||x < c(l + 

The mapping (18) is a symmetric contraction on R®, with the properties 

1. If II et the mapping (18) reduces to Mff = (e^"^), and we obtain 

the results discussed in Sect. 4.1. We have |M = |'^| for || e|, and 
only in this case pit) is not affected by the decoherence. 

2. If has components orthogonal to e^, also the direction of depends 
on and \M^\ < l"^] holds for all vectors 

In the second case there are no projection operators which commute with 
all operators p(M'^), ^ and there are no induced superselection sec- 
tors (as defined above). 

But if [i? 5 , A] is very small, more precisely af -I- -C a^, the vector M 
has very small components orthogonal to e|, and the off-diagonal matrix 
elements of the operators p(M^) are negligible for all '^ £ B^. Hence one 
can still speak about induced superselection sectors in some approximative 
sense. 

5 Concluding remarks 

1. If induced superselection sectors exist, they are fully determined by the 
interaction in the sense of Definition 1. 

2. A fast suppression of the off-diagonal matrix elements Pmpit)Pn, m ^ n, 
of the reduced statistical operator is possible, if the initial state 

W £ T>iV,s+E) has “smooth” contributions with respect to the environ- 
ment, i.e. in the sense discussed at the end of Sect. 4.1. 
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3. A uniform emergence of superselection sectors with respect to 

p(0) € T>{'Hs) is consistent with the mathematical rules of quantum 
theory. But in more realistic models with scattering the estimates are no 
longer uniform with respect to the initial state of the system. 

4. In models with a Bose field as environment a large infrared contribution 
is important for the emergence of induced superselection sectors. 
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Abstract. Decoherence of a quantum system induced by the interaction with 
its environment (measuring medium) may be presented phenomenologically as a 
continuous (or repeated) fuzzy quantum measurement. The dynamics of the sys- 
tem subject to continuous decoherence (measurement) may be described by the 
complex-Hamiltonian Schrddinger equation, stochastic Schrodinger equation of a 
certain type or (nonselectively) by the Lindblad master equation. The formulation 
of this dynamics with the help of restricted path integrals shows that the dynamics 
of the measured system depends only on the information recorded in the environ- 
ment. With the help of the complex-Hamiltonian Schrodinger equation, monitoring 
a quantum transition is shown to be possible, at the price of decreasing the transi- 
tion probability (weak Zeno effect). The monitoring of the level transition may be 
realized by a long series of short weak observations of the system which results in 
controllable slow decoherence. 



1 Models and phenomenology of decoherence 

Decoherence of a quantum system (appearance of classical features in its 
behavior) is caused by its interaction with the environment [1]. Decoherence 
may be presented as a series of fuzzy measurements or as a continuous fuzzy 
measurement (CFM). Hence, any phenomenological description of CFM may 
be considered as a phenomenological description of decoherence [2,3]. 



1.1 Models for continuous fuzzy measurements (decoherence) 
Many models of decoherence in accordance with the scheme 



System 






Environment 



(i.e. including the system, its environment and their interaction) were pro- 
posed [4-15] (see also [1] and references therein). In the model of quantum 
diffusion or quantum Brownian motion [9] a particle moves through a crys- 
tal interacting with its atoms so that the information about its motion is 
recorded in the state of the crystal modes (phonons) . The resulting equation 
for the density matrix of the particle has (in a special case) the form 

P = - ^«[r,[r,p]] (1) 
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with K = 2j]kT/h^ (77 being the damping coefBcient). Another model of quan- 
tum diffusion is constructed in [15] as a model of continuous monitoring of 
the particle position due to its interaction with internal degrees of freedom 
of surrounding atoms. The resulting equation is the same but with the coef- 
ficient K = 2/A^r depending on the radius A of the particle-atom interaction 
and relaxation time r of an atom. 

Both these models describe decoherence, but in the first case it is deco- 
herence by crystal modes while in the second case — decoherence by internal 
structure of atoms. The lesson which may be learnt is that decoherence may 
be treated as a continuous measurement (compare Eq. (1) with Eq. (2)). 

1.2 Decoherence = continuous fuzzy measurement (CFM) 

This feature is in fact general [16]: the process of gradual decoherence may be 
presented (or interpreted) as a process of quantum continuous fuzzy measure- 
ment (CFM). Indeed, an instantaneous (in reality short) fuzzy measurement 
is a measurement (entanglement) having a poor resolution, but in a series of 
such measurements the resolution improves, and finally becomes complete (in 
the case of a discrete spectrum of the measured observable). For example, a 
series of fuzzy measurements of an observable having two eigenvalues changes 
the state of the measured system in the following way: 




Ci|l) -b C 2 I 2 ) — > aiCijl) -f- a2C2|2) 

— ^ /3lO:iCi|l) j32(X2C2\2) 



7l ■ • • AQ!iCi |1) -t- 72 . . . /32Q!2C2|2) 

= ci|l) or C 2 I 2 ). 

The final result of this process may be presented by the von Neumann’s 
projection, while the process itself is nothing else than gradual decoherence 
or CFM. 
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1.3 Phenomenology of CFM (open systems) 

One may describe CFM (decoherence) phenomenologically. This means that 
the environment is not explicitly included in the description, but its influence 
is taken into account phenomenologically, according to the scheme 



System 






In this case the system is considered to be open. 

A nonselective description of an (open) continuously measured system is 
given by the Lindblad master equation [17] which in the simplest case reads 
as follows (compare with Eq. (1)); 

p = -i[H,p]-\K[A,[Ap]]- (2) 

Here A is an observable which is measured continuously and the constant k 
characterizes the measurement resolution (this interpretation was not given 
by Lindblad, but it is clear from another approach, see below Eq. (4) and 
Sect. 2). “Nonselective” means referring to no concrete state of the environ- 
ment (equivalently, to no concrete measurement readout) but accounting for 
all of them with the corresponding probabilities. 

A selective description of the same process refers to a certain state of 
the environment or a certain measurement readout. In the simplest case, 
when the process is considered to be sequential (as in Sect. 1.2) rather than 
continuous, the evolution of the system is presented by the evolution operator 



Ua = U{tN,tN-l)RaN-iU{tN-l,tN-2) ■ ■ ■ {7(^3, *2)7^02 t^(H i ^o) 



equal to the product of unitary evolution operators and positive operators 
presenting results of instantaneous fuzzy measurements, 
a = {fli, tt 2 , . . . ,aiv_i}. 

A more sophisticated way to describe CFM selectively is the nonlinear 
stochastic Schrodinger equation [18-20] 



d\ip) = 



.LH-n{A-{A))^ 



\'ip)dt + V^[A — (A))|'0)du;, dw^ = dt{3) 



in which the influence of the environment is presented by tbe white noise w 
according to the scheme 



System 



Noise 



Different stochastic equations were proposed which impose the same Lind- 
blad equation (2) for the density matrix. It is evident that an additional 






140 Michael B. Mensky 



criterion is necessary to choose the correct selective description even if the 
nonselective description is known. The following approach is unambiguous. 

One may describe CFM selectively by the Schrddinger equation with a 
complex Hamiltonian [21-24] 




- K(^A-a{t)y 



IV’t) 



(4) 



where a{t) is a readout of the continuous measurement of the observable A. 
The norm of the wave function at the end of the process determines the 
probability density of the given measurement readout a{t). In this equation 
the influence of the environment is presented in a more concrete way, it is 
expressed through the information about the system which is recorded in the 
environment, according to the scheme 



-i- Information 



System 

<- 



Influence 



The complex-Hamiltonian equation (4) is equivalent [25,26] to the stochas- 
tic equation (3) while the Lindblad equation (2) follows from any of them: 



Complex-Hamiltonian equation 



^ 

Stochastic equation 



\ 

Lindblad equation 



However the complex-Hamiltonian equation may be derived from general 
principles with the help of restricted path integrals (see Sect. 2), and this 
may be used as a criterion for the choice of the type of the stochastic equa- 
tion. The relationship between different phenomenological approaches to the 
theory of continuously measured systems may be presented by the following 
scheme: 



Selective description Nonselective description 
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i 

Stochastic equation: 

Diosi 1989; Gisin 1989; Belavkin 1989 



Master equation: 
Lindblad 1976 



2 Restricted path integrals (RPI) 

The complex-Hamiltonian Schrddinger equation (4) may be derived in the 
framework of quantum theory of continuous measurements based on re- 
stricted path integrals (RPI) [27-29,24]. An advantage is that Eq. (4) is de- 
rived from general principles in a model-independent way. (However it may 
also be obtained from the consideration of a concrete measuring system, see 
below in Sect. 3). 

The evolution of a closed system is described by the evolution operator Ut, 
\i>t) = Ut\i>o). p' = UtPoUl 

presented in the Feynman version of quantum mechanics by a path integral: 

UT{q'',q') = j = y^d[p](i[g]e" -^0 




An ideology behind the path integral is that the total amplitude is a sum 
of the amplitudes exp(j5[g]/Ii) corresponding to individual paths. In the case 
of a continuous measurement this must be the sum over those paths which are 
compatible with the information supplied by the measurement. This gives an 
integral restricted to a subset of paths, or the usual Feynman path integral 
but with a weight functional depending on the measurement readout a: 

UTiq”,q') = J d\p\d[q]wa\p,q]e^ -fo 
The evolution of the system (depending on the readout a) is then 

1^?) = u^w>o), p? = u^po m)^ 



( 5 ) 
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and the probability density of the readout a is P{a) = Trpy = Ht/irlP (where 
T is the moment when the continuous measurement is over). A complete 
description of the evolution is given in this case by a family of partial evolution 
operators C/f corresponding to all possible measurement readouts a. The set 
of paths corresponding to the given a may be called a quantum corridor 
in analogy with the quantum trajectories of Carmichael [30]. In the general 
case quantum corridors are described by weight functionals Wa, i.e. they have 
“unsharp boundaries” . 

If we do not know the measurement readout or are not interested in it, 
we have to sum up the density matrix over all readouts to obtain 

pT = j da px = j daU^PaiUT)^ ■ 

The resulting density matrix pr is normalized if the following generalized 
unitarity condition is fulfilled: 

J da {U^)^ = 1. 

Consider a special type of continuous measurements, namely monitoring 
an observable. Let an observable A = A{p, q, t) be monitored giving the read- 
out [a] = {a(t)|0 <t< T}. Then the corresponding set of paths is a corridor 
around [a] of the width depending on the resolution of the measurement. 




The weight functional may be of the Gaussian form: 



«^[a][p,9j = exp 





[A(t)-a(t)p 




( 6 ) 
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leading to the RPI of the form 

( 7 ) 

{ T p'l' 

{pq - H{p,q,t)) dt - K J [A{p,q,t) - a{i)) dt 

It is seen that this restricted path integral may be considered as a usual 
(nonrestricted) Feynman integral but with the effective complex Hamiltonian 
[21] depending on the measurement readout [a]; 

Hia] ip,q,t) = H{p,q,t) - iKh. {A{p,q,t) - a{t)f . (8) 

The behavior of the continuously measured system is described then by the 
effective Schrddinger equation (4). The solution of this equation is not nor- 
malized. Its norm at the final moment gives the probability density for the 
function [a] to arise as a measurement readout. 

After summation over all possible measurement readouts (in the present 
case integration over all [a]) we have the density matrix p{t) describing the 
measured system in a nonselective way and satisfying [31] the Lindblad equa- 
tion (2). 

Remark 1. It has been implicitly assumed in the preceding argument that 
monitoring is performed with the absolute resolution of time so that the 
number a{t) is an estimate of the observable A in the precisely known time 
moment t. In some cases the finite resolution of time (inertial properties of 
the measuring medium) must be taken into account. This may be done in 
the framework of the RPI approach [32] and is equivalent to non-Markovian 
approximation in description of the process of measurement (decoherence). 




3 Measurement of energy 



In [33,34,16,35,36] the complex-Hamiltonian Schrddinger equation (4) is ap- 
plied to the case of continuous measurements of energy. Let the system Hamil- 
tonian he Hq + V where Hq presents a multilevel system, H is a driving field 
inducing transitions between levels and the measured observable is Hq. Then 
the effective Schrddinger equation is 



dt 



\'<Pt) = 



-^(Fo+V) 



(Ho - E{t)) \tPt) 



(9) 



where k characterizes resolution of the measurement and [E] is its readout. 

This equation was explored in different situations, in most detail for a 
two-level system under resonance driving field. In [33,34] it was shown that 
for an accurate enough measurement (big k) quantum Zeno effect arises: the 
system is frozen, i.e. Rabi oscillations are prevented. The a priori assumption 
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E{t) = const introduced in [33,34] did not allow the authors to correctly 
consider inaccurate measurements. This was made in [16,35,36]. 

In [16] it was shown that the continuous measurement of energy i) pro- 
vides a model for the process of decoherence, i.e. gradual approaching to the 
von Neumann projection on one of the energy levels and ii) allows visual- 
ization (with restricted precision) of Rabi oscillations. In [35] it was shown 
that a level transition may be monitored by the continuous measurement of 
energy without too strong back influence to its dynamics, and the concrete 
experimental setup was proposed for realization of such a measurement. In 
[36] a much larger class of realizations (by a long series of short weak in- 
teractions with a subsidiary system) was considered. The quadratic form of 
the imaginary term in the effective Hamiltonian in Eq. (9) turned out to 
be universal, independent of concrete features of interactions in the series (a 
quantum analogue for the limiting theorem of probability theory) . 

4 Features of the RPI approach 

The RPI approach to continuous quantum measurements follows from gen- 
eral principles (Feynman form of quantum mechanics) and may also be de- 
rived from models of the measurement. This demonstrates its fundamental 
character. With this approach, Feynman quantum mechanics becomes close 
(self-sufficient) since it includes theory of measurements as well. The RPI 
approach reveals the role of information in the back influence of the mea- 
suring medium, or environment [37]. In fact, back influence described by the 
effective Schrodinger equation (4) or by the partial evolution operator (5) or 
(8) depends only on the measurement readout, i.e. on the information about 
the system recorded in its environment (see the upper scheme on page 140). 

Let us note at the end that the RPI approach has similarity with the 
consistent-histories (CH) approach in quantum mechanics [38-40]. Quantum 
corridors in the RPI approach are similar to histories in CH approach. The dif- 
ference is that the former approach deals with open (continuously measured) 
systems while the latter is developed for closed systems. In the measurement 
situation the closed system in the CH approach includes both the measured 
and measuring subsystems, while in the RPI approach only the measured sys- 
tem is included, while the influence of the environment is taken into account 
implicitly. This is why in the CH approach together with the given family of 
histories more coarse-grained families have to be considered and consistency 
between them must be required. On the contrary, in the RPI approach the 
family of quantum corridors is fixed because it implicitly describes the given 
environment. Hence, no consistency condition has to be imposed. 



5 Conclusion 

• Continuous fuzzy measurements give models for gradual decoherence 
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• The dynamics of a continuously measured (decohering) system depends 
only on the information recorded in its environment. 

• A quantum continuous fuzzy measurement allows one to monitor a quan- 
tum transition with moderate back influence on its dynamics. 

• Such a measurement may be realized by a long series of short weak in- 
teractions with a subsidiary system. The resulting evolution is correctly 
described by a quadratic imaginary term in the Hamiltonian. 
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Abstract. The EPR-paradox can be resolved by a relaxation of the locality prin- 
ciple which allows for a nonlocal objectification. Since quantum theory of mea- 
surement does not lead to a decoherence of the measurement results but rather 
excludes pointer as well as system objectification, the relaxed locality principle be- 
comes meaningless and must be replaced by a new one. However, quantum theory 
of measurement does not explain the nonlocal EPR-correlations. Moreover, it seems 
that this problem is intimately related to the objectification in the measurement 
process. Here, we show that two attempts for explaining the objectification would 
presumably also provide a dynamical explaination of the nonlocal EPR-correlations. 



1 Introduction 

The EPR-Gedankenexperiment [6] in the version of two correlated spin 1/2 
systems [2] is the origin of an important paradox. The quantum mechani- 
cal treatment of the experiment leads to probabilities for the experimental 
outcomes which are in excellent agreement with the experimental results by 
Aspect et al. [1]. However, the interpretation of these results by means of J. 
von Neumann’s [11] theory of quantum measurements shows, that Einstein’s 
locality principle is no longer tenable, since it would lead to probabilistic re- 
lations - the Bell inequalities - which disagree with the quantum mechanics 
[9]. This is the well known EPR-paradox which can be resolved by a con- 
venient relaxation of the locality principle. This relaxation allows for some 
weak nonlocal influence corresponding to an “objectification at a distance” 

[7]. 

However, within a systematic quantum theory of measurement [3] these 
nonlocal effects cannot be confirmed. Moreover, recent results about nonob- 
jectification (see [4], [8]) seem to exclude the possibility of an “objectifica- 
tion at a distance”. Hence, we reconsider the EPR-arguments in the light 
of the present quantum theory of measurement and the nonobjectification 
theorems. We find that the EPR-paradox can again be resolved by relaxing 
Einstein locality, but it follows also, that the nonlocalities which are induced 
in this way, cannot be explained within the quantum theory of unitary pre- 
measurements. If, however, the problem of objectification were solved by a 
convenient modification of the quantum theory of measurement, then this 
modified theory would also explain the nonlocal EPR correlations and the 
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objectification at a distance induced by them. We illustrate this connection 
by two attempts to explain the objectification in the measurement process, 
the incorporation of the environment [12] and the modification of quantum 
mechanics by nonlinear terms [5]. 

2 The EPR-BA experiment 

Consider two different spin 1/2 systems Si and S 2 (e.g. proton and neutron) 
with Hilbert spaces Hi and H 2 , respectively, and assume that the compound 
system 5 = 5i + ^2 is in the pure state 

^ ^ {‘^+n ® ® ‘^+n} ' 

Here we denote the spin observables with respect to the systems and S 2 
by (7i(n) and cr 2 (n), respectively, where the spin direction is described by a 
unit vector n in the Poincare sphere [8]. The eigenstates are then given by 
and and fulfill the eigenvalue equations (with eigenvalues Sk = ±1) 

ak (n) (fc = 1, 2) . (2) 

The reduced mixed states of the subsystems and S 2 are 




(By P[ 9 ?] we denote the projection operator onto ip). The observables (Ti(n) 
and <72 (n) can also be written as observables of 5 = 5i + ^2 



^i(n) := <7i(n) ® I 2 , H 2 (n) := li ® <72(n) . (4) 

A Luders measurement {Mi) of the observable Ai(n) (without reading) 
transforms the state operator W = P[<P] of the compound system S into 
the Luders mixture WL{n) 









(2) 



+ -P 






(5) 



There is a strong correlation between the measurement results fi {<ti (n) } and 
/7{<72(n)} of the two spin observables such, that 



/i{(Ti(n)} = ±1 M{o-2(n)} = =Fl (6) 

holds. This means, that if Ai(n) was measured with the result si = +1, say, 
then a measurement of ^ 2 ( 11 ) will lead with certainty to the result S 2 = — 1. 
If the second measurement refers to an observable ^ 2 ( 11 ') with a different 
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spin direction n' ^ n, then one can no longer predict the result S2 = — 1 with 
certainty. In this case quantum mechanics provides the probability 

Pi2(n,-n') j(l + nn'), (7) 

for measuring the n-spin on system Si and the (-n')-spin on S2, and hence 
the conditional probability 



p(n, -n') = 1(1 + nn') , (8) 

for obtaining the (— n')-spin on system S2 if the n-spin was measured on 
system Si- 

Generally, quantum measurements are performed by observers who are 
equipped with measurement apparatuses. Here we consider two observers Bi 
and B2 and apparatuses Mi and M2 for measurements of the observables 
(Ti(n) and cr2(n), respectively. We will assume here, that the compound sys- 
tem has a large extension and that the subsystems Si and S2 as well as the 
observers jE?i and B2 have a macroscopic distance R. In the experiment men- 
tioned in [1] the distance R is about 14m . Recent experiments work with 
distances of several kilometers. 

3 The EPR-paradox 

On the basis of this Gedankenexperiment, which is also realized by photons 
[1], the EPR-paradox can be derived if the following two principles are taken 
for granted. 

1 . The principle of reality i? := i?i — t R2 

If the value Ai of an observable A can be determined without altering the 
system S, then a property P{Ai) which corresponds to this value of A pertains 
to the system S. 

2 . The principle of locality T := Li — > L2 

If two systems cannot interact with each other, then a measurement with 
respect to one system cannot alter the other system. 

If after the preparation of the state ^{S) the systems Si and S2 are 
separated into distant regions of space, then the systems cannot interact with 
each other. Hence the premise Li of the locality principle is fulfilled and thus 
the conclusion L2 is valid. This means that the measurement of cti (n) cannot 
alter S2 in any way. However, since the result si of the <7i(n) measurement 
determines the value S2 = — si of the observable (J2(n); the premise Ri of the 
reality principle is fulfilled. Hence we obtain the conclusion i?2 which means 
that the value S2 of cr2(n) pertains to the system S2 after the preparation, 
see Fig. 1. 
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Fig. 1. Schematic representation of the EPR-contradiction. 



Since these arguments can be applied to spin observables <ri(n) and a 2 (n) 
with arbitrary directions n, it follows that for any direction n the value S 2 of 
<T 2 (n) pertains to the system S 2 after the preparation of !?(S). This means, 
that the observable < 72 ( 11 ) can be weakly objectified with respect to the mixed 
state W 2 {S 2 ) of the subsystem S 2 , or that the mixed state W 2 {S 2 ) admits an 
ignorance interpretation with respect to the states and see [4], 
However, ignorance interpretation of the mixed state W 2 {S 2 ) is not in 
accordance with quantum mechanics for the following reason. Assume that 
CT 2 (n) is weakly objectified with respect to the system S 2 in the state H 2 . 
Then on can attribute a value S 2 € {1,-1} of < 72 (n) to the system S 2 in 
the mixed state W 2 , such that this value S 2 pertains to the system with 
probability p= 1 / 2 . 

This conclusion means that the observable A 2 (n) = li ® < 72 (n) is weakly 
objectified with respect to the compound system S in the pure state <?. This 
implies that probabilities for values of an observable B of the compound 
system S must be calculated by means of the mixed state 



HV = iP+_(n,n) + iP_+(n,n) , 

with the notation 

Pi,(n',n") :=P 



® 'f’in” 



i,k 6 {+,-}. 



(9) 

( 10 ) 



For the test observable 

P(n',n") :=<7i(n')® 0 - 2 ( 11 ") = ^ PifcPifc(n', n") , (11) 

i,k 

with eigenvalues S++ — B = 1, P_)__ = P_ 4 _ = -1 one obtains 



P'l’iBik) = tr{HVPifc(n',n")} 



( 12 ) 
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For the special choices of >F, A, and B it follows 

pg,{Bik) = tr{P[^]Pik{n',n")} = \{1- Ba{n'n")) 

= tr{W^ Pikin', n")} = |(1 - Bik{nn'){nn")) . (13) 

Hence the condition (12) of weak objectification (WO) assumes for all 
values Bik the special form 

n'n"-(nn')(nn") =0. (14) 

Since this equation is violated except for a few special triples (n, n',n"), it 
follows that weak objectification of A and hence ignorance interpretation of 
W 2 is not compatible with quantum mechanics. This contradiction between 
the consequences of the principles R and L and quantum mechanics is the 
content of the EPR-paradox. It should be mentioned, that from the condition 
(14) one can easily derive Bells inequalities which are known to contradict 
quantum mechanics [8], see Fig. 1. 

4 Attempt to resolve the paradox 

A measurement of <Ti(n) on the system Si corresponds to a measurement 
of Ai(n) on the compound system S. According to the theory of quantum 
measurements in the sense of J. von Neumann [11], in the first step of the 
measuring process the state W = P[^] of 5 is altered into a mixture of states 

r(VFi(n)) = > (15) 

and in a second step the result si is read by the observer. Hence a measure- 
ment of (Ti (n) on Si (with or without reading) induces a change of the initial 
state W 2 of S 2 into a mixture of states 

r(W2(n)) = {v^(.2),V^L"^} , (16) 

irrespective of the spacial distance of the systems Si and 82 - One could think 
again of two observers Bi and B 2 in a large distance R, where B\ measures 
(Ji(n), and B 2 measures cr 2 (n). It is obvious that under these conditions 
the locality principle L is untenable. Even if “two systems cannot interact 
with each other” and thus Li is fulfilled, a measurement with respect to 
one system can alter the other one such, that some observable is objectified, 
in disagreement with L 2 . A relaxation of the locality principle which is in 
accordance with the measuring process is then given by weakening L into the 
relaxed principle of locality A = Ti — 1 1;2 with 

L 2 . “a measurement with respect to one system can alter the other one at 
most such that some observable is objectified on this system.” If one 
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makes use only of the relaxed locality principle L = Li — ^ Lji then the 
paradox mentioned disappears since from L 2 one can no longer derive the 
premise of the reality principle. Hence one can neither deduce R 2 nor the 
weak objectification relation (14) nor Bell’s inequalities. However, the price 
for this consistency is very high: The weak locality principle allows for some 
“objectification at a distance”, a nonlocal influence on a physical system, the 
dynamics of which is completely unknown. 



5 Quantum theory of measurement 

According to the modern quantum theory of measurement the measuring 
process consists of three steps, (i.) preparation, (ii.) premeasurement, and 
(iii.) objectification and reading. If the object system S is prepared in state 
'^{S) and the apparatus is in its neutral state ${M), then the compound 
system 5 + M is prepared in the state J?(5 + M) = ^{S) ® #(M). Here 
we consider a repeatable unitary premeasurement of the observable A with 
eigenstates !?*. In the second step, the premeasurement, a unitary operator 
Ua is applied to the state 0{S + M) such that 



UAn{S + M) = f2'{S + M) = Y^Ci<Pi(g>$i (17) 

i 

with Cj = ('I'i, !?) and pointer states j. If after the premeasurement the object 
system S and the apparatus are considered separately, these two systems are 
described by the mixed states 

It is a most important result that the third step of the measurement 
process, the objectification, cannot be explained by unitary premeasurements. 
Objectification means in the present case the transition from the mixed states 
Wg and to the weighted mixtures of states 

r’s = {!?i, |c/} and rj^ = {$i, \af] . (19) 

Obviously, the measurement process and the nonobjectification theorems 
provide the following problem. If the objectification of ui (n) on system 5i 
cannot be achieved by unitary premeasurements, then it is meaningless to as- 
sume that the objectification on S\ induces an “objectification at a distance” 
on S 2 such that the mixed state W 2 is transformed into the mixture of states 
r ( 11 ^ 2 ( 11 )). It is then also meaningless to relax the locality principle in the de- 
scribed way, since the weakened principle L allows for nonlocalities which will 
never occur. What really happens is the interaction between S and M within 
the framework of the unitary premeasurement, and it must be excluded that 
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this premeasurement leads to nonlocalities. This can be achieved by replacing 
the conclusion L2 of the locality principle by the following relaxation 

L'2 : “a premeasurement with respect to one system cannot alter the 

other system in any way”. The locality principle L' = Ti — 1 L'2 

which is in accordance with the quantum theory of unitary premeasurements 
is sufficiently weak in order to prevent, that the premise Ri of the reality 
principle can be derived and applied to the EPR situation. Indeed, since by 
L'2 it is merely excluded that a premasurement of cti (n) can alter S2 in some 
way, the effect of a fuff measurement is feft open. Hence, one cannot derive 
the premise R\ which states that a ai (n)-measurement with the resuft si 
determines the result S2 = -si for a subsequent 0-2(11) -measurement without 
influencing system S2 in any way. Consequently, the EPR paradox will not 
appear. 



6 The EPR measurement process 

There is, however, still an open problem. One has to explain on the basis of 
unitary premeasurements in which way system S2 is influenced by the spin 
measurement on system Si . The existence of strong correlations between the 
measurement results Si and S2 is confirmed to a very high degree of accuracy 
by experimental evidence, in full agreement with quantum mechanics. Hence 
one gets the impression that even if the observer B2 does not read the result 
on the system S2, the value S2 is objectified, i.e. one of the possible values 
S2 = ±1 pertains objectively to system ^2. This means that the mixed state 
W2 of S2 after the premeasurement admits an ignorance interpretation with 
respect to the values and states of the observable 0-2(11). Since in general 
ignorance interpretation of mixed states is not possible, one has to make 
clear whether in the present case the ignorance interpretation of the mixed 
state W2 can be justified by the quantum theory of measurement. 




Fig. 2. Schematic representation of the measurement process. 
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In the measuring scheme in Fig. 2 it is obvious from the previous discus- 
sion that the reduced mixed states 1^1(51) and W 2 {S 2 ) of the preparation 
’f'(S') do not allow ignorance interpretation. Here, however, we are interested 
in the ignorance interpretation of the post-premeasurement reduced mixed 
states IF/ (S':) and W 2 (S 2 )- If the unitary operator U of the premeasurement 
fulfills the calibration conditions 

U <S> 0 0 ^+- , 

U 0 0 ^ 0 0 $-+ , ( 20 ) 

then it follows for the preparation !?(5) 0 (M) = Q{S -1- M) 



Hence, the post-premeasurement reduced mixed state of the compound 
system S = Si + S 2 reads 



IF^ = \P 0 + IP 0 , 

and the subsystems are in the reduced states 

IF/(5i) = tv2 W's = \P + \P , 

IF/(52) = tn IFi, = IP + \P , 



( 22 ) 



(23) 



which agree with the corresponding states IFi(5i) and IF2(5'2) in the prepa- 
ration state 'P{S). This means that the system Si and S 2 are in the same 
mixed states before and after the measurement. 

The states IFi and IF2 before the premesurement do not admit ignorance 
interpretation on account of the nonobjectification theorems mentioned. How- 
ever, the decisive question is whether the states W[ and IF2 after the premea- 
surement admit ignorance interpretation. Let us assume that the observable 
cT2(n) is weakly objectified in IF2. Then it follows by the same reasons as 
above, that the probabilities for the values of an observable B{Si 4- S 2 ) of the 
compound system S = Si + S 2 must be calculated by means of the mixed 
state Eq. (9) which is just given by IF^ in Eq. (22). It is obvious, that there 
is no discrepancy between probabilities of P-values of system S which follow 
from the weak objectification assumption and those values which follow by 
straightforward quantum mechanical calculations. 

Hence, at first glance one gets the impression that the post-premasurement 
mixed states W( and actually admit ignorance interpretation and that 
the expected difficulties for interpreting the EPR experiment disappear. This 
is, however, not the case. Clearly, one cannot disprove the ignorance inter- 
pretation of IF2 by investigating probabilities of observables of the system 
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S after the premeasurement. However, the following argument must be ap- 
plied here: If observable < 72 (n) is weakly objectified in the state W 2 (S 2 ) then 
the observable li <8 < 72 ( 11 ) is weakly objectified with respect to the system 
S = 5i -h 5a. If li ® <72 (n) is weakly objectified in the mixed state W^g(S) 
of the object system S then the observable (li 8 < 72 ( 11 )) 8 1m is weakly ob- 
jectified in the compound system S + M. Hence, probabilities of observables 
B{S + M) of S + M must be calculated by means of the mixed state 



Wn, = ip 






( 2 ) 

'‘P-n 



i 



+ ^P [ 






( 2 ) 






-+] • (24) 



Since the system S' -I- M is known to be in the pure state f2'{S -t- M) in 
Eq. (21) ^ne obtains again a contradiction between the assumed ignorance 
interpretation and quantum mechanics. Indeed, for convenient observables 
B{S + M) probabilities which are calculated by means of Q’ do contain 
interference terms whereas probabilities calculated by means of Wq' do not. 
It is obvious, that this discrepancy can only be observed by experiments 
with observables B of system S -t- M and not by experiments of the kind 
performed by Aspect et al. [1]. This is the well known argument for the 
nonobjectifiability of the pointer observable. 



7 EPR-correlations and the measurement process 

Hence, we find that the <72-objectification in the state W 2 implies the pointer 
objectification in state J?'. This means that the pointer objectification is a 
necessary condition of the <72-objectification in the EPR experiment. Since 
the pointer objectification is disproved in the quantum theory of unitary 
measurements, it follow that also the objectification by EPR correlations is 
untenable within the framework of this theory. If, however, the measurement 
problem were solved in some way, then the objectification in the EPR ex- 
periment would no longer be excluded. Moreover, if some physical effects are 
known to provide pointer objectification, then these effects will presumably 
also explain the objectification at a distance in the EPR experiment. This 
intimate relation between the EPR correlation and the measurement problem 
can be illustrated by two models for the measurement process which provide 
pointer objectification. 

1.) If the compound system 5 + M is considered as an open system in an 
environment E, then the closed total system S + M + E will be subject to 
a unitary dynamics which leads to a nonunitary evolution of the subsystem 
5 -I- M in such a way that its mixed state after the premeasurement admits 
ignorance interpretation with a very high degree of accuracy. The quantum 
mechanical coherence originally present in the compound system 5 -f M is 
not really destroyed by the environment but merely displaced into the many 
degrees of freedom of the system E, see [12]. If the environment is assumed 
to possess an infinite number of degrees of freedom, then the mixed state of 
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S + M admits ignorance interpretation without any limitation. If S' + M is 
in a mixture of states 

jyjW ® ® ® (g) 1 , (25) 

then S will be in a mixture of states 

® (p'lI O } . (26) 

and hence also the subsystems Si and S 2 with states T4^i'(Si) and re- 

spectively, will be in mixtures of states. Formally, this follows since the above 
mentioned argument against the ignorance interpretation of the states W[ 
and W 2 cannot be applied in the present case. Physically, the environment 
induces the objectification of the Si -observable <Ti(n) simultaneously with 
the objectification of the S 2 -observable <T 2 (n.). The dynamics of this simul- 
taneous objectification at distant systems is the displacement of the initial 
quantum coherence into the degrees of freedom of the environment E. Hence 
the environment acts - as a common cause [10] - and provides simultaneously 
the objectification of <Ti(n) and <72 (n). 

2.) The nonlinear modification of quantum mechanics [5] explains the ob- 
jectification by means of an overall damping mechanism which destroys the in- 
terference terms on the macroscopic level, which otherwise would prevent the 
pointer-and system objectification. In this way the same damping mechanism 
which allows for the weak objectification of the 5-observable <7i(n) ® 0 - 2 ( 11 ) 
provides also and simultaneously the objectification of o-i(n) and 0-2 (n) in 5i 
and 52, respectively. Hence, we find that the nonlinear damping acts again 
as a common cause [10] which provides jointly the objectification of the ob- 
servables <Ti (n) and 0^2 (n) . 

8 Conclusion 

Within the framework of von Neumann’s theory of quantum measurements 
the EPR paradox can be resolved by a relaxation of Einsteins locality con- 
dition: The objectification of the 5i-ohservable cri(n) induces the objectifi- 
cation of the 52-observable <72 (n), irrespective of the distance R of the two 
systems. This nonlocal influence of the <Ti(n) measurement (without reading) 
on the system S 2 may be understood as an “objectification at a distance”. 
According to the present day quantum theory of measurement the objecti- 
fication of the c7i(n) observable after a unitary premeasurement cannot be 
explained. Hence, the mentioned description of the EPR experiment is rather 
irrelevant: The unexplainable <7i(n) objectification induces by some unknown 
nonlocal influence a t72(n) objectification which even by local interactions 
could not be explained. This means that the objectification in the measure- 
ment process - the so-called “measurement problem” - is in fact the key for 
understanding the EPR correlations. Only if the measurement problem were 
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solved in some way one could hope to explain also the nonlocal correlations 
in the EPR experiment. The two attempts to solve the measurement problem 
which were mentioned here illustrate these statements. The same mechanism 
which leads to pointer objectification provides also an explanation of the EPR 
correlations. It should, however, be kept in mind that there are many serious 
objections against the two attempts mentioned, which will not be repeated 
here, see [3] and [8]. The problems of objectification disappear in the alterna- 
tive theories but new problems arise due to the lack of a unitary development 
in the measurement process. 
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Abstract. A clarification of the heuristic concept of decoherence requires a con- 
sistent description of the classical behavior of some quantum systems. We adopt 
algebraic quantum mechanics since it includes not only classical physics, but also 
permits a judicious concept of a classical mixture and explains the possibility of the 
emergence of a classical behavior of quantum systems. A nonpure quantum state 
can be interpreted as a classical mixture if and only if its components cire disjoint. 
Here, two pure quantum states are called disjoint if there exists an element of the 
center of the algebra of observables such that its expectation values with respect 
to these states are different. An appropriate automorphic dynamics can transform 
a factor state into a classical mixture of asymptotically disjoint final states. Such 
asymptotically disjoint quantum states lead to regular decision problems while ex- 
actly disjoint states evoke singular problems which engineers reject as improperly 
posed. 



1 On the classical behavior of quantum systems 

Since the first years of quantum mechanics the relation between quantum- 
theoretical and classical descriptions has been controversial. According to 
Niels Bohr measuring instruments must be described classically. He justi- 
fied his view by the remark that a prerequisite of any communication is the 
possibility of a description of facts in a classical language.^ Every reasonable 
statement about an experimental fact has to be either true or false. This 
condition requires a domain of discourse which has a classical Boolean de- 
scription. In a theoretical description the Boolean character is characterized 
by the absence of coherent superpositions of states describing this domain. 
Bohr’s requirement reflects the actual scientific practice: every experiment 
ever performed in physics, chemistry and biology has a classical operational 
description. In the early years of quantum mechanics it has not been realized 
that quantum systems are capable of developing classical structures so that 
these two reasonable requirements have often been considered as contradic- 
tory.^ 

^ Compare for example Bohr (1949), p.209. 

^ For example, Bohr argued that the description of a me£isuring instrument cannot 
be included in the realm of quantum mechanics. Most clearly Bohr stated his 
view in a letter of October 26, 1935 to Schrodinger: “Das Argument ist ja dabei 
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To discuss the emergence of classical behavior of quantum systems we 
need a single theory which allows a coherent description of quantum physics, 
classical mechanics, electrodynamics, and engineering physics in the same 
mathematical language. A convenient framework for such a unified descrip- 
tion is the formalism of algebraic quantum mechanics. Algebraic quantum 
mechanics is nothing but a mathematically precise and complete codifica- 
tion of the heuristic ideas of quantum mechanics of the pioneer days. It is a 
general representation theory of the basic kinematical symmetry group and 
the associated canonical commutation relations. It is valid for microscopic, 
mesoscopic and macroscopic systems with finitely or infinitely many degrees 
of freedom. They can be either purely quantal, purely classical or mixed 
quantal/classical. 

A quantum system is called classical if its algebra of observables is commu- 
tative. In this case, we speak of a classical quantum system. By construction, 
a classical quantum system never contradicts the Heisenberg inequality for 
noncommuting observables. The behavior of a classical quantum system de- 
pends on the physical value of Planck’s constant h. The still widely held view 
that classical mechanics is the limiting case for vanishing Planck’s constant 
h is untenable. Since the fictitious limit S ->■ 0 does not exist in the norm 
topology, there is no universal classical limit of quantum mechanics. 

2 Individual and statistical descriptions 

Many discussions of the emergence of classical behavior of particular quan- 
tum systems are flawed by severe category mistakes. Philosophers speak of a 
category mistake when a term that belongs to one category is treated as if it 
belonged to another. In quantum physics a popular category mistake is the 
confusion of individual and statistical descriptions. A related category mis- 
take occurs when one gives an ontic answer to an epistemic question, or an 
epistemic answer to an ontic question. The problem of the ontology of a sci- 
entific theory refers to the problem of the existence of the postulated entities. 
Ontological realism is the doctrine that at least part of nature is independent 
of human beings. An ontic description refers to the intrinsic properties of an 
individual object system, irrespective of whether we know them or not, and 
irrespective of observational arrangements. An epistemic description refers to 
our knowledge of the properties or modes of reactions of observed systems. 
Ontic descriptions reflect some “laws of nature” , while epistemic descriptions 
summarize the results of observations and experiments. 

As it is well known from classical mechanics, the mathematical formal- 
ism required for an individual description is different from the formalism 

vor allem, dass die Messinstrumente, wenn sie als solche dienen sollen, nicht in 
den eigentlichen Anwendungsbereich der Quantenmechanik einbezogen werden 
kdnnen.” Quoted on p.510 in Kalckar (1996). 
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required for a statistical description. A basic postulate for a statistical de- 
scription is Mackey’s axiom IX which calls for the commutativity of the 
operation of mixing with the time evolution.® This postulate implies the lin- 
earity of the dynamics of any statistical theory. Well-known examples are 
Koopman’S Hilbert-space formalism (which rephrases the nonlinear Hamil- 
tonian equations of motion of classical point mechanics in terms of linear 
equations of motion for classical statistical mechanics), the equivalence of 
nonlinear stochastic differential equations in the sense of ITO (which provide 
a stochastic individual description) with the linear Fokker-Planck equations 
(which give a statistical ensemble description) . This connection suggests that 
the linear .?chrddinger equation refers to a statistical description and that 
any suggested nonlinear generalization of the Schrddinger equation is inap- 
propriate for a statistical description. 

On the other hand, there are no arguments against a nonlinearity of the 
Schrodinger equation for an individual description. The linearity of the dy- 
namics of statistical quantum mechanics has absolutely nothing to do with 
the quantum-mechanical superposition principle. The superposition princi- 
ple just says that one can construct a completely new pure state from any 
two different pure states. Nonlinear equations for the dynamics of individual 
states do not violate any fundamental laws of quantum mechanics but can 
be derived from the interaction between quantum and classical systems. 

The so-called “wave function collapse” is an example for a category mis- 
take which confuses individual and statistical descriptions. In the individual 
description the time evolution transforms an individual state into an individ- 
ual state, never into a mixture of individual states. If one refers to a collapse 
of a coherent superposition of individual states into a statistical mixture of 
individual states, one commits a category mistake. If we describe a measure- 
ment process statistically, we have to use linear equations of motion. The 
resulting final state describes a statistical ensemble, never a particular out- 
come. On the other hand, an individual description of the measuring process 
requires a nonlinear stochastic dynamics whose ensemble average results in 
a linear dynamics and corresponds to the usual equations of motion for the 
statistical state. 

3 C*-algebraic description of individual systems 

Among all the abstractions of classical science the idea of an isolated system 
is central. Yet, on the fundamental level there are no isolated system. Every 
physical system is interacting and entangled with the rest of the world which 
we call its environment. Long ago, Arthur Eddington stressed that “the 
environment must never be left out of consideration”.^ This implies that the 
evolution of any object system is not governed by intrinsic laws only. Since 

® Mackey (1963), p.81. 

Eddington (1946), p.l3. 
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the environment of every material object includes the electromagnetic field, 
a proper discussion of finite open systems requires a theory which can handle 
infinite systems.^ 

Ontic and epistemic descriptions have not only categorially different refer- 
ents but they require also different mathematical tools. Ontic descriptions are 
intended to have quite universal validity and should give - as far as possible 
or reasonable - a context-independent description of the material world. On 
the other hand, every epistemic description depends on the observational con- 
text: it refers to empirical observations obtained via our cognitive apparatus 
or by instruments used by the experimentalist. Typical for epistemic descrip- 
tions are phenomenological Hamiltonians and phenomenological laws which 
depend on contextual parameters like relaxation times or diffusion constants. 

Relative to a fixed universe of discourse a context-independent ontic de- 
scription of an individual physical system can be given in terms of an abstract 
C*-algebra 21.® A state of the system is represented by a positive linear func- 
tional p on 21, p(l) = 1, p{A*A) > 0 for all A S 21 . The set 6(21) of all state 
functionals on 21 is a convex and weak* compact subset of the dual 21* of 
21, so that by the Krein-Milman theorem the state space 6(21) is the weak* 
closed convex hull of the set ip(21) of its extreme points. The elements of 
?P(21) are called pure state functionals since they cannot be decomposed into 
different state functionals. More precisely: A state functional p € 21* is pure 
if and only if p = ppi {I- p)p 2 with pi , p 2 £ ® (21) and 0 < p < 1 implies 
P = Pl= P2- 

If a system with the C*-algebra 21 is described by the state functional p, 
then the reduced state functional of a subsystem described by the C*-algebra 
C 21 is given by the restriction p® of p to 18 , 

P®(jB) := p{B) for all B 6 *8 , p® 6 ®* . 

As a rule, the restriction of a pure state functional is not pure. The fact that 
a system consisting of an object system and its environment may be in a pure 
state without the object system being in a pure state is a typical quantum 
phenomenon reflecting the nonseparability of quantum systems. A reduced 
quantum state functional allows the evaluation of all expectation values of 
the observables of the object system but gives no information about the 
holistic correlations between the object system and its environment. Nonpure 
states are usually called “mixed states” but we shall avoid this term since 

^ The uniqueness theorem by Stone (1930) and VON Neumann (1931) implies 
that traditional quantum mechanics is valid only for systems with finitely many 
degrees of freedom. 

® A *-algebra 21 is a collection of mathematical objects A,B,C,. . . that can be 
combined linearly, multiplied in a bilinear and associative way, and mapped by 
the conjugate linear *-operation A — > A* which satisfies A** = A and (AB)* — 
B* A* . If a *-algebra 21 is endowed with a Banach-space norm || ■ || with the 
properties ||AR|| < ||A||||B|| and ||A*A|| = 1|A||^, then 21 is called a C*-algebra. 
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it is conceptually misleading. As a rule, nonpure quantum states cannot be 
interpreted as mixtures of individual states. 

A C*-algebra is a topological algebra with the extraordinary property 
that its topology (the so-called norm topology) is determined algebraically. 
Hence the topology of a C*-algebra is intrinsic and does not depend on any 
experimental context. The chosen C*-algebra 21 characterizes the chosen uni- 
verse of discourse. Relative to this universe the context-independent intrinsic 
properties can be represented by the selfadjoint elements of the C*-algebra. 
They describe what is taken to be real independently of any observation. 

4 Inequivalent epistemic descriptions 

A most interesting feature of algebraic quantum mechanics is that it provides 
the mathematical tools for the construction of contextual descriptions. A new 
coarser, contextually selected topology can be introduced by picking out a 
particular reference state, given by a positive linear state functional p on the 
context-independent abstract C*-algebra 21 of intrinsic properties. The so- 
called GNS-construction (according to Gelfand, Naimark and Segal) allows 
the construction of a context-dependent Hilbert space Tip and an associated 
faithful representation 7Tp(2t) of the C*-algebra 21 acting onUp.^ The closure 
of 7Tp(2t) of the C*-algebra 21 in the weak topology of the algebra ^{'Hp) of 
all bounded operators acting on "Hp is a context-dependent W*-algebra DJtp, 
7Tp(2t) C C ^{'Hp), called the algebra of contextual properties.^ Every 
W*-algebra is a C*-algebra, but not every C*-algebra is closed in the coarser 
W*-topology. The new contextual topology on 21 which is induced by the 
reference state functional p corresponds to the weak operator topology on 
^{Up). 

The (T-weak topology induced by the reference state functional p is of 
crucial importance for the representation of statistical states. It is a continu- 
ity requirement necessary for a continuous representation of the contingent 
initial conditions. While all state functionals of the basic C*-algebra 21 rep- 
resent individual states, not all states on the C*-algebra 21 of intrinsic prop- 
erties are admissible states for a contextual statistical description in terms 
of the W*-algebra OJtp of contextual properties. In analogy to the concept of 
additivity of a measure in classical probability theory a linear positive func- 
tional (f on a, W*-algebra fMp is said to be completely additive if it satisfies 
(p{VF„) = ^‘p(Fn) for every set {Fn\ of pairwise orthogonal projections in 
^p, FnFm = 0 for n 7 ^ m. In measure theory the additivity of a measure im- 
plies Lebesgue’s monotone convergence theorem. In analogy, a linear positive 
functional ip is said to be normal when yp{M„) t for each monotonically 

For all mathematical questions we refer to Takesaki (1979), chapter I, section 

9. 

® A W*-algebra 9J1 is a C*-algebra which is the dual of some Banach space 9T1», 

called the predual of SDt, 9H = (OT,)*. 
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increasing net {M„} of operators M„ in 9Jlp with least upper bound M. Sta- 
tistical states are represented by normal state functionals; they are elements 
of the predual (9Kp)* C (9Hp)* of the W*-algebra DJlp of contextual observ- 
ables. Note that in a particular representation only a small portion of the 
state functionals on the algebra 21 of intrinsic properties corresponds to oper- 
ationally accessible cr-additive statistical state functionals. The contextually 
selected topology is characterized by the fact that in the representation tt^ 
the reference state functional p is the restriction of an operationally accessible 
statistical state functional. Statistical states are epistemic states: they refer 
to our knowledge of the ontic state as it appears in the context-independent 
C*-formalism. 

A contextual W*-algebra is strictly larger than the faithful represen- 
tation 7Tp(2t) of the C*-algebra 21 of intrinsic properties. That is, all intrinsic 
properties appear also as contextual properties, but in addition there are 
new properties which are not intrinsic. The elements in the W*-algebra Tip 
of contextual properties which are not in the faithful representation 7rp(2t) of 
the C*-algebra 21 of intrinsic properties are called emergent properties. They 
represent properties which are novel in the sense that they are absent in 
the context-independent C*-algebraic description. The emergence of novelty 
in contextual descriptions is a compelling consequence of algebraic quantum 
theory. 

With the only exception of von Neumann’s codification of traditional 
quantum mechanics (where the basic C*-algebra is the algebra of compact 
operators acting one a separable Hilbert space), there are always infinitely 
many physically inequivalent W* -representations of the underlying basic C*- 
algebra of intrinsic properties. Different inequivalent representations repre- 
sent physically inequivalent contextual descriptions of one and the same C*- 
system. Even if the algebra 21 of intrinsic observables (hence also 7rp(2t)) has 
no center, the contextually constructed W*-algebra Tip usually has a large 
center f)p{Tlp), 

f)p{Tlp) := {Z\Z eTlp ,ZM = MZ for every M € Tip] . 

The center 3p is a commutative W*-algebra. It represents the classical part of 
the system. The center is said to be trivial if it consists of the multiples of the 
identity element only. A W*-algebra with a trivial center is called a factor. 
Nontrivial selfadjoint elements of the center are called classical observables. 
They commute with all elements of the W*-algebra Tip. 

Most classical observables are emergent - they are elements of 3p but not 
elements of 7rp(2l). Such emergent classical observables (like temperature or 
order parameters describing phase transitions) are neither intrinsic observ- 
ables nor are they functions of the intrinsic observables. Nevertheless, they 
are generated by the basic C*-algebra 2t of intrinsic observables together with 
a context which selects a particular representation. In the algebraic approach 
emergent properties are not postulated but derived from contextual conditions 
which are necessary to describe physical systems besides the natural law. 
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Von Neumann’s irreducibility postulate® - the assumption that all selfad- 
joint operators acting on the Hilbert space of state vectors are observables - 
implies that the center of the algebra of observables is trivial so that in the 
traditional formulation there are no classical observables. However, we know 
empirically that von Neumann’s irreducibility postulate is not universally 
valid. 

5 Disjoint states and classical mixtures 

The central part of a quantum system allows an important classification of 
states. The support Sip of a normal state functional of a W*-algebra 
is defined as the smallest projection operator S G ifftp such that tp{S) = 1. 
The central support Cp of a state functional </? is defined as the smallest 
projection operator C G ^pi^p) such that ip(C) = 1. With this definitions 
we get the following classification of state functionals on a W*-algebra 
with the center ^p{^!fRp): 

• A state functional (p on the W*-algebra DJlp is pure if its support Sp is 
an atom. 

• Two state functionals (p' and are called orthogonal if their supports 
Sp' and Sp" are orthogonal, Sp'Sp" = 0. 

• Two state functionals ip' and ip" are called disjoint if their central sup- 
ports Cp! and Cpn are orthogonal, CpiCp" — 0. 

• Two state functionals (p' and ip" are called classically equivalent if their 
central supports Cpi and Cpn are equal, Cp' = Cp" . 

• A state functional p which is dispersion-free with respect to every classical 

observable, p{Z^) = {p{Z)}‘^ for every Z = Z* & is called a 

factor state functional. 

Disjointness implies orthogonality, but only in commutative algebras orthog- 
onality implies disjointness. Disjointness is a much stronger condition than 
orthogonality. Two pure states are disjoint if and only if there exists a clas- 
sical observable such that the expectation values with respect to these states 
are different. Therefore, mutually disjoint states can be distinguished and 
classified in a classical manner. 

Every state functional can be decomposed uniquely into a sum or an in- 
tegral of disjoint factor state functionals.^® In classical theories the convex 
set of all state functionals is a simplex'^^ so that every nonpure state can be 
decomposed uniquely into a mixture of pure states. Such a classical mixture 
allows an ignorance interpretation. In contrast to the classical case the convex 
set of state functionals of a nonclassical quantum system is not a simplex. 

® Neumann (1932). 

For details, compare for example Takbsaki (1979), chap.IV.6. 

The state space is a simplex if and only if the C*-algebra is commutative. Com- 
pare Takesaki (1979), p.251. 




168 



H. Primas 



A nonpure factor state functional allows infinitely many different decompo- 
sitions into a convex sum of pure states. The nonpurity of factor states is 
always due to Einstein-Podolsky-Rosen correlations of the open system with 
its environment. It can never be interpreted as some kind of mixing. 

If we think of a classical mixture of two components (like a mixture of 
water and alcohol), then we tacitly presuppose that we can distinguish op- 
erationally between the two components. That is, it must be possible to label 
every component of a proper mixture so that the components can be distin- 
guished. Since such a label must be determinable together with any other 
property of the component, it has to be characterized by a value of a classi- 
cal observable. More precisely: Nonpure quantum states can be interpreted in 
terms of a classical mixture of factor states if and only if these factor states 
are mutually disjoint. Since in VON Neumann’s codification there are no 
disjoint states, a straightforward ignorance interpretation is not possible in 
traditional quantum mechanics. 

Disjoint states are of crucial importance as final states in any processes 
- natural processes or measurement processes - which produce facts. The 
measurement problem is not, as often asserted, the problem how a pure sta- 
tistical state can be transformed into a nonpure state, or how the density 
operator can become diagonal in a preferred basis. This is a trivial task - ap- 
propriate dynamical linear semigroups and their Hamiltonian dilations can 
describe such a decoherence mechanism. The same is true for the so-called 
“stochastic unraveling of dynamical semigroups of statistical descriptions” : in 
the framework of traditional quantum mechanics there are always infinitely 
many stochastic differential equations for pure states which in the statistical 
average result in one and the same statistical dynamical semigroup. A proper 
statistical description of the measurement process requires a dynamics which 
transforms factor states into a classical mixture of disjoint factor states. 

Classical observables and disjoint states exist only if the joint system 
consisting of the object and its environment has infinitely many degrees of 
freedom. However, a dynamical description of the emergence of new classical 
observables is not straightforward. A general result due to Klaus Hepp 
shows that automorphisms preserve the disjointness of states:^^ 

If (p' and <p" are two disjoint state functionals on a C*-algebra and if 
a is an automorphism of this C*-algebra, then the transformed state 
functionals p' o a and ip” o a are disjoint. 

This theorem is not at all surprising since an automorphism is a symmetry 
which transforms a description into a fully equivalent description. The fact 
that an automorphic time evolution on any C*-algebra cannot generate new 
disjoint states is not a “no-go theorem” for the possibility of a theoretical 
description of measurement-type processes. First, the postulate of an auto- 
morphic dynamics has no sound physical basis. It is not acceptable simply to 

Hepp (1972), lemma 2, p.246. 
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postulate that the time evolution should be an automorphism - we have to 
derive the dynamics from the known interactions. It is true that the dynam- 
ics of group-theoretically defined elementary systems is usually automorphic, 
but this fact does not imply that the dynamics of interacting systems is 
automorphic. Many physically reasonable C*-algebraic systems without an 
automorphic dynamics are known. But since at present no general theory is 
available for nonautomorphic time evolutions, I confine myself to the simpler 
case of an automorphic dynamics. 

For automorphic time evolutions Hepp showed that there exist quantum 
systems with an automorphic dynamics {Qtjt € M} such that for equivalent 
initial state functionals ip' and <p" the asymptotic limits ip'oa and ip" o a exist 
for t — t 00 and are disjoint. Such state functionals are called asymptotically 
disjoint. It has been objected that processes with asymptotically disjoint final 
states require an infinite measurement time.^^ This is a misunderstanding: 
every measurement in engineering physics is asymptotic. In the following we 
will show that disjoint quantum states lead to singular decision problems 
which engineers reject as unrealistic idealizations. 



6 Robustness of statistical decision procedures 

To illustrate the measurement process from an engineering point of view, we 
consider the simplest statistical decision test as commonly used in experimen- 
tal science. Decision procedures use attributes of empirical observations to 
achieve a Boolean classification of facts. Since empirical data are invariably 
contaminated with noise, all experimental observations have to be considered 
to be subject to random variations. For a formal development of a statisti- 
cal theory of classification it is irrelevant what is the cause of these random 
variations. They may be due to measurement errors, external noises, imper- 
fect experimental procedures, or residual non-Boolean quantum efifects. In 
the framework of statistical classification theory an observation is considered 
as a sample value x = X(a;) € T, w £ H, oi a, DC- valued random element X, 
defined on a Kolmogorov probability space {n,S,p,). The random element 
X may be a real- valued random variable (DC = E), a random vector (in the 
case of n independent real- valued observed values we have X = E”), or a 
stochastic process (for example X = S'). 

For the following it is sufficient to consider the special case of a binary 
decision. Assume that an experimenter knows that an observation x = X{uj) 
comes either from a distribution with the probability measure p! or from a 
distribution with the probability measure p" . A statistical test is a method to 
assign the observation to one of the two populations. The error of a statistical 

For example by Bell (1975), and again by Landsman (1995), p.55. 

For a review of the application of statistical decision theory in engineering science 
compare for example chapters 18-23 in Middleton (1960). 
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test is defined as the probability that the decision is false. Independently of 
how we perform this test, the minimal error probability is given by^® 

emin(A«',p") := inf {/(®) - - ®)} , 

The minimal error probability is not easy to evaluate, but it can be esti- 
mated with the aid of the Hellinger integral 

~ [ \Z/'M/"(a;) dp{0mega) , 

JO 

f := dfi'/dfi , f':=dn"/dii , 0 <H(p',fx") <1 , 

Here fi is any dominating measure (for example (i = |/x"), so that 

both fi' and p!' are absolutely continuous with respect to p. Since the con- 
vergence of the Hellinger integral to zero is equivalent to the convergence 
of the minimal error probability to zero, we can use the Hellinger integral 
H{p',p'') as a criterion for the “nearness” of the two probability measures p' 
and p" . The smaller the Hellinger integral, the easier is it to distinguish the 
two measures from each other. If the Hellinger integral vanishes, a perfect 
decision can be made with probability one. Such statistical tests are called 
singular. Singular binary decision problems are characterized by mutually 
singular probability measures. Two measures p' and p” are called equivalent, 
p' ~ p”, if > 0 for ^-almost all w £ Q. Two measures p' and 

p” are called mutually singular, p' ± p” , if f'{uj)f"{u}) = 0 for /u-almost all 
w e J7. It follows that 

p' ~ p” if and only if H{p',p'') = l , 

p' ± p" if and only if H{p',p") = Q . 

Only in the unrealistic case of infinitely many measurements or an infinitely 
long data acquisition period one can possibly get an error-free decision with 
H{p',p") = 0. In engineering science one requires that the performance of 
statistical procedures is insensitive to small deviations of the actual situation 
from the idealized theoretical model. Such tests are called robust. Singular 
tests deteriorate seriously for small deviations from the nominal model. Since 
one never knows the underlying probability distribution accurately, singular 
tests are rejected by engineers as improperly posed.^^ 

Renyi (1966), Renyi (1967). 

Kraft (1955), lemma 1, p.l27. The so-called Hellinger integral has been intro- 
duced by Hellinger (1909) in his investigation of unitary invariants of selfad- 
joint operators. Compare also Hahn (1912). In a statistical context these inte- 
grals have been introduced by Bhattacharyya (1943). Later Kakutani (1948) 
stressed the fact that the Hellinger integral is an inner product. The Hellinger 
integral was again introduced by Matusita (1951) under the name “affinity”. 
Slepian (1958), Root (1963), Root (1964), Root (1968). 
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7 Disjoint states and singular decision problems 

The Hellinger integral can be used as a physically meaningful measure of 
the approximate disjointness of quantum states. For simplicity we restrict 
our discussion to boson-type environments which can be described by Weyl 
systems. 

For finitely many degrees of freedom Weyl’s canonical commutation rela- 
tions are expressed in terms of unitary Weyl operators C 1^(0 over the 
phase space C" . They fulfill the commutation relations 

W^(C) 1^(0 = me + C') , 1^(0* = m-0 , C,C'G<C" . 

The symplectic form is defined by <j(C|^') ;= i (ClCO ~ * (C1C)> (CICO ■= 
Sfc Ck (k- 

For infinitely many degrees of freedom, we have to proceed more carefully 
since the topology on the phase space C°° of Weyl’s canonical commutation 
relations is not intrinsically defined. For the present setting a nuclear phase 
space is appropriate. We choose the Schwartz sequence space S and its topo- 
logical dual S' , defined by 

:= { Cl C/t G C , lim A:^|Cft| = 0 for all positive integers p} , 

^—>■00 

5' := { ^ I g C , lim ICfcl = 0 for all sufficiently large integers p} . 

k—¥oo 

With the canonical bilinear form (^|C) := C* C/fc (C G <S, ^ € S') that 
links S and S', the symplectic form is again given by <t(C|C') := * (CICO ~ 
i (C^IC)) C) C G S. Weyl’s canonical commutation relations over the symplectic 
group SxS are given by 

w^(c)w(c') = e'"(^i«')/2w(c+c') , mo* = t^(-c) , c,c'g5 . 

For infinite systems the phase space is no longer locally compact so that there 
exists no nontrivial translation-invariant measure. Yet, there are uncountably 
many inequivalent quasi-invariant measures. This fact implies that there exist 
uncountably many physically inequivalent representations of Weyl’s canoni- 
cal commutation relations so that the uniqueness theorem by Stone, von 
Neumann, Mackey and Loomis for systems with a locally compact phase 
space no longer holds. The richness of inequivalent representations reflects 
the complexity of infinite systems which requires the use of the C*-algebraic 
approach with its distinction between intrinsic properties (described by the 
kinematical C*-algebra) and contextual properties (described by an appro- 
priate W*-representation of the kinematical C*-algebra). 

Stone (1930), Neumann (1931). The generalization of this uniqueness theorem 
to locally compact groups is due to Mackey (1949) and Loomis (1952). Compare 
also the discussion by Hegerfeldt & Melsheimer (1969). 
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Every normal state functional </? on a W*-algebra 971^ generated by a W*- 
Weyl system C W^(C) is uniquely characterized by its state-generating func- 
tional ^ H-l 9^3 (C) •= ^ straightforward generalization of a theo- 

rem by CusHEN and Hudson^® says that the product of two state-generating 
functionals is the characteristic functional of some probability measure. Let 
ip he a, normal state functional and let p be a normal reference state func- 
tional with the state-generating functionals 9ip and 9p> respectively. Then we 
call the probability measure associated with the characteristic functional 
C 9<p(C) 9p(C) fhe Husimi measure accompanying the state functional <p. It 
is defined on the measurable space {S', Ss'), where Ss' is the minimal (x-field 
containing all cylinder sets in the dual S' of the Schwartz sequence space S. 
Minlos’ theorem^® allows a characterization of this probability measure via a 
symplectic Fourier transform 

[ = , <pe{fm,), , (es . 

Js' 

In the traditional irreducible Hilbert-space representation and the spe- 
cial case of a single degree of freedom the Radon-Nikodym derivative of 
with respect to the Lebesgue measure has been introduced by Husimi^ ^ 
as the expectation value of the density operator with respect to pure 
coherent states, h,p{z) = {z\D,f,\z). Here, the state vector \z) is defined by 
{z\W{C)\z) = exp(-|CP + -2*C - -2^0) z,( E C. In this case the reference 
state is the ground state of the harmonic oscillator with the state-generating 
function ^ i-> exp (— |CP)- The Husimi function z h,p{z) has the remarkable 
property that it is strictly positive, > 0 for every z £ 

The positivity properties of Husimi functions can be used to discuss the 
exact or approximate disjointness of normal state functionals. Consider two 
normal factor state functionals <p, 0 € (97Ip)* and their associated positive 
Husimi measures and on the measurable space {S', Ss'). With respect 
to a dominating measure (for example /r = -f- we can define 

positive Husimi functions as Radon-Nikodym derivatives h^p := dpb^pjdp, and 
:= dpL^jdpL. The corresponding Hellinger integral is defined by 

For two factor state functionals ip and ip we have; 

<p and ■ip are equal, if and only if H{jj,,p, fx^) — 1 , 

ip and tp are classically equivalent, if and only if H{fj.,p, > 0 , 

ip and ip are disjoint, if and only if H{n,p,fi.^) = 0 . 

CuSHEN & Hudson (1971), proposition 5, p.464. 

Minlos (1959). Compare also the review by Hida (1980), chapter 3. 

Husimi (1940), p.278. 

Compare McKenna & Klauder (1964), Mehta & Sudarshan (1965), p.B277. 
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This result implies that the Hellinger integral can be used as a criterion for the 
approximate disjointness of two classically equivalent factor state functionals. 
The smaller the value of H{ntp, the more the state functionals ip and ‘ijj 
behave like disjoint states. 

Let if and ijj be the state functionals of two classically equivalent initial 
factor states. If the dynamics is given by a one-parameter automorphism 
group {at \ t € E}, then the time-evolved state functionals are given by pt '■= 
p o at and ^l!t := ip o at- Hepp’s theorem implies that for t i oo the time- 
evolved state functionals pt and ipt are still equivalent. If for t > oo the 
asymptotic limits of the state functionals exist, and if the asymptotic final 
states are disjoint, 

> 0 for t<oo , lim =0 , 

then we call the two classically equivalent factor states pt ad ipt asymptotically 
disjoint. The convergence of the function t\-^H ) for t — > oo means 
that for every e > 0 there is a finite time T < oo such that H ) < c 

for every t >T. 

Every test for deciding whether the reduced state of the apparatus is given 
by the state functional pt or by the state functional ipt has to be made by 
classical measurements. Independently of how we carry them out, their error 
cannot be smaller than the minimal error probability If 

state functionals pt and ipt are asymptotically disjoint the error probability 
can be made arbitrarily small, l^^t) < — > 0 . For 

a given threshold level e an effective measuring time T can be defined by 
H = e. It depends in an essential way on the interaction terms 
in the Hamiltonian of the joint system. To summarize: Measurements with 
asymptotically disjoint final states do not require an infinite measuring time. 
In special cases, the effective measuring time T can be very short. 

8 A simple example 

At this stage it is helpful to give a simple example. We consider a two-level 
quantum system which is linearly coupled to an environment consisting of 
many bosons. We use a Hamiltonian formulation and assume that the joint 
system “object system & environment” is a purely quantum-mechanical sys- 
tem, characterized by an algebra of observables with a trivial center. The 
object system is taken to be a two-level quantum system while the environ- 
ment is modeled by many harmonic oscillators. The object system is assumed 
to be linearly coupled to the environment so that the Hamiltonian H of the 
joint system is given by 

H'/h=i W(T3 ® 1 + 1 ® aifcafc + 1(^3 ® ’ 

with the real- valued frequencies A*,. The boson operators £11,02,03, .. . 
are defined via the Weyl operator W {Q = exp { (i^/t — C/*“fc )/2 }, C € S. 
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The Pauli operator cr:= ((Ti, 0-2, 0-3) is characterized by (X = zrr X <r and 
1 . This model is explicitly solvable for any number of the environmental 
degrees of freedom. Despite of its triviality, it is useful to demonstrate in a 
transparent way the emergence of classical observables and asymptotically 
disjoint quantum states. 

The nature of the interaction between the object system and its envi- 
ronment is to a large extent determined by the so called memory function 
t K{t), defined by K{t) := cos(o;fcf), t € M. The memory func- 

tion is real-valued and independent of the state of the system. We choose the 
parameters in the Hamiltonian in such a way that in the limit of infinitely 
many bosons we have fir(O) < 00, so that the Hamiltonian is bonnded from 
below. In this case the function t ^ K{t) is a characteristic function, hence 
the Fourier-Stieltjes transform K{t) = of some distribution 

function \y-¥ K{X). 

If the environment has only finitely many degrees of freedom, then the 
distribution function A i-4 K{\) is necessarily discrete, so that the object 
system cannot exhibit a genuine relaxation behavior. To avoid unnecessary 
difficulties, we will choose a memory function without a discrete and without 
a singular part. In this case the distribution function is absolutely continuous 
and has a nonnegative derivative A 1-^ k{X) := dK{X)/d\ almost everywhere. 

The emergence of asymptotically disjoint states and of induced superse- 
lection sectors depends in a crucial way on the low frequency behavior of the 
distribution density A i-)- k{\). For the power law k{\) ~ A*' for A 0 one 
distinguishes between ohmic, subohmic an superohmic interactions: 

• if k{\) ~ A" with z/ > 0 , then the interaction is called superohmic, 

• if k{X) ~ X'^ with V = 0 , then the interaction is called ohmic, 

• if k{X) ~ X" with 1/ < 0 , then the interaction is called subohmic. 

For 1/ = 0 the behavior of the system is called ohmic since in many models 

such an interaction leads to a dissipative term linearly proportional to a 
velocity.^^ Both ohmic and subohmic systems are distinguished by the so- 
called infrared singularity, characterized by ^i-{Xl/u>l) = 2 /q°° k{X)X~^dX = 
00 . The infrared singularity is characteristic for electromagnetic interactions. 
It is due to the zero photon mass, which is responsible for their long-range and 
quasi-classical character. Since every quantum object is observed through its 
electromagnetic interactions, ohmic interactions establish a bridge between 
pure quantum systems and classical observational tools. 

Since generality is not the point here, we restrict ourselves to an initial 
state which is given by a product state functional p = ip®(l>p with an arbitrary 
state functional (f for the object system and a /3-KMS functional <j>p for 
the environment with the thermal relaxation time rp = hj 3 j 2 . On account 
of the simplicity of the model one proves without much difficulty that the 

Compare Leggett et al, (1987), p.5 
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expectation value rn^{t) = p{cr^{t)'\ of the Pauli operator in the Heisenberg 
picture cr^{t) := {ai{t) ± i a 2 {t )}/2 is given by 

rri^{t) = m=*=e^“*exp|-4 J coth(Ar/ 3 ) sin^(At/2) fc(A) 

with the initial value = ip{a^). The state functional pt of the joint system 
at time t can be written as 

Pt =|</5(ct 3 + + i(p(<T3 - 1) v?+<8) , 

where the object state functional (p'^ is characterized by <p^((T 3 ± 1) = 1 and 
V^^(<7'3 T 1) = 0. The approximate disjointness between the two factor state 
functionals (f>'^ {t) and (t) can be measured by the Hellinger integral 

■^{^0^(0 ’ {l-exp(2Ar^)} sin2(At/2)fc(A)A-^dA| . 

Using the well-known asymptotic expansion of Fourier integrals^^ one finds 
in an ontic description for a pure initial state with 0 — oo, 

> 0 for the superohmic case v > 0 , 

= 0 for the ohmic and subohmic case i/ < 0 , 

> 0 for the superohmic case u > 0 , 

= 0 for the ohmic and subohmic case u <0 . 

That is, only if the interaction shows an infrared singularity (i.e. in the ohmic 
and subohmic case) the asymptotic final states are asymptotically disjoint. 

This behavior changes in an epistemic description. If the environmental 
initial state is given by a /3-KMS state functional with /?< oo, then an ohmic 
interaction does no longer lead to asymptotically disjoint final states. For the 
sake of brevitiy we discuss only the high-temperature limit for which we get 
the following results: 

lim m^(t) > 0 for i/ > 1 , 

lim m J (t) = 0 for i/ < 1 , 

(->oo ’ 

} > 0 every u > -1 . 

That is, in the high temperature limit the expectation values of ( 7 +(t) and 
a~{t) vanish asymptotically already for i/ < 1. Also, the off-diagonal elements 



lim 

t—^OO 

lim (t) 

t — ^OO 
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Compare for example Lighthill (1958), chapter 4. 
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of the reduced density operators (in the eigenbasis of of the object system 

go to zero for t l oo more rapidly than in the pure-state case. Yet, for 
any value of v the Hellinger integral reaches asymptotically a nonvanishing 
constant so that the two epistemic states associated with the eigenstates of 
0 -+ and (T~ are never asymptotically disjoint. This example shows that the 
asymptotic behavior of the reduced density operator of the object system says 
nothing about a possible decoherence in the sense of an exact or asymptotic 
disjointness. 

The qualitatively different behavior of the individual description (with a 
pure environmental initial state) and a statistical description (with a non- 
pure /3-KMS initial state) can be interpreted as a signal-to-noise problem. 
The pure-state description corresponds to a detection problem of a noise-free 
signal while the epistemic description parallels the detection of a determinis- 
tic signal in the presence of noise. The condition /3 > 0 guarantees that the 
test is nonsingnlar, hence robust. 

It is straightforward to prove that the epistemic quantum-mechanical ex- 
pectation value m^{t) is the same as the stochastic mean value 
J^m^{t\uj) dp,i 3 {Lj) of the single-system quantum-mechanical expectation 
value m^(t|o;) of <T'^(tla;) with respect to the pure ground-state functional 
(f. Here 1 u^(t|a;)} is the solution of Heisenberg’s equation of motion with 
the time-dependent Hamiltonian H(t\oj) = H + ^ hwcr^g beta{t\^)j where the 
classical input force t gf}{t\w) is a tracjectory of a zero-mean Gaussian 
stochastic process with the covariance J(j°°cos(At) fe(A) dA. This input 
force function corresponds to fractional noise with the low-frequency power 
spectrum jA]*^. For ohmic interactions {u = 0) the input force gp corresponds 
to a white noise process. For superohmic interaction {u > 0) the stochas- 
tic process gp is a fractional derivative of white noise while for subohmic 
interactions {v < 0) gp is a fractional integral of white noise. 

To summarize: The epistemic description of the model by a /3-KMS ini- 
tial state of the environment can be interpreted as a statistical average of the 
pure-state ontic description. The average is over an ensemble of external per- 
turbations modeled as a classical stochastic processes with a power spectrum 
whose low-frequency part corresponds either to white noise or to fractional 
noise. The statistical averaging procedure deteriorates the signal-to-noise ra- 
tio of the decision test, but it also regularizes the asymptotic singular behavior 
of the ohmic and subohmic case. Although for P < oo there are no asymp- 
totically disjoint states, for appropriate parameters in the Hamiltonian there 
can be approximately disjoint final states. 
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Abstract. We study the influence of spontaneous emission on dynamical localiza- 
tion in the motion of atoms. 



1 Introduction 

Quantum interference effects are extremely fragile [1], and sensitive to dissipa- 
tion and decoherence [2,3]. Three examples illustrate this fact; (i) Dissipation 
degrades the squeezing of quantum fluctuations of the radiation field [4], [ii) 
detectors with almost unit quantum efficiency [5] are needed to resolve the 
oscillations in the photon statistics of a highly squeezed state [6], and {in) 
decoherence rapidly fills up [7] negative domains in the Wigner function of a 
Schrodinger cat state [8j. 

In all three examples the underlying model is that of an harmonic oscilla- 
tor coupled to a reservoir of harmonic oscillators. Moreover, the initial states 
of the system oscillator in all three examples are non-classical states [4j. Their 
non-classicality arises from quantum interference. However, due to its cou- 
pling to the reservoir such a non-classical state rapidly approaches a classical 
state: Loosely speaking the off-diagonal elements of the density matrix decay 
much faster than the diagonal elements. 

We recall that these considerations are not limited to harmonic oscillator 
heat baths. Indeed many other systems can serve as reservoirs. Recently 
methods to slow down [9] the rapid decay of the off-diagonal elements of the 
density matrix and to engineer [10] reservoirs have been suggested. 

In general we study the time evolution of a given state coupled to a heat 
bath. We prepare the state at a given instant of time, then turn on the 
interaction with the reservoir, and let the reservoir do its devastating work 
on the interference effects. Hence these considerations address decoherence of 
the initially prepared quantum superposition state, that is of static quantum 
interference. 

In the present paper we focus on decoherence of a dynamical interfer- 
ence effect: dynamical localization in the motion of an atom [11], This phe- 
nomenon is closely related to Anderson localization [13] and has opened the 
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new realm of atom optics [14] as a testing ground for quantum chaos [15]. This 
field started with the theoretical proposal of Ref. [16] and the experiment of 
Ref. [17]. 

Dynamical localization also manifests itself in the microwave ionization 
of atoms [18]. These experiments [19] have shown that noise destroys dy- 
namical localization. Recently impressive experiments in New Zealand [20] 
and Texas [21] have demonstrated the influence of spontaneous emission on 
dynamical localization of atoms in standing waves. This work has opened a 
new chapter in decoherence studies. Here the system oscillator is a two-level 
atom and its center-of-mass motion and the heat bath consists of the empty 
modes of the radiation fields into which the atom emits. This is the model 
we address in the present paper. 

Our paper is organized as follows: We first briefiy show how a standing 
light field can create a periodic, repulsive or attractive potential for the mo- 
tion of an atom. We then discuss the phenomenon of dynamical localization 
using three examples: an atom in a phase-modulated standing wave [22], an 
atom in a driven gravitational cavity [23] referred to as the Fermi accelera- 
tor [24,25], and an ion stored in a Paul trap [26] and moving in a standing 
wave [27]. In contrast to the first two examples we include in the third ex- 
ample also the internal dynamics [28,29]. Moreover, we study the influence of 
decoherence due to spontaneous emission [30] using the method of quantum 
trajectories [31]. 

In view of the limited space we only highlight our results. For more details 
we refer to the original papers [22,25,27,28]. 

2 Mechanical effects of light and spontaneous emission 

A laser field allows us to influence [32] the motion of an atom. To bring this 
out most clearly we consider a two-level atom of dipole moment p interacting 
with a classical electromagnetic field E{x, t) = £u{x) cos{i't) of amplitude £, 
and frequency u. Here u{x) denotes the spatial distribution, that is, the mode 
function of the field. For example, a standing wave has u{x) = cos(fca:) where 
k is the wave vector. 

In rotating wave approximation the interaction Hamiltonian then reads [33] 

Hint = -p-E = -hf2u{x){e"^^d- 4- (1) 

where A = u — uiq denotes the detuning of the laser field with respect to the 
atomic transition frequency cuq. Moreover, 17 = p-5/7i is the Rabi frequency, 
and d and describe a transition from the excited state to the ground state 
and vice versa. 

In the limit of large detuning the interaction Hamiltonian is rapidly os- 
cillating as a function of time and to lowest approximation averages out. 
However, in next order we find [32] 

J72 

Hint — ^ y\ 



( 2 ) 
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Since the Pauli-spin matrix is diagonal this interaction Hamiltonian does 
not induce any transitions and the atom remains in its initial internal state. 
Nevertheless it feels the spatially varying potential 

V(x) = Vou^ix). (3) 

According to Eq. (2), the height ho of the potential is determined by the Rabi 
frequency and the detuning. 

When we consider a standing light field, we have 

V{x) — Vocos^{kx) = ^ho[l + cos(2fca;)]. (4) 

Hence the interaction of the dipole of the atom with the laser field allows us 
to realize experimentally a periodic potential for the motion of a quantum 
particle. 

However this technique of creating potentials is not limited to the example 
of a spatially periodic field. We note that by properly tailoring the spatial 
distribution u of the electric field we can create almost any potential we 
desire. In particular, we can use an evanescent wave where the electric field 
decays exponentially to create a repulsive or attractive potential depending 
on the sign of the detuning. This allows us to reflect or attract an atom. 
The so-created mirror for de Broglie waves is the crucial ingredient of the 
gravitational cavity [23] used for the Fermi accelerator discussed in Sec. 3.2. 

In the limit of far-detuning an atom that initially started out in the ground 
state stays mainly in its ground state. There is no internal dynamics. However, 
when we get closer to resonance the atom can make transitions as indicated 
in Eq. (1). Since the interaction of the atom depends on its position, there 
is a coupling of the center-of-mass motion to the internal transitions. Hence 
the internal dynamics can affect the motion. 

With the internal dynamics comes decoherence. Indeed an excited atom 
can spontaneously decay to the ground state. This incoherent emission causes 
the atom to get out of step with the driving field and the atom loses its 
coherence. Spontaneous emission is more likely to occur on resonance rather 
than far off resonance since on resonance the atom can easily reach the excited 
state from which it can spontaneously emit. Therefore the detuning allows 
us to make a transition from a case with a lot of spontaneous emission events 
to almost none: The detuning acts as a control parameter that enables us to 
study the influence of decoherence on dynamical localization. 



3 Dynamical localization 

Throughout this paper we study the dynamics of an atom of mass M moving 
with momentum p in a time dependent potential V{x,t) along the r-axis. 
The dynamics is then governed by the Hamiltonian 






( 5 ) 
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We discuss three examples for the potential V. They correspond to an 
atom in a phase-modulated standing wave, an atom in a driven gravitational 
cavity, and an ion in a Paul trap. 



3.1 Phase-modulated standing wave 

According to Sec. 2 a far-detuned phase-modulated standing light wave pro- 
duces the potential 



V{x,t) = hocos[2fc(a; - ALsin(a;t))], (6) 

where, for example, we can create the phase modulation by sinusoidally mov- 
ing the end-mirror of the standing wave. Here AL denotes the modulation 
amplitude. 




Fig. 1. Dynamical localization in the momentum distribution of atoms moving in a 
phase-modulated standing light field. We show the classical momentum distribution 
(top) and the corresponding quantum mechanical one (middle) for three different 
values of the modulation depth A = 3.0 (a), A = 3.8 (b), and A = 4.4 (c) as a 
function of the interaction time t. Bottom: comparison between the widths Ap of 
the classical (dashed line) and the quantum mechanical distributions (solid line) 
for t = 320. For more details and the values of the parameters see Ref. [22]. 



In Fig. 1 we [22] compare and contrast the time evolution of the classical 
and quantum mechanical momentum distributions Pci(p,t) and Pqm{p,t) for 
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three characteristic values of the amplitude A = 2kAL of the mirror oscilla- 
tion. For the initial distribution we have a Gaussian momentum distribution. 
Three characteristic features of the classical dynamics stand out: (*) As time 
increases the distributions broaden, and the rate of broadening depends crit- 
ically on the value of A, (compare (a), (b) and (c)), (ii) in the long time limit 
the distributions in (a) and (c) develop a plateau with well defined bound- 
aries, and (in) for a given time the widths Ap = [{p^) — of the classical 

momentum distributions oscillate as a function of A. These oscillations are 
shown by the dashed curve in the bottom part of Fig.l. 

We now turn to the discussion of the corresponding quantum mechanical 
quantities. We first recall that the quantum evolution contains one additional 
parameter, namely Planck’s constant. In appropriate dimensionless units [22] 
the effective Planck’s constant 



k = 



Mlo 



( 7 ) 



depends on the periodicity of the standing wave through k, the mass M of the 
atom and the frequency uj of the modulation. By changing these parameters 
we can therefore tune the effective Planck’s constant and make the motion 
more classical or more quantum mechanical. 

In the middle of Fig. 1 we show the time evolution of the quantum me- 
chanical momentum distribution for the same three characteristic values of 
A as in the classical case. In the lower part of Fig. 1 we display by the solid 
line the corresponding quantum mechanical width Ap. Again we observe the 
characteristic oscillations. However, now the peaks are less pronounced. This 
reflects the fact that the quantum mechanical distributions are not as broad 
as the classical ones. Moreover, in these domains (for example (a) and (c)) 
the momentum distribution is an exponential rather than Gaussian. This 
exponential distribution is a signature of quantum localization. 

We conclude this section by noting that the exponential localization of 
the momentum distribution as well as the oscillations in Ap as a function 
of the modulation amplitude have been observed experimentally [17,34]. For 
a detailed review of this work and recent developments we refer to Ref. [11] 
and [12]. 



3.2 Fermi accelerator 

In the atom optics realization [25] of the Fermi accelerator an atom bounces 
in a constant gravitational field off a modulated atomic mirror [23] and feels 
the potential 

V{x,t) = Mgx -I- Vo exp[— 2fca: -f- esin(wf)]. (8) 

Here g denotes the gravitational constant. In contrast to the standing wave, k 
now denotes the steepness of the potential and e is the modulation amplitude. 
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Fig. 2. Dynamical localization in the atomic Fermi accelerator. Compmison be- 
tween the quantum mechanical (thin lines) and classical (thick lines) momentum 
(a) and position (b) distributions on a logarithmic scale. The quantum momentum 
distribution exhibits an exponential localization, in sharp contrast to the corre- 
sponding classical Gaussian distribution. Whereas the classical position distribution 
changes linearly, the corresponding quantum distribution is ncirrower, and follows 
a square root law. The thin dashed lines indicate the corresponding fits. The lin- 
ear dependence of the classical distribution results from the linear potential in 
the Boltzmann distribution. For more details and the values of the parameters see 
Ref. [25]. 



Figure 2 compares the classical distributions in position and momentum 
to their quantum counterparts. We recognize a dramatic difference between 
these distributions. The classical position and momentum distributions rep- 
resented by thick lines follow the exponential barometric formula 

ft,W = ^exp(-0) (9) 

and the Gaussian distribution 

shown in Fig. 2 by thick dashed lines. Here T is temperature which increases 
with time due to the modulation of the mirror. 

In contrast the quantum mechanical momentum distribution shown in 
Fig. 2a by a thin solid line is exponential rather than Gaussian. By analogy 
with the kicked rotor model we estimate the momentum wave function to be 
exponentially localized 

V’(p)~e"P/^, (11) 

where I describes the localization length. We display this exponential fit in 
Fig. 2a by the thin dashed line. 
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However, in position space we estimate the position wave function by 

■ip{x) ~ , (12) 

and display this fit in Fig. 2b by a thin dashed line. 

We conclude this subsection by noting that over the last years the tech- 
nology of de Broglie wave mirror has made enormous progress. Nowadays 
more than a hundred bounces of an atom are possible [35]. Moreover, we 
emphasize that dynamical localization in a modulated gravitational cavity 
only occurs in a window of modulation [36]. This feature makes the Fermi 
accelerator even more interesting in the study of dynamical localization. 



3.3 Ion in a Paul trap 

So far we have compared quantum and classical dynamics for a single degree 
of freedom, that is using the one-dimensional motion of a structureless parti- 
cle. In the present section we also include the internal dynamics of the atom. 
We can realize this experimentally by changing the detuning between the 
laser field and the atomic transition. As discussed in Sec. 2, in this case, how- 
ever, we cannot neglect spontaneous emission. Therefore we in this section 
focus on the decoherence aspects. 

For our study we have chosen an ion stored in a Paul trap. This system 
has had a great success in experiments ranging from wave-particle duality 
of light [37] via quantum gates to quantum state measurement [38]. These 
examples suggest that this quantum system is also the perfect candidate for 
a new testing ground for decoherence in dynamical localization. 

An ion stored in a Paul trap and moving in a standing wave feels the 
potential 

V{x,t) = ]^^^^^[a + 2qcos{ut)]x'^ + Hint- (13) 

Here the quantities a and q are proportional to the DC and AC voltages [26] 
applied to the trap. The frequency of the trap is uj. Moreover Hint denotes 
the interaction Hamiltonian Eq. (1) of the atom with the laser field. Note 
that now we focus on a small detuning such that Hint does not average out. 

In Fig. 3 we show the results of our quantum Monte-Carlo simulations [28] 
of spontaneous emission. We note that spontaneous emission destroys local- 
ization expressed in the left column by the horizontal oscillatory curves. Due 
to the recoil the quantum widths shown by fat lines become even larger than 
the classical ones. In the absence of spontaneous emission the position distri- 
butions of the ground and excited state (jagged thin curve in the top right 
figure) are identical and take a cathedral shape with a sharp peak resting on 
a broad background. A similar curve results for the momentum distribution 
(jagged thin curve in the bottom right picture). Spontaneous emission de- 
stroys the localization peak and enhances the population in the ground state 
(upper fat curve) at the expense of the ions in the excited state (lower fat 
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Fig. 3. Influence of spontaneous emission on the dynamical localization of a two- 
level ion stored in a Paul trap and moving in a resonant standing light wave: We 
show the time dependence of the widths Ax and Ap in position and momentum 
(left column) and the probability distributions P(x) and P(p) averaged over the 
time interval [2007 t, 2507t] (right column). Fat and thin curves indicate the quantum 
mechanical quantities in the absence (qm) and presence (sp) of spontaneous emis- 
sion, respectively. Moreover, we display the classical results (cl) by thick curves. In 
the right column the two fat curves in each figure represent the position and mo- 
mentum distributions of atoms in the ground (top curve) and excited state (bottom 
curve). The corresponding quantum mechanical curves in the absence of sponta- 
neous emission eire identical for the two internal states. For more details and the 
values of the parameters see Ref. [28]. 



curve). In this case the quantum distributions in position and momentum are 
even broader than the corresponding classical ones (thick lines). The pattern 
of the standing wave reflects itself in the position distributions (upper right 
corner). It is more pronounced in the quantum mechanical curves than in 
the classical ones. Moreover, it stands out most clearly in the probability 
distribution for an atom in the excited state. 

4 Summary 

In the present paper we have studied the influence of decoherence in form 
of spontaneous emission on the phenomenon of dynamical localization. We 
have first illnstrated the localization effect by discussing the two examples of 







Dynamical Localization and Decoherence 187 



an atom in a phase-modulated standing wave and an atom in a driven grav- 
itational cavity. We have then discussed the effect of spontaneous emission 
using the case of an ion in a Paul trap. 

In order to bring out most clearly the localization phenomenon we have 
considered in the first two examples a large detuning between the laser light 
field and the atomic transition frequency. This ensures that the atom rarely 
leaves the ground state which allows us to eliminate the internal dynamics 
of the atom. We therefore only follow the external dynamics, that is, the 
center-of-mass motion. 

Whereas the Fermi accelerator and the ion trap are bound systems, the 
standing wave problem contains mainly free states. Nevertheless we find the 
phenomenon of dynamical localization in all three cases. In the first exam- 
ple it appears in the momentum variables, as shown in Fig 1. In contrast, 
in the second and third example, we find localization in both position and 
momentum variables as indicated in Figs. 2 and 3. 

Finally in the third example we discuss the dynamics of the combined 
system consisting of internal and external degrees of freedom. For the sake 
of simplicity we only include two internal levels. Moreover, we take into ac- 
count spontaneous transitions from the excited state to the ground state 
using a quantum Monte-Carlo (quantum trajectory) method. These sponta- 
neous transitions are sources of decoherence. Since dynamical localization is a 
quantum interference effect spontaneous emission destroys it. These systems 
are therefore excellent test cases for theories of decoherence. 
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Abstract. Several mechanisms that affect one and two photon coherence in optical 
fibers and their remedies are discussed. The results are illustrated on quantum 
cryptography experiments and on long distance Bell inequality tests. 



1 Introduction 

The implementation of 1- and 2-photon quantum communication protocols 
in km long optical fibers suffers from several decoherence mechanisms. In 
this contribution we review the main ones and illustrate how one can control 
them. 

Photons are characterized by three (non independent) parameters: their 
temporal coherence, their polarization and their frequency spectrum. In the 
next three sections decoherence affecting each of these parameters are pre- 
sented, together with counter-measures. The first one, in the time domain, 
leads to a useful measurement method of polarization mode dispersion. Mas- 
tering the second one, depolarization, leads to a practical implementation 
of quantum cryptography. Finally, the phenomenon of two-photon chromatic 
dispersion cancelling opens the route to long distance Bell experiments. 

2 Polarization Mode Dispersion: Decoherence 
in the time domain 

Real fibers are not perfectly circular. Consequently, the two polarization 
modes are not degenerate and propagate at different phase and group ve- 
locities. The difference in group velocities results in Polarization Mode Dis- 
persion (PMD). The phenomenon of PMD is presently a very severe limita- 
tion to high speed optical communication. In addition to the presence of two 
group velocities, PMD is characterized by random polarization mode cou- 
pling: some energy of the fast mode couples to the slow mode and vice-versa. 
The locations where such couplings take place and their extent are very sen- 
sitive to thermal and mechanical variations. Hence, in practice, the coupling 
is described as a random phenomenon [1,2]. The magnitude of the dispersion 
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ranges from a few tenths of a picosecond up to tens of picoseconds. Because 
of its stochastic nature, PMD is measured in units of ps/Vkm. 
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Fig. 1; Scheme of an instrument for Polarization Mode Dispersion measure- 
ments using the so-called ’’interferometric method”: the interferometer 
re-coheres photons that went out of decoherence due to the polarization 
dispersion in the fiber under test. 



Direct measurement of PMD is a non trivial task. When light with a short 
coherence time (typically light from a LED with Tc « 0.05 ps) propagates 
down a fiber, the dispersion is larger than the coherence, producing decoher- 
ence. However, coherence can be recovered by connecting an interferometer 
at the end of the fiber, see figure 1. When the interferometer is imbalanced, 
light that went out of coherence in the fiber by precisely the amount of imbal- 
ance of the interferometer can be brought back into coherence. This leads to 
interference fringes even when the interferometer’s imbalance is larger than 
the source coherence, see figure 2. This simple technique to recohere light is 
widely used by the telecom industry to measure PMD [3]. 
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An interesting generalization using 2-photon interferometry was demon- 
strated by A. Sergienko and A. Muller, see [4,5]. 




Fig. 2: Typical result obtained with the interferometric measurement method 
(see figure 1) for a standard telecom fiber. 



3 Depolarization: 

Decoherence in the polarization domain 

A single photon state \^z) at position z along the fiber can be described as 
follows: „ 

pOO 

Wz) = / ( 1 ) 

Jo 

where [l^) denotes the 1-photon state at frequency w and ipz{,oj) € is a 
(non normalized) Jones vector describing the polarization of the frequency 
component lj with the square norm ['^ 2 ( 0 ;) p the corresponding intensity. Let 
us introduce the Poincare vectors: 
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mj(w) = 



(V’zMklV'z(w)) 



( 2 ) 



(^z(w)|V'2(a;)) 

where cr axe the Pauli matrices. Note that these vectors are normalized, 
|rn.j(w)| = 1, indicating that individual frequency components are always 
fully polarized. However, the polarization of the photon, given by 

f'CO 

\'tp^{u})fm^{uj)(kj, (3) 

Jo 

can be partially (jiVfzl < 1) or even totally {\Mz\ = 0) depolarized. 




p» 



Fig. 3: Poincaxe sphere picture of the polarization state transformation of 
a photon when reflected by a Faraday mirror. Each state P undergoes 
first a 1/4 tour around the vertical axis, next a reflection due to the 
standard mirror, finally a second 1/4 tour. As both rotations are due to 
the Faraday effect, they rotate in the same direction, despite that the 
photons are travelling in opposite directions. The final state P’ is always 
opposite to the initial state P, i.e. P and P’ represent orthogonal states. 



If fully polarized hght, e.g. from a laser diode, is launched into a fiber 
(position z = 0) one has: mo(w) = miaaer for all w, hence the photons are 
totally polarized: |Mo| = \mia,ser\ = 1- Let us model the optical fiber as a 
concatenation of trunks of length Ij and birefringence I3j [6]. Accordingly 
(neglecting losses) the photon states evolves to: 



( 4 ) 
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where I — ij is the total length of the fiber. In long fibers the /3j , in partic- 
ular their orientations, are random [6], hence the output light is depolarized: 
Me fa 0. 




Alice Bob 



Fig. 4: Scheme of our ’’Plug & Play” quantum cryptography system. For 
details see [10-12]. 



Depolarization, i.e. decoherence in the polarization domain, severely lim- 
its potential applications of quantum cryptography [7]. Indeed, coding the 
qubit in polarization becomes clearly unpractical, while coding the qubit in 
the phase [9] is no better because phase decoding requires interferometers and 
interferences are sensitive to polarization. One possible way out is to limit 
the width of the optical spectrum, so that the integral in (3) is dominated by 
the central frequency and the output light remains polarized. But even so, 
polarization fluctuations would impose active feedbacks. A more elegant and 
practical solution exploit the feature of Faraday Mirrors (FM) [8]. A FM con- 
sists of a A/4 Faraday rotator followed by an ordinary mirror (with normal 
incidence). The effect of such a FM is to turn any incoming polarization state 
to its orthogonal state, as illustrated on figure 3. This non-unitary transfor- 
mation is possible because one uses a description in which one switches from 
a right handed reference frame before the reflection to a left handed one after 
the reflection. This is quite convenient (though not necessary), as in doing 
so the polarization transformations during propagation back up the fiber are 
precisely the inverse of those the photon underwent on the way to the FM: 

where Tp^ denote the transformation due to the FM and i/' 2 t(‘*^) is the po- 
larization state after a go-and-return through the fiber. The effect of this is 
easier analyzed using the Poincare vectors Tn^(w) for which the FM trans- 
formation simply reverses the orientation: TpM fn = — m (where is the 
corresponding TpM operator but acting on the Poincare vectors). Accord- 
ingly, = —miaser for all LJ, hence M 2 t = —miaser and the return 
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light is again fully polarized. Moreover, the state of polarization is fixed (rel- 
ative to the source). This result holds as long as the hber can be considered 
as Hxed during the time of a go-and-return, typically some micro-seconds. 
That this is indeed the case for km long installed telecom fibers was first 
demonstrated in [10]; more than 99.8% of repolarization was achieved on a 
23 km long fiber below lake Geneva. 

This way of ’’polarization recoherence” is exploited in our ’’Plug & Play” 
implementation of quantum cryptography [10-12], see figure 4. 



4 Chromatic Dispersion: 

Decoherence in the frequency domain 

For long distance Bell experiments, the use of polarization correlation is un- 
practical because of the depolarization mechanism described in the previous 
section (see however [13] where the distance and the photon spectrum were 
reduced to limit depolarization). Moreover the use of Faraday Mirrors is in- 
compatible with the requirement that the two detectors and the source should 
be at three widely separated locations. In 1989 Jim Pranson [14] proposed 
an elegant two-photon interferometer free of the depolarization problem and 
suitable for tests of the Bell inequality over long distance, see figure 5 (actu- 
ally, in this scheme polarization has to be controlled inside the two distant 
interferometers, but depolarization in the long fibers connecting the source 
and interferometers is irrelevant [15,16]). However, chromatic dispersion, the 
fact that different optical frequencies (wavelengths) propagate at different 
speeds, imposes severe limitations to the fringe visibility in Pranson inter- 
ferometers. Indeed, the two photons, emitted precisely at the same time by 
spontaneous parametric downconversion in a nonlinear crystal, must be de- 
tected in coincidence, within a time window of typically 300 ps. This time 
window must be short enough so that one can distinguish the cases when the 
two photons took both the short or both the long arm of their interferometer, 
from the cases when they took different arms. For stability reasons it is rea- 
sonable to have arm length differences of some tens of cm, corresponding to a 
few ns. But if chromatic dispersion (or any other cause of dispersion) reduces 
the time correlation between the photons, then a coincidence detection no 
longer guaranties that both photons took the same path. Hence chromatic 
dispersion severely reduces the 2-photon interference visibility. 

In a dispersive media, like the silica of optical fibers, the chromatic disper- 
sion vanishes for a wavelength close to 1310 nm (the exact value depends on 
details of the manufacture). In our long distance Bell experiment, the single 
photons had a spectral width of about ±35 nm. Hence, for a fiber length of 
17 km the chromatic dispersion is of the order of 500 ps, large enough to 

^ In our experiment the analyzers were separated by slightly more then 10 km, but 
the connecting fibers were quite longer. 




How to Control Decoherence 



197 



reduce the fringe visibility down below the threshold set by Bell’s inequality 
(Bell inequality is violated for visibilities larger than l/\/2 w 71%). One way 
around this decoherence mechanism is the following. In good approximation 
chromatic dispersion is a linear function of the wavelength A (this approxi- 
mation is valid over several tens of nm). Hence the differential group delay 
is a quadratic function of A, with its minimum at Aq, the wavelength of zero 
chromatic dispersion. Accordingly, if the central wavelength of the photon 
pair is precisely at Aq, then, thanks to the frequency correlation of the two 
photons, both photons are at wavelengths symmetrically above and below Aq . 
Both photons undergo thus the same differential group delay, hence arrive at 
the analyzer in perfect coincidence. This phenomenon, called 2-photon chro- 
matic dispersion cancellation [17], is essential for long distance Bell exper- 
iments using optical fibers. Note that we made two approximations: first that 



Franson interferometer 




Two unbalanced interferometers => no first order interferences 
photon pairs => possibility to measure coincidences 




M between Start and Slop (ns) 



One can not distinguish between 
"long-long" and "short-short" 

Hence, according to QM, one should 
add the probability amplitudes 

=> interferences (of second order) 



Fig. 5: Principle of a Franson test of Bell inequality. 
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chromatic dispersion is approximately a linear function of wavelength, next 
that the frequency correlation + 1/2 = I'pump, due to energy conservation, 
implies the approximate wavelength correlation Ai — 2Xpump ^ ‘^Xpump — X 2 
(this second approximation is not necessary, as all the discourse could be 
phrased in terms of frequency, but traditionally chromatic dispersion is ex- 
pressed in wavelengths). These approximations are in excellent agreement 
with our experimental results [18,19,16]. 

5 Conclusion 

Decoherence affects already systems of one and two-photon, setting limits 
to the viability of the corresponding communication protocols. However, we 
have illustrated how one can deal with decoherence for these relatively simple 
systems. The generalization to larger, more complex, systems is not straight- 
forward. Nevertheless, there is hope that some of the ideas presented in 
this contribution may guide the research for improved ’’decoherence man- 
agement” . 
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Abstract. An electron biprism interferometer combined with a Wien filter (crossed- 
field analyzer) proved to be an excellent tool to investigate quantum mechanics: By 
increasing the excitation of the Wien filter, the laterally separated, coherent wave 
packets axe continuously shifted longitudinally relative to each other. The value 
of the longitudinal shift for vanishing fringe contrast is identical to the coherence 
length; by Fourier analyzing the decrease of contrast as a function of the longi- 
tudinal shift, the energy spectrum of the particles can be measured in analogy 
with Michelson’s visibility spectroscopy for light. While no ‘which-path’ informa- 
tion is available for full visibility of the fringes (full overlap of the wave packets), 
‘which-path’ information increases continuously for increasing longitudinal shift, 
i.e. with decreasing visibility. Wide separation of the coherent electron waves can 
be achieved, e.g., by cascading two or more biprisms. Widely separated coherent 
beams are indispensable for proving the rotationally induced phase shift of electron 
respectively ion waves (Sagnac effect), the Aharonov-Bohm effect for composite 
particles (ions), and for experiments on decoherence caused by the irreversible in- 
teraction with the electron gas in a conducting plate and by vacuum fluctuations. 
Last but not least an experiment to show antibunching of free fermions (two particle 
interference) is in progress at the moment. 



1 Introduction 

Interferometry with massive particles started in the early 50ties with the 
development of two electron interferometers, the first one with amplitude 
splitting by Marton et al. [1] and the second one with wavefront splitting 
by Mollenstedt and Diiker [2]. The first method was abandoned for various 
reasons (e.g., difficult alignment and low intensity [3]). The biprism interfer- 
ometer became the standard type of electron interferometer. Only six years 
later the theoretical prediction by Aharonov and Bohm (A-B) [4] ^ that the 
interference pattern of charged particles is influenced by electromagnetic po- 
tentials even under conditions where the electromagnetic fields are zero, was 
successfully verified with a biprism interferometer by Chambers [6] in Bristol 
and Bayh and Mollenstedt [7] in Tubingen. These experiments proved the 

^ Little attention was paid by the physics community to Ehrenberg and Siday’s 
paper containing the same quantum implications as the A-B paper, although 
published ten years earlier [5]. 
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primacy of potentials over fields in quantum physics. In the early SOties, G. 
Wohland measured in his PhD thesis the coherence length of electron waves 
[8] for the first time using a Wien filter (crossed-field analyzer) as a device to 
shift wave packets longitudinally. At the same time an extremely stable type 
of interferometer was developed and combined with a Wien filter [9]. 

The present paper is organized as follows: Introductory remarks on elec- 
tron interferometry are followed by the introduction of our miniaturized elec- 
tron interferometer. A short glance on the Sagnac experiment with electron 
waves demonstrates the influence of mechanical (vector-) potentials and fields 
on the phase difference of matter waves. Subsequently, the phase difference 
caused by the coupling of the charge of matter waves to electromagnetic po- 
tentials and fields is clarified by considering explicitly the physics going on 
in a Wien filter. The feature of a Wien filter of shifting wave packets longi- 
tudinally enables us to measure and optimize longitudinal coherence in an 
interferometer and observe via the visibility of interference fringes the tran- 
sitition from the situation where no ‘which-path’ information is available to 
full ‘which-path’ information for vanishing fringe visibility. New possibilities 
to measure decoherence by means of electron interferometry are discussed. 
Only recently we succeeded in realizing a biprism interferometer for com- 
posite, ‘heavy’ particles, ions. Ion interferometry opens a gateway to study 
fundamental physical principles related to gauge invariance and supplements 
atom interferometry with respect to effects of charge. The paths of ions are 
easily controlled due to a long experience in charged particle optics open- 
ing a promising alternative to realize supersensitive gravitational and inertial 
sensors (e.g., rotation sensors) and new tests of relativity and gravitation. 
The article ends with the description of an experiment to prove electron an- 
tibunching, i.e., the influence of quantum statistics on interferences betweeen 
two electrons (second order coherence) . 

2 The Need for an Improved Type 
of Electron Interferometer 

Historically, electron interferometers were developed by electron micro- 
scopists according to constructional principles customary in electron mi- 
croscopy. The deficiencies of these instruments are: Extreme sensitivity to 
mechanical vibrations, insufficient mechanical and electrical long-term sta- 
bility, and sensitivity to alternating electromagnetic fields. These deficiencies 
still exist, even in the most advanced electron microscopes with atomic res- 
olution. The new design of an electron interferometer that overcomes these 
deficiencies [9] is given in Fig. 1. 

The mechanical and electron-optical set-up of the new type of interferom- 
eter is given in Figs, la and lb; the beam path for a three-biprism arrange- 
ment with coherent beams separated by about 100 pm is shown in Fig. Ic 
(an enclosed area between the coherent beams is necessary, e.g., when an 
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horizontal deflection 

deflection system 

system 




Fig. 1. Miniaturized biprism interferometer, a) View of electron-optical components 
(diameter 28 mm) tightly fixed on a miniaturized optical bench (total length 30 cm) 
consisting of two precision ceramic rods. The image intensifier is about 20 cm away 
from the second magnifying quadrupole lens, b) Schematical set-up. c) Beam path 
(by three biprisms a larger enclosed area between the coherent beams is realized, 
e.g., for the Sagnac experiment) 



Aharonov-Bohm, a Sagnac experiment, or experiments on decoherence are 
to be performed). 

Low-energy electrons (150 eV - 3keV) emitted from a field emission diode 
electron gun are used. With electrostatic deflection systems fine alignment 
of the electron beam onto the optical axis is achieved. The virtual source 
size of electrons emitted from a field emission tip is sufficiently small to il- 
luminate the biprism coherently (spatial coherence condition). The coherent 
wavefronts are made to diverge by a negatively charged filament [7], then to 
converge by a second, positively charged one. The third, negatively charged 
biprism reduces the angle of superposition of the coherent wavefronts lead- 
ing to a larger spacing of the fringes in the primary interference plane. The 
wavefronts leaving the first and second biprism may be slightly rotated by 
weak longitudinal homogeneous magnetic fields (produced by the alignment 
coils) in order to align them with the direction of the following biprism fila- 
ment. The primary interference fringes are magnified by quadrupole lenses, 
intensified by a dual-stage channel plate image intensifier, transferred to a 
CCD-camera by tapered fiber optics, and evaluated by an image process- 
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ing system. The interferometer can be placed on a turntable (including all, 
optionally battery powered, power supplies) in order to study the influence 
of inertial potentials and fields on the phase difference of the electron waves. 
The interference fringes are transmitted by a slip ring to the laboratory frame. 

3 Applications of the New Type 
of Electron Interferometer 

3.1 Influence of Inertial Potentials and Forces on the Phase 
Difference of Electron Waves (Sagnac Experiment) 

The Sagnac experiment for electron waves, together with the Sagnac exper- 
iments for neutrons and neutral atoms, demonstrates that the coupling of 
inertial potentials and forces (fields) is independent of the charge. We do not 
want to go into details of these questions here; a discussion of these prob- 
lems may be found in special publications [10] [11] [12]. The present reason 
to mention the successful completion of the Sagnac experiment with electron 
waves [11] is that it was the most crucial demonstration of the exceptional 
qualities of the new interferometer compared to conventional instruments. 
All goals are met by the new design of the instrument. 



3.2 Influence of Electromagnetic Potentials and Fields 
on the Phase Difference of Electron Waves 

By considering the laterally separated electron wave packets in the crossed 
electric and magnetic field of a Wien filter, the influence of electromagnetic 
potentials and fields on the phase difference can be clarified. The Wien 
filter is said to be in its matched (or compensated) state if the electric 
and magnetic force for particles travelling on the optical axis and having 
the main energy component of the electron beam cancel each other, i.e. 
E = vB where E is the electric field strength, B the magnetic induc- 
tion, and V the main velocity component of the beam. In an interferom- 
eter, the Wien filter acts on a wave packet for which the matching con- 
dition is fulfilled in a unique way: The wave packets are shifted longitu- 
dinally relative to each other, but the phase difference is left unchanged 
(Fig. 2a). The wave packet shift is caused by different electric potentials 
on the two laterally separated paths in the Wien filter leading to different 
group velocities inside the Wien filter. The acceleration and deceleration of 
the wave packets takes place in the fringing fields of the Wien filter capaci- 
tor. The vanishing phase difference between the two wave packets traversing 
the Wien filter is due to opposite and equal phase shifts caused by the elec- 
tric scalar and the magnetic vector potential ( Aharonov-Bohm phase shifts) . 
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The decreasing overlap of the two parts of the wave packets - correspond- 
ing to a decreasing longitudinal coherence - with increasing excitation of the 
filter leads to decreasing fringe contrast. 




Fig. 2. a) Electron biprism interferometer with Wien filter switched off (left) and 
Wien filter in its excited state (right): The wave packet shift exceeding the coher- 
ence length leads to the disappearance of the interference fringes, b) Restoration 
of contrast by a Wien filter: The longitudinal shift of the wave packets caused by 
electrostatic deflection elements (top) can be compensated (middle) and overcom- 
pensated (bottom) with the Wien filter[13]. The 11 micrographs correspond to 11 
different excitations of the Wien filter, increasing from top to bottom. 

It should be noticed that for the Wien filter phase relations between different 
energy components making up the wave packet do not matter - at least 
for narrow energy distributions. Therefore, e.g. for a mixed state that can 
be decomposed into monochromatic waves the contrast-reducing effect on the 
interference pattern turns out to be the same as for the wave packet, provided 
that the energy spectrum equals that of the pure state of the wave packet, 
only the mechanism of the reduction of contrast being different: in case of 
the ensemble of monochromatic waves with statistically distributed phases it 
is the displacement of the incoherently superimposed intensity distributions 
relative to each other whereas for the wave packet it is the decrease in overlap 
and/or the non-stationarity of the phase difference between the two wave 
packets (cf. [14]). It is important to bear in mind that the spreading of the 
wave packet with time does not affect the maximum distance of the centres of 
the two parts of the wave packet which is compatible with a certain value of 
the contrast, independent of the time-dependent spread of the wave packets. 
This defines the coherence length which is a constant of motion. Details of 
our measurement of the coherence length and numerical values for electron 
energies in the keV range and with energy spreads of about 0,1-1 eV may be 
found in [15]. 
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While the coherence length gives us information about the energy width 
of the beam, the energy distribution of the ensemble of electrons can be mea- 
sured quantitatively by Fourier analyzing the complete fringe pattern. This 
- for particle waves new - spectroscopic method has been realized success- 
fully in recent years [16]. It reveals a great analogy to light optics and clearly 
demonstrates the wave aspects of matter. 



3.3 ‘Which-Path’ (“Welcher Weg”) Information 
in the Wien Filter 

In this paragraph we want to show that with increasing excitation of the 
Wien filter, ‘which-path’ information raises continuously accompanied by a 
decrease in contrast. This loss of contrast can be interpreted as being due to 
the increasing {possibility of getting) ‘which-path’ information arising from 
the different times of flight of the two wave packets - though in present exper- 
iments we cannot really get this information because of the lack of knowledge 
of the instant of time when the electron was emitted. 

As another choice for the interpretation of the decrease in contrast, the 
delay between the two wave packets can be considered as a kind of entangle- 
ment: If we write the ordinary state space of the particle as a tensor product 
of the state space X of positions on the detection screen and of the state 
space Z of positions orthogonal to that screen (i.e., along the optical axis z), 
then because of the longitudinal distance h.z of the positions of the maxima 
of the wave packets we have entanglement of the states in X with those in 
Z. Yet this is only fully justified if the state of the split wave packet before 
entering the Wien filter is itself not an entangled state but a product state 
in X®Z. In this case, when the excitation of the Wien filter is increased, we 
really have entanglement with increasingly orthogonal states in Z. 

By increasing the excitation of the Wien filter we get a continuous tran- 
sition from complete interference to complete ‘which-path’ information (see 
Fig. 2b) (cf. [17]). This allows to test the inequality (see [18] and references 
cited therein) 



V‘^+V^ <1 



between visibility V and distinguishability V of the paths. This inequality has 
recently been tested experimentally in an atom interferometer [19]. Because 
the spreading of the wave packets leads to an increasing overlap between 
them, the time of arrival becomes more and more unsuitable as an observ- 
able for measuring the distinguishability when the distance to the source is 
increased. 
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3.4 The Wien Filter as a Quantum Eraser, Decoherence 

By combining two Wien filters with opposite excitation, the effect of the first 
of these can be undone. Again, this can be interpreted in different ways, 
either by the loss of “welcher Weg” information or by the fact that the z- 
coordinates of the maxima of the two parts of the wave packet are made 
equal again. The second Wien filter can be looked upon as a quantum eraser, 
but with the difference that we do not loose intensity by this process. This 
is because we do not project onto - or at least detect in correlation with - 
a ‘labelling space’ state (of which both packets have equal components), but 
instead equalize the two labelling states. 

Furthermore, this demonstrates that coherence is not lost but only hid- 
den after the first filter. Figure 2b shows how interference which was lost due 
to the electrostatic fields of the deflection elements is restored by the Wien 
filter. (This process is explicitly described in [13].) This suggests that there 
is no decoherence emerging from the - doubtlessly, absolutely reversible - 
interaction of the electron with the electromagnetic fields or with the envi- 
ronment (capacitor plates of the Wien filter). The latter is negligible due to 
the large distance to the capacitor plates as we will see in Sect. 3.5. 

‘Which-path’ information without decoherence: It is remarkable that 
the Wien filter introduces entanglement exclusively in the sense mentioned 
above and not with the environment. Therefore, no real decoherence takes 
place, there is only reversible entanglement between the two longitudinally 
shifted states and consequently we can enforce recoherence (i.e., we have 
something like ‘reversible decoherence’). The ‘which-path’ information is stored 
in the system itself and could in principle be read out, but no information 
has left the system. 

‘Which-path’ information with decoherence: As soon as the ‘which- 
path’ information is actually read out, e.g., by measuring the arrival time (or 
another suitable observable which distinguishes between the two parts of the 
wave packet), the detection process inevitably decoheres the system. 

Decoherence without ‘which-path’ information: The bare detection 
process of the electron in an interferometer with the Wien filter turned off is 
an example for decoherence without ‘which-path’ information. 

3.5 Decoherence by Effects of a Conducting Plate 

An experiment in which a highly controllable environment is realized by a 
conducting plate has been proposed by Anglin and Zurek [20]. A charged 
particle beam is split and both wave packets travel over a conducting plate 
with finite resistivity before they form an interference pattern. Contrast, be- 
ing a measure for decoherence, is influenced by two parameters: One is the 
height z of the trajectories over the conducting plate, the other is the spatial 
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separation 




Ax of the coherent beams. The decoherence time is proportional 



Fig. 3. Sketch of the decoherence experi- 
ment proposed by Anglin and Zurek [20]. 
The split charged particle beam traverses the 
conducting plate giving rise to image charges 
in the plate. The large shaded regions repre- 
sent the disturbance in the electron gas 

The reason for decoherence is the following: The charged particle induces 
image currents in the conducting plate. These currents encounter ohmic resis- 
tance, the electron and phonon gas of the conductor are disturbed. This dis- 
turbance remains after the particle has left the interaction region. Therefore, 
a record of the path taken by the particle remains in the conductor. Quan- 
tum mechanically, this means that the two interfering waves of the charged 
particle are entangled with different states of the electron and phonon gas. 

In an electron interferometer, a lateral separation ranging from 10 to 
300 pm and the proposed heights down to 0.1mm should be possible and 
probe the full range from negligible to strong decoherence. 

In addition to the effect just described, a second physical process leads 
to decoherence: The modifications of the vacuum fluctuations of the electro- 
magnetic field in the vicinity of conducting boundaries [21]. A prerequisite 
for observing this much weaker effect (decrease in contrast is on the order of 
a few percent only) is the successful demonstration of decoherence caused by 
dissipative currents. 




3.6 A Biprism Interferometer for Ions 

Ion interferometers are expected to solve about the same important questions 
as atom interferometers do: Fundamental tests of quantum mechanics and 
relativity, multiparticle interferometric effects [22], development of inertial 
sensors with unprecedented sensitivity [23] [24] [25]. Additionally, charged 
atoms couple to the electromagnetic field. Due to the ion’s internal structure, 
with an ionic Aharonov-Bohm experiment, one can conduct the crucial test 
whether the phase shift caused by electromagnetic vector potentials depends 
on internal degrees of freedom of the structure-rich ions, or is the same as for 
structureless ‘point’ particles as electrons. 

The interferometer for ions is a modified type of our electron interferom- 
eter and uses wavefront division by an ion-optical biprism whereby a true 
physical separation of the coherent ion wave packets in space is achieved. 
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Fig. 4. Schematical set-up of the ion interferometer 
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Fig. 5. Diffraction at both edges of the biprism filament (a) and biprism interfer- 
ences (b) with 3keV Helium-ions [27]. The lines are raw data summed-up over 50 
successive pixel-lines in the micrographs of the fringes, the dotted lines are low-pass 
filtered and spline-interpolated data. 7n is the normalized mean intensity 



Compared to atom interferometers working with thermal beams with wave- 
lengths on the order of A, the wavelengths of our ions are in the pm range. 
The field ion source incorporated in the instrument can be switched between 
ion and electron emission. All optical components of the interferometer are 
electrostatic, therefore alignment of the interferometer optics can be per- 
formed with electrons. In order to maximize the coherent flux of He+-ions 
emitted by the field ion source, we use a specially treated ‘supertip’ (see, 
e.g., [26]), cooled down during operation to 77K. The ‘supertip’, i.e., a pro- 
trusion consisting of a small number of tungsten atoms on a {lll)-oriented 
tungsten field emission tip which has a relatively large radius of curvature of 
the apex, is prepared in situ in the interferometer. During preparation, its 
emission pattern can be controlled on the screen of a channel plate image in- 
tensifier which is inserted temporarily between ion source and interferometer 
(Fig. 4). After preparation, the source is emitting into an angle of about 1'’ 
only. Nevertheless, the very small part of the current of ions which is emitted 
into the tiny angle where the interference fringes are formed (~ 10~^rad), 
leads to exposure times as long as 30 minutes. The primary interference 
pattern is magnified by an electrostatic quadrupole lens, intensified by two 
cascaded channel plates, and fiber-optically transferred to a cooled slow-scan 
CCD-camera. On-chip integration of single events and image processing in a 
personal computer are provided in order to improve the signal-to-noise ratio. 

In summary, Fig. 5a shows diffraction at both edges of the biprism fila- 
ment, and Fig. 5b shows biprism interference fringes of He+-ions. In order 






210 



Franz Hasselbach et al. 



to reduce noise the integrated intensities /„ of about 50 successive lines per- 
pendicular to the fringe direction are given in Fig. 5a, b. All but one of the 
crucial stability requirements for ions with sub-pm wavelengths are met by 
the interferometer. The only exception is for the ion source whose emission 
site tends to move uncontrollably in lateral direction during the long expo- 
sure time. Lateral coherence is destroyed and, with it, the fringe visibility. 
Improvement of source stability and brightness are the next important goals 
on the way to an ion interferometer as a research tool. 



3.7 Fermion Anticorrelations 



In 1956, R. Hanbury Brown and R. Q. Twiss [28] reported their - for that 
time spectacular - finding of correlations in the fluctuations of photoelec- 
tric currents evoked by coherent beams of light. The mean square fluctua- 
tions in these photoelectric currents were twice that predicted for classical 
(Boltzmann-) particles. If we substitute the photon beams in an experiment 
by coherent beams of electrons, the Pauli principle does not allow two elec- 
trons in the same quantum mechanical state (a single phase space cell), in 
other words, accidentally overlapping wave trains are not allowed (wave func- 
tion antisymmetrization) [29], In a coherent field of polarized electrons, the 
probability of arrival of a second electron within the coherence time Tc is 
strongly reduced.^ Consequently, the fluctuations in a coherent field of elec- 
trons are smaller than for classical particles. Therefore, the illumination of 
an area by fermions is more uniform in principle [31] and the arrival time 
intervals between single electrons are preferentially > Tc corresponding to a 
longitudinal distance. 

The only candidate to prove fermion antibunching is electrons because 
for heavier particles the beam degeneracies of the available sources are hope- 
lessly small. The beam degeneracy 5 means the ratio of the actual brightness 
of the emitter (occupation number per cell in phase space) to the theoreti- 
cal maximum brightness j5max (by Pauli’s exclusion principle, the maximum 
occupation per cell is two for fermions with opposite spin directions) : 



B 



max 



4me 



SA£; = 5.2-10® 



^ ^ A 
eV eV cm^ ■ sr 



The beam degeneracy 6 of the electron beam in a standard field emission 
electron microscope is [30] about 10“®. 

With our low aberration diode field emission gun working at IkeV a 
brightness of the same order as for the microscope given above seems real- 
istic. The corresponding beam degeneracy of about 5 • 10“^ compares quite 
favourably with that of 10“® of the classical experiment of Hanbury Brown 
and Twiss. 

^ For unpolarized electrons, this effect is reduced by a factor 1/2 [30]. 
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In our experiment, two electron detectors in the interference plane of the 
interferometer measure coincidences of the arrival times of electrons. The 
time resolution of the fast coincidence will be of the order of 10“^° s, which is 
by 4 orders of magnitude less than the coherence time Tc . Having a resolution 
of 10“^° s only, we expect to measure a coincidence rate which is, compared 
to the random coincidence rate n of ‘classical’ particles, reduced by 10“^ n 
since, loosely speaking, within the first 10“^^ s after the arrival of an electron 
no second one arrives due to the Pauli principle. This causes the reduction of 
random coincidences in a coherent electron beam. In conclusion, antibunch- 
ing of electrons should be observable with our electron interferometer and 
presently available technology of fast coincidence counting. 
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Abstract. The use of cold trapped ions for quantum information processing re- 
quires the preparation of linear strings of ions at low temperatures and the coherent 
manipulation by laser light of the quantum state of individual ions in the string. 
In our experiment, ^°Ca+ ions are trapped in a linear Paul trap, forming crystal- 
lized linear strings when laser cooled. These strings are observed by fluorescence 
detection on the S 1/2 - P 1/2 dipole transition at 397nm using a photomultiplier 
and a CCD camera. The narrow S 1/2 - Ds /2 quadrupole transition at 729nm is 
used to investigate and manipulate the vibrational motion of the ion in the trap. 
The spectral resolution obtained up to now on this transition is 2 ■ 10“^^, prov- 
ing long coherence time of the two-level system. Addressing of individual ions in 
the string is achieved, using a tightly focused laser beam at 729nm, and detected 
by the observation of quantum jumps from the S 1/2 to the D 5/2 level. These ex- 
perimental techniques make ions in a superposition of their S 1/2 and D 5/2 states 
suitable as qubits for quantum information processing. The realization of a two-ion 
quantum gate furthermore requires ground-state cooling of the string. The status 
of current experiments is reviewed and techniques to achieve ground-state cooling 
of ion strings are discussed. The application of those techiques including coherent 
control of the full quantum state of the ion string will lead in future to systematic 
investigations of decoherence. 



1 Introduction 



One or a few ions stored in a radio-frequency Paul trap offer an ideal envi- 
ronment to study the dynamics of simple quantum systems. With the aid of 
laser pulses, the investigator can taylor the interaction of this system almost 
at will. Quantum information processing, as well as the study of foundations 
of quantum mechanics, ultrahigh precision spectroscopy, and the investiga- 
tion of future frequency standards, and last but not least the investigation of 
decoherence, are possible applications of the perfect control of internal and 
external quantum mechanical degrees of freedom of a string of trapped ions 
[1-5]. A particulary interesting situation arises when a suitable laser light 
field couples the motion of the ion(s) in the trapping potential with their 
electronic levels. This situation is described by an interaction Hamiltonian 
acting on two internal electronic levels, |s) and |d), with energy difference 
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cosd, which are ‘dressed’ by the harmonic oscillator states |n) of the external 
motion at frequency ojtrap (see Fig. 1). 

|d,n> 



|d,2> 




|s,0> 

Fig. 1. Electronic states of a two-level atom |s) and \d), ‘dressed’ by the number 
states of its quantized motion. 



The interaction Hamiltonian takes the form 

Hint = -hn 4 - , ( 1 ) 

where r] = k\jTil2mwtrap is the Lamb-Dicke parameter, (a^' + a) the position 
operator in terms of creation and annihilation operators for the harmonic 
oscillator, and D is the coupling strength proportional to the amplitude of 
the laser light field. This interaction Hamiltonian is inherently richer than 
the classical Jaynes Cummings Hamiltonian [6-9], but reduces to the latter 
in the so-called Lamb-Dicke limit 

V • \j = V ■ '/2n -t- 1 << 1 (2) 

and when the detuning of the light field with respect to Ugd is 5 = —i^trap- 
We assume that the radiative width of both levels |s) and |d) is much smaller 
than tJtrap, such that the motional sidebands of the atomic resonance, |s,n) 
to \d,n ± 1), are well resolved. In general, any detuning 6 = {n' — n) ■ ujtrap 
{n,n' integer numbers) will resonantly drive transitions between the states 
|s,n) and \d,n'), and thus lead to a different interaction Hamiltonian. 

2 Ion trapping 

The experimental techniques to realize a well controlled situation [10-16] de- 
scribed by the Hamiltonian above have historically evolved from efforts to 
build frequency standards with trapped and cooled ions [17-19]. Dynamical 
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trapping of charged particles in radiofrequency (rf) traps has been first pro- 
posed and experimentally verified by W. Paul in 1958 [20] . An rf electric field, 
generated by an appropriate electrode structure, creates a pseudo-potential 
confining a charged particle [21], For the trapping of single ions the electrodes 
typically have dimensions of a few millimeters down to about 100 /Ltm. The 
rf fields are in the 1-300 MHz range, with amplitudes of hundreds of Volts. 
The motion of a particle confined in such a field consists of a fast component 
synchronous with the applied driving field (micromotion), which disappears 
at the node of the rf field, and a slow (secular) motion in the dynamically 
created pseudo-potential. For a quadrupole rf field geometry, the pseudo- 
potential is harmonic and the quantized secular motion of the trapped ion is 
very accurately described by a quantum harmonic oscillator. 




Fig. 2. Schematic setup of the linear trap. Confinement is maintained by the rf 
quadupole field in radial direction and by the dc potential of positively charged 
ring electrodes. 



In a linear Paul trap, the quadrupole rf field exists only in the xy-plane, 
such as in a quadrupole mass spectrometer, and an additional electrical dc 
potential provides confinement along the z-axis (see Fig. 2). A major ad- 
vantage compared to a three-dimensional Paul trap is that the micromotion 
completely vanishes for all ions on the z-axis. Furthermore the oscillation 
frequency in that direction can be chosen freely and independently from 
the radial secular frequencies. In contrast, in three-dimensional Paul traps 
Coulomb repulsion between ions pushes them into the rf field where micro- 
motion heating occurs. Linear Paul traps presumably avoid completely this 
heating source even for long linear strings of ions. However, even if the use of 
linear traps for a larger number of ions seems favorable, an elongated version 
of the three-dimensional Paul trap has been used to produce strings of two 
and three ions [22]. 

Our trap [23] consists of 4 parallel steel rods with 2mm spacing, diagonally 
connected to generate the quadrupole rf field for radial confinement. The rf 
field at J7/27T = 18MHz yields a radial trapping pseudo-potential with secular 
frequencies of ujr =1.4MHz. Two DC ring electrodes of 4mm diameter and 
10mm spacing serve as the axial endcaps for longitudinal confinement. DC 
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voltages on the ring electrodes result in a harmonic trapping potential at an 
axial frequency of =100 - 500kHz. The relatively large dimensions of our 
trap help to reduce unwanted interactions between the ion string and surface 
charges on the electrodes and thus reduce heating [24], Ions are produced 
from an atomic beam by electron impact ionization inside the trap, where 
they are subsequently confined and laser cooled [25,26]. 



3 Laser cooling 



We have chosen ions for the experiments since their excitation wave- 

lengths are relatively easy to generate with solid state and diode lasers. See 
Fig. 3 for the relevant energy levels. Laser light at 397nm is generated with 
a frequency doubled Ti:Sapphire laser at 793nm while the light sources at 
866nm, 854nm and 850nm are grating stabilized diode lasers. For Doppler 
cooling of the Ca+ ions we use the dipole-allowed S 1 / 2 -P 1/2 transition at 
397nm, and we reach a temperature near the Doppler cooling limit of 0.5mK. 
Fluorescence light of the ions at 397nm is collected through two optical view- 
ports using f/1.3 collimation lenses at a working distance of 65mm. One lens 
images the spatially integrated fluorescence onto a photomultiplier, and the 
second lens images the ion string onto an intensified CCD camera with 20- 
fold magnification. Here we observe linear ion strings of up to 15 ions, with 
distances between the ions of 19/im (2 ions) to 7/^m (15 ions). See Fig. 4 for 
an image of 1, 2, 3, 9, and 10 ions. The optical resolution for the detection 
of fluorescence light at 397nm has been measured to be 4/im [23]. 




D5/2 

D3/2 



Fig. 3 . Level scheme of ‘‘®C'a+. The lifetime of both D states is Is. Superposition 
states of IS1/2) and ID5/2) are used to implement a qubit. 




Single Ions in Paul Traps 



217 










Fig. 4. Examples of linear strings of ions at o;2=125kHz, leading to a distance 
between two ions of 19/xm. The exposure time of the CCD camera was Is. 



Further cooling [22,28,27] beyond the Doppler limit of 0.5mK is possible 
in the ‘‘°C'a+ ion by sideband cooling on the quadrupole S 1 / 2 -D 5/2 transition 
at 729nm. A highly frequency stabilized Ti:Sapphire laser generates the light 
to excite this transition. Additionally, we shine light at 854nm onto the ions 
to quench the metastable D 5/2 state and thus increase the cooling rate. Please 
note that sideband cooling is much simpler if the initial state after Doppler 
cooling is well within the Lamb-Dicke regime, see Fig. 5. This condition is 
easily fulfilled if t he trap frequen cy in z-direction is above 500kHz such that 
Veffective = V ' \/‘^{n)therm. + 1 < 1 and the average vibrational quantum 
number at the Doppler limit is {n)therm. <20. 








218 H.C. Nagerl et. al. 



a) 



|e,n> 



|e,0> 



|e,1> 

\ 



|e,2> 



®sd“®trap 



|g,o> 



— lg-2> 
lg,i> 



|e,n> 




Fig. 5. a) Scheme of sideband cooling inside the Lamb-Dicke regime. The cooling 
laser is red detuned from the bare atomic resonance by uitrap- b) red sideband 
excitation outside the Lamb-Dicke limit leads to strong diffusion and heating. 

4 Normal modes of oscillation 

In a linear ion trap, ions can be confined and optically cooled such that they 
form ordered structures [29,30]. If the radial confinement is strong enough 
such that (jJr/uJz > 0.73A^° *®, N ions arrange in a linear string along the trap 
axis at distances determined by the equilibrium of their Coulomb repulsion 
and the axial dc potential. If this potential is sufficiently harmonic, the posi- 
tions can be described by a single parameter, the axial frequency Small 
displacements of the ions from their equilibrium positions are described in 
terms of normal modes. As an example, consider two ions confined 

in a linear ion trap: The first normal mode corresponds to an oscillation of 
both ions moving together back and forth as if they were rigidly joined. This 
oscillation is referred to as the center-of-mass (COM) mode of the string. The 
second normal mode corresponds to an oscillation where the two ions move 
in opposite directions. More generally, this so-called breathing-mode describes 
a string of N ions moving with an amplitude proportional to their mean dis- 
tance from the trap center. Explicit calculation of the normal modes and the 
respective eigenfrequencies of an ion string yields the following results [32,33]: 
i) for a one-dimensional string consisting of N ions there are N normal modes 
and normal frequencies, ii) the frequency of the center of mass mode is equal 
to the frequency of a single ion, iii) higher order frequencies are nearly inde- 
pendent of the ion number N and are given by (1, -\/3, ^29/5 , 3.05(2), ...)• 
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Wj;, where the numbers in brackets indicate the maximum frequency deviation 
as N is increased from 1 to 10 ions, iv) the relative amplitudes of the normal 
modes have to be evaluated numerically, at least for strings with more than 
3 ions, see equation (28) in Ref. [32]. 
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Fig. 6. Stroboscopic image of the rf-excited center-of-mass motion at 158.5kHz 
(right) and breathing mode motion at 276.0kHz (left). For animated pictures see 
also [16] 

After loading the trap with a string of ions, we excited normal modes by 
applying additional ac-voltages to one of the ring electrodes [31]. The normal 
mode oscillation has been observed stroboscopically with the gated CCD 
camera that accumulates images at the same phase of the exciting electric 
field. The measured excitation frequency for the breathing mode agrees within 
1% with the expected frequency of \/3 times the center-of-mass frequency. 
Fig. 6 shows the excitation of the center of mass mode (158.5 kHz) for a 
string of seven ions and the excitation of the breathing mode (276.0 kHz). 
In order to excite the breathing mode it was necessary to apply voltages 
about 300 times higher than the ones needed for excitation of the center 
of mass mode. Excitations of higher order modes other than the breathing 




220 H.C. Nagerl et. al. 



mode were not observed with the available ac-voltages. This is due to the 
fact that the exciting field is nearly uniform along the ion string so that 
higher modes, which need field gradients parallel to the ion chain are excited 
much less efficiently. The COM vibration is excited with a uniform field and 
is therefore very susceptible to field fluctuations. In contrast, the excitation 
of higher order modes by field fluctuations is less likely since the spatial 
field variation is very small on the length scale given by the ion distance. 
Therefore, this unwanted heating process occurs less strongly for the higher 
order modes. 

5 Electron shelving 

The basic idea of the ‘electron shelving’ method as proposed by Dehmelt [34] 
is very simple: It requires a three-level system consisting of a ground state 
js), a metastable excited state jd), and a short lived excited state jp). A laser 
pulse couples the ground state to the excited state jd), leaving the system in 
a superposition a|s) + /3|d). If now the |s) — > \p) transition is driven, the short 
lived state |p) will be excited and scatter photons if, and only if, the system 
collapses into |s). The state reduction already happens with the first scattered 
photon even if it is not observed. The measurement yields the result |s) with 
probability jo;|^, corresponding to the observation of photons, or the result 
|d) with probability |/3|^, corresponding to the absence of photons. Even if 
the efficiency for detecting the photon from one decay of jp) is low (typically 
10“^) one can keep re-exciting the system and scatter millions of photons, 
eventually detecting a few of them in case the state is reduced to js). If the 
state is ‘shelved’ in the metastable state |d), no fluorescence will occur. In 
every single experiment the answer will be either |s) - photons detected - 
or jd) - no photons detected - , thus distinguishing these states with 100 % 
detection efficiency and destroying all coherences between them. Averaged 
over many experiments, the number of tries where fluorescence photons are 
observed will be proportional to jap. 

As an example of the efficiency of this method. Fig. 7 shows the fluo- 
rescence signal from a single Ca+ ion during continuous excitation on the 
Si /2 Pi /2 transition at 397 nm and the S 1/2 — >■ 7 I 5/2 transition at 729 nm. 
While the ion is in the S 1/2 or P 1/2 state it radiates about 2000 photons in 
100 ms into the photomultiplier. At certain times, the ion is excited into the 
D 5/2 state by the beam at 729 nm and the rate drops to about 150 events 
in 100 ms, given by the number of dark counts of the imperfect photomulti- 
plier, and some 397 nm light directly scattered from the exciting beam into 
the detector. Obviously, the two states can be discriminated with excellent 
precision already within one ms. The average dark time is about 1 second, 
the radiative lifetime of the D 5/2 state. In the language of quantum informa- 
tion processing, this two-level system of S 1/2 state and D 5/2 state represents 
an ideal qubit, several of them form a quantum register. For such a possible 
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realization of a quantum register, the observation of fluorescence with the 
intensified CCD camera yields the internal state detection with 100 % prob- 
ability: The sites of the ions in the string appear bright or dark depending 
on the logic state of each qubit. 
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Fig. 7. Quantum jumps of a single ‘*°Ca''‘ ion. When the ion makes a transition to 
the metastable D 5/2 state, the fluorescence drops. After an average time equal to 
the lifetime of the excited state (r ~ 1 s), a spontaneous transition returns the ion 
to the ground state and the fluorescence reappears. 



6 Spectroscopy of the S1/2 — D5/2 transition 

For quantum information processing, the dressed quantum states of the qubits 
are coherently manipulated using laser pulses similar to the tt/ 2-pulses used 
in optical Ramsey spectroscopy. To investigate this technique with a single 
ion, we first used laser pulses of fixed length at 729nm that couple the S 1/2 
and D5/2 states. A magnetic field is used to split the transitions to different 
mj levels in frequency. After preparing the Sii 2 ,fnj = -1-1/2 sub-state by 
optical pumping, we excite the ion to the D5/2 state manifold of Zeeman 
sublevels. We are mainly interested in the 5i/2 D5/2, mj = -f-1/2 -t-5/2 

transition which has the largest Clebsch-Gordon coefficient. In the third step 
of this ‘quantized spectroscopy’, see Fig. 8, we detect whether a transition to 
the shelving level D5/2 has been induced. 

The above sequence is repeated typically 100 times to measure the exci- 
tation probability Pd for any set of parameters. In this way we study the 
dependance of Pd on experimental parameters such as the detuning of the 
light at 729nm with respect to the ionic transition or the length of the ex- 
citation pulse. The duration of a single sequence is typically Sms or less, 
and we can synchronize the sequence with the ac power line at 50Hz, which 
reduces ac-magnetic field fluctuations, although at the cost of slower data 
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Fig. 8. Experimental sequence for the quantized spectroscopy, see text for details. 




Fig. 9 . Calculated sideband spectrum for excitation of the S1/2 to D5/2 transition, 
for one ion below saturation and at the Doppler cooling limit. Oscillation frequencies 
are oi^=136kHz, o;r=1.4MHz. The radial sidebands are magnified by a factor of 10. 
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Fig. 10. Shift with trap frequency of the low-order sidebands adjacent to the carrier, 
as observed with one ion. The dashed line shows the spectrum as measured with 
a trap stiffness corresponding to (n^=l 13.8kHz. For the solid line, the ring voltages 
were increased by about lOV, resulting in an increase of cj^to 124.1kHz. No ac-power 
line synchronization was used. 



aquisition. As a consequence of the harmonic ladder of ‘dressed’ ion states 
(Fig. 1), the spectrum of excitation PdW) vs ^ 729 , Fig. 9, shows a central 
peak with equidistant sidebands at multiples of the trap frequencies. The 
width of the envelope corresponds to the ion temperature that was assumed 
for this simulation to be at the Doppler limit of 0.5mK and r;=0.25. The 
measured sideband spectra in Fig. 10 show equidistant sidebands at the trap 
frequency on the z-axis. Increasing the voltages on the ring -shaped endcap 
electrodes increases the trap frequency. The only resonance that does not 
shift corresponds to excitation on the carrier frequency (without change in 
phonon number; n n). The observed linewidth for the transition on the 
carrier has been measured to be IkHz {Svjv = 2 • 10“^^) in the ac-power-line 
synchronized aquisition mode. The inverse of this measured linewidth, 1ms, 
gives the upper limit for any coherent operation, and we are currently work- 
ing to further improve this limit. The main limitations are the fluctuations 
of the magnetic fleld at the ions position and the phase fluctuations of the 
Ti:Sappire laser at 729nm. 

7 Driving coherent dynamics 

A major requirement for quantum information processing is the ability to 
apply laser pulses of certain duration to implement qubit rotations of 7t/2, tt 
and 27 t [4]. We have experimentally varied the pulse length of excitation on 
the carrier and measured the D 5/2 state probabilty Pnii) (see Fig. 11). 
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Pulse duration (ms) 

Fig. 11. Rabi oscillations between |5’i/2)n) and \D^i 2 >n) for a single ion in the 
linear trap. The solid curve is a plot of equation (3) with Lamb-Dicke param- 
eter y;=0.25, Rabi frequency Q = 27t- 50kHz, and thermal occupation number 

(n'iherm.)~300. 




Fig. 12. Rabi oscillations as in Fig. 11, measured in a three-dimensional Paul trap 
with higher trap frequency w == 0.9MHz with a single Doppler cooled ion. The 
solid curve is calculated with ?j=0.09, Q = 27r- 11.4kHz, and (ntfterm.)=H.6. The 
Doppler cooling limit for this trap is (n)=ll 
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The theoretical curve which fits the data takes the different Rabi frequen- 
cies for the transitions |s,n) to \d,n) into account. 

OO 

Pnit) = '^Pn- sin^(j?„„ • t), (3) 

n— 0 

= (4) 

where denotes the phonon probability distribution and a Laguerre 
polynomial. The oscillating dependence of on n and the large mean ther- 
mal vibration number (n), as is typical for the relatively weak z-confinement 
of the linear Paul trap, are responsible for the fast dephasing we observe. 
Here, after Doppler cooling, the ion is not found in the Lamb-Dicke regime. 
We emphasize that the dephasing is not due to laser frequency fluctuations 
which limit coherent dynamics only on a timescale of 1ms. This is also proven 
by a similar measurement of Rabi oscillations that we performed in a three- 
dimensional single ion Paul trap with much tighter binding (see Fig. 12). 
Four Rabi oscillation periods are clearly visible and the dephasing is again 
mainly due to the summation of different frequencies 

In a series of exciting experiments, the ion storage group around D. 
Wineland has used coherent dynamics for the generation and investigation 
of nonclassical phonon states [35], the implementation of a controlled-NOT 
gate [36], measurements of the Wigner function [37], and experiments on 
Schrodinger cat states temporal decoherence [38]. 

8 Individual addressing of ions in a string 

Taking advantage of the high optical resolution of the lens for the collec- 
tion of fluorescence in our experiment, we use the same optical path also for 
individual addressing (see Fig. 13). The ingoing laser beam at 729nm is sep- 
arated from the outgoing uv fluorescence with a dichroic mirror. An optical 
fiber between laser and trap setup provides stable alignment, and a telescope 
is used to adjust the A=729nm beam parameters for optimum focusing. Be- 
tween fiber exit and telescope, an acousto-optical modulator (AOM 1) is used 
to shift the direction of the addressing beam and thus to allow focusing onto 
the different ions. The ion string is illuminated by the addressing laser under 
an angle of a=67.5 degrees to the trap axis in order to allow qubit excitation 
together with excitation of vibrational modes at freq uency ■ In this geom- 
etry, we calculate a Lamb-Dicke parameter r) = k ■ cos^ (a) / 2mLJz =0.17 
for the center-of-mass motion. 

We have experimentally demonstrated two ways of addressing single ions 
in the string with a string of 3 ions [39]: First, we used the tightly focused 
729nm laser beam at a fixed position and shifted the ion string by slight 
variation (less than 1%) of the endcap ring electrode voltages while the vari- 
ation of the ion string position was monitored on the CCD camera. Secondly, 
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Fig. 13. Scheme of the experimental setup to address single ions in a string. Laser 
light at 729nm from an optical fiber is superimposed with the (counterpropagating) 
fluorescence at 397nm on a dichroic beamsplitter. Thus, the laser is focused by the 
objective lens onto the ion string. A two-lens telescope transforms the fiber output 
for optimum focussing. To address different ions in the string, either the acousto- 
optical modulator (AOMl) is used to shift the direction of the laser beam, or the 
ions axe shifted with additional dc potentials on the ring electrodes. 



we fixed the ion string position and moved the laser beam over the string 
with the AOMl. The optical excitation sequence consists of three parts: A 
0.5ms excitation period with light at 729nm is followed by a detection period 
with the laser at 397nm and 866 nm on (2ms), during which we register the 
quantum jump probability Pd to the metastable D 5/2 level. The sequence is 
closed by a cooling and repumping period with the lasers at 397nm, 866 nm 
and 854nm on (2ms). During the excitation period, we use a weak beam at 
397nm to spectrally broaden the narrow S 1/2 - D 5/2 transition. This excita- 
tion sequence is repeated 100 times, thus yielding a value for the Pd- The 
average of 15 such measurements is plotted versus the center position of the 
ion string in Fig. 15. 

Prom a fitted Gaussian function Aq + X) exp[— 2((i — x?)/^;*)^] with 

height Ai, position x°, and width Wi corresponding to the three peaks in 
the signal and background Aq, we obtain a spatial resolution of addressing 
of u;=5.6(0.2)/im. This width of the Gaussian is mostly due to the optical 
properties of the add ress ing channel, since the Ca"*" ion wave packet has a 
calculated width of %/5a:^=1.6/im at 5mK. For exact calibration of the CCD 
pixel size we used a resonant excitation of the center-of-mass mode of the ion 
string [31] (see section IV). Prom the measured frequency of 125(0.2)kHz we 
obtain an equilibrium distance between the ions of 19.12(0.02)/um [32]. Thus, 
we can exactly calibrate the pixel size of the recorded CCD images to 1.12/rm 
per pixel. In Fig. 15 (b) - (d) we show CCD images of the addressed string, 
with different ions transferred to the non-fluorescing D 5/2 state. Assuming a 
Gaussian intensity distribution, the intensity of the addressing beam at the 
position of a neighbouring ion 9/um away would be as small as 1%. After hav- 
ing shown sufficiently good spatial resolution for individual addressing, we 
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Fig. 14. Quantum jump rate from the 5i/2 to the £> 5/2 state induced by a tightly 
focused laser beam at 729nm. The ion string position is varied while the laser 
waist remains fixed. Individual ions are resolved by the addressing beam with a 
Gaussian width of w =5.6(0.2)/im. See Fig. 15 for CCD images of the string that 
were taken simultaneously. The error bars indicate the one sigma deviations from 
15 measurements. 

implemented a scheme that would be directly applicable to future quantum 
information processing. Shifting the ion string does not allow sufficiently fast 
switching for longer ion strings, since a fast, non-adiabatic shift of position 
would presumably cause heating [24]. For fast addressing, the laser beam po- 
sition is shifted by an acousto-optical modulator (AOM 1) and thus focused 
on different ions. The associated change in frequency is compensated by a 
second double-pass acousto-optical modulator in front of the fiber. We mea- 
sured an addressing resolution as good as in the first addressing scheme using 
static fields. 

9 Decoherence of ‘dressed’ ion states 

In section VII we have seen the dephasing of Rabi oscillations, which mimics 
decoherence. Technical noise such as the fluctuations of electromagnetic fields 
at the ions place, or laser phase noise also lead to reduced visibility in quan- 
tum interference experiments. In this chapter, however, we will concentrate 
on the two more fundamental sources of decoherence, these are the decay of 
the internal electronic state and the external vibrational state (‘heating’). 

Decoherence of electronic hyperfine ground states of has been tested 
e.g. in experiments by J. Bollinger [40] with stored ions in a Penning trap. 
Here, for the case of hyperfine ground states, the spontaneous decay is neglible 
and coherence of a qubit was maintained for more than 10s. In the case of 
optical transitions between ground state and a metastable excited states such 
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Fig. 15. (a): Fluorescence at 397nm of three ions imaged onto the CCD camera. 
The distance between ions is 19.12(0.02)/im {uz =125(0.2)kHz) and the spatial 
resolution is near 4^m. The exposure time is Is. (b) - (d); Different ions in the 
string are addressed with focused laser light at 729nm and transferred into the 
non- fluorescing D 5/2 state. 



as in : S1/2 - D5/2 at 282nm, J. Bergquist reached a linewidth of w 

80Hz [41], corresponding to a decoherence time of several ms, which was 
still limited by phase fluctuations of the exciting laser source, and not by 
spontaneous decay of the excited state. 

In traps, those electronic states are dressed by the vibrational quantum 
state, which in practice leads to stronger limitations. Heating rates of single 
ions in three-dimensional Paul traps have been measured for a relatively 
large trap with r « 0.5mm at a trap frequency of Wr w 3MHz with 6 phonons 
per s [28], In later experiments with smaller three-dimensional Paul traps 
(r « 0.17mm, u> ss 10-20MHz), heating rates of even 1 phonon per ms have 
been observed [27]. A detailed theoretical and experimental study of different 
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heating processes can be found in Ref. [24], However, for linear strings, higher 
order modes show heating orders of magnitude less than for the fundamental 
center-of-mass mode. For two ions, {dnjdt) « 19 phonons per ms for the 
center-of-mass mode has been measured while only {dnjdt) less than 0.18 
phonons per ms have been found for the breathing mode [22]. Due to their 
coupling only to the gradient of an electric stray field (see Section IV) higher 
order modes show less heating and will be useful if long coherence times 
become necessary. 



10 Conclusion 

Currently, we modify our linear Paul trap for Ca+ ions to find optimum con- 
ditions for individual addressing and sideband cooling. The obtained address- 
ing resolution permits us to work with higher longitudinal trap frequencies 
of 500kHz - IMHz at inter-ion distances of 8 - 6/rm. With such trapping 
parameters we are in the Lamb-Dicke regime already after Doppler cooling. 
Switching between ions within a few gts is feasible and will allow roughly 10 
operations on different ions within the coherence time of 1ms that we mea- 
sured from high resolution spectroscopy on the S1/2 - D5/2 transition [42]. 
Stored ions in three-dimensional or linear Paul traps provide a versatile tool 
for quantum information processing. Systematic experimental studies of de- 
coherence have only started recently [5,38,43]. We have given a description 
of experimental techniques for the storage, observation, cooling, individual 
addressing, and coherent manipulation of ions in linear strings. For future 
experiments, the advantages of ion trapping techniques such as - scalabilty 
from 1 to N ions in a string, the use of different vibration modes, long co- 
herence times, and the 100% state detection probability - seem to be very 
promising for quantum information processing. 

This work is supported by the Fonds zur Fdrderung der wissenschaftlichen 
Forschung (FWF) as project No. P11467 and within the Spezialforschungs- 
bereich SFB 15, and in parts by the TMR networks ’’Quantum Information” 
(ERB-FMRX-CT96-0087), and ’’Quantum Structures” (ERB-FMRX-CT96- 
0077). 
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Abstract. Employing the time-convolutionless projection operator technique a 
stochastic wave function dynamics is derived which describes the time evolution 
of an open quantum system beyond the Born-Markov approximation. The method 
yields a systematic perturbation expansion in the coupling strength between sys- 
tem and environment. The performance of the method is tested with the help of 
the damped Jaynes- Cummings model and shown to be more efficient than other 
approaches based on the generalized master equation. 



1 Introduction 

As is well known, decoherence and dissipation in the dynamics of open quan- 
tum systems are conventionally described in the framework of the density 
matrix formulation. In recent years a new, alternative method has been de- 
signed which is called the stochastic wave function method [1-3,5]. In order 
to represent the irreversible dynamics one uses in this method an ensemble 
of state vectors ip{t) which obey a stochastic time-evolution equation. The 
general idea of the method is to construct an appropriate stochastic equation 
of motion in such a way that the time-dependent density matrix p{t) is re- 
covered as an expectation value taken over the ensemble of pure states, that 
is, such that the relation p{t) = {t)) holds. It has been shown recently, 

that this concept can also be generalized into a relativistically covariant form 

[4] . 

Given a certain equation of motion for the density matrix, there always 
exist different stochastic processes for which the above relation is valid. 
For example, a particular type of stochastic processes, the so-called piecewise 
deterministic processes, has been developed in the context of quantum opti- 
cal applications. In such a process the wave function follows a deterministic 
time evolution which is broken by sudden, discontinuous changes of the wave 
function. These discontinuous changes can be interpreted as quantum jumps 

[5] . A single realization of such a process is illustrated in Fig. 1 which shows 

the square of the wave function of a 1-dimensional oscillator which 

is coupled to a heat bath and driven by a coherent laser pulse. 

The description of the reduced systems dynamics by a Markovian quan- 
tum master equation is, in general, only valid in the weak coupling limit: For 
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Fig. 1. Single realization of a stochastic quantum trajectory of a 1-dimensional 
harmonic oscillator which is coupled to a heat bath and driven by a coherent laser 
pulse. 



stronger couplings the finite relaxation time of the reservoir excitations can 
have significant effects on the dynamics of the relaxation process. There are 
several suggestions about how these effects can be included into the stochastic 
wave function method. One possible strategy is to expand the system using 
fictitious harmonic oscillator modes so that the enlarged system dynamics 
is Markovian [6]. This method provides a systematic approximation scheme 
for a non-Markovian description but the numerical treatment of the enlarged 
system can become rather expensive. Other approaches have been proposed 
in Ref. [7] where the non-Markovian part of the dynamics is treated exactly, 
and in Ref. [8] where a stochastic unraveling of the exact density matrix 
equation is proposed. 

In this contribution we will outline a different procedure which is based on 
the time-convolutionless projection operator technique [9]. This ansatz pro- 
vides a perturbative expansion of the system-reservoir interaction and results 
in a time evolution equation for the reduced density matrix which can be un- 
raveled by a stochastic wave- function The ansatz can be understood 
as an expansion of the reduced system dynamics near the usual Markovian 
description and is hence valid for weak and moderate couplings. Also, we 
compare this ansatz with the description of open systems by a generalized 
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non-Markovian master equation which is obtained by making the so-called 
weak coupling assumption. For the sake of simplicity, we will restrict ourselves 
in this contribution to the discussion of an exactly solvable model - the spon- 
taneous decay of a two level system within the rotating wave approximation 
and will present the general theory elsewhere [10]. 

2 The equation of motion 

of the reduced density matrix 

Consider a system which is coupled to a reservoir. The Hamiltonian of the 
total system is given by 

H = Ho + aHi, (1) 

where Hq describes the free evolution of the system and the reservoir and a 
is an expansion parameter which governs the strength of the coupling. The 
state of the total system is described by the interaction picture density matrix 
W{t) which is a solution of the Liouville-von Neumann equation 

^W(t) = -ia[Hi{t), W{t)] = aL{t)W{t), (2) 

where the interaction Hamiltonian in the interaction picture is defined as 
Hi{t) = exp{iHot)Hi exp(-iHot). At t = 0 the system and the reservoir are 
supposed to be independent, which means W (0) = p(0) ® pR, and we assume 
that the state of the reservoir pr is stationary and that TtrIHipr} = 0, 
which can always be done by redefining Hq and Hi . 



2.1 The time-convolutionless projection operator technique 

A systematic approximation of the equation of motion can be obtained us- 
ing the time-convolutionless projection operator technique [9]. Since we are 
interested in an equation of motion for the reduced density matrix p{t) we 
define the projector V as 

VW {t) = Ttr {W {t)} ® pK = p{t) <S> pR. (3) 

Within the Nakajima-Zwanzig projection operator technique [11,12] (see also 
[13]) one obtains a generalized master equation for VW {t) of the form 

dsK{t, s)PW{s), (4) 

where K {t, s) is some memory kernel. The time-convolution can be removed 
by replacing W(s) by G(t,s)W{t) where G(t,s) is the inverse propagator 
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of the exact equation of motion (2), and solving for VW{t). This yields a 
time-convolutionless master equation of the form 

^^VW{t) = K{t)rw{t), (5) 



which is exact and hence equivalent to the generalized master equation (4) 
[9]. Approximations of the exact generator K{t) of the time-convolutionless 
master equation can be obtained by a perturbative expansion. To fourth order 
in the coupling strength one finds 



K{t) = a^K^it) + + C>(q®) (6) 



where 



and 



K 2 {t)= [ dhVL{t)L{h)V 
Jo 



pt pt\ pt 2 

K4{t) — / dti dt2 / dts 
Jo Jo Jo 

X [vL{t)Liti)L{t2)L{t3)r - VL{t)L{ti)VL{t2)L{h)V 
-VL{t)L{t2)VL{h)L{t3)V - VL{t)L{h)VL{h)L{t2)v\ . 



( 7 ) 

(8) 



Note that all terms containing odd orders of the coupling constants, namely 
Ki{t) and Kz{t), vanish, since by definition of the projection operator V and 
the superoperator L{t) we have VL{ti) ■ ■ ■ L{t2k+i)'P = 0. 

We now apply the time-convolutionless expansion formulas to a two-level 
system which is coupled to an environment consisting of harmonic oscillators 
which are initially in the vacuum state. The Hamiltonian of the total system 
is given by H = Hq + Hi, where 



i?o=ws(7+(T +'^LJkblbk, (9) 

k 

Hi = cr"*" 0 H -f ® with B = gkbk- (10) 

k 



The eigenfrequencies of the system and the fc— th reservoir mode are denoted 
by ws and w*, respectively, the bk are the annihilation operators for the field 
mode k and the gk are the real coupling constants. As usual, denote the 
pseudospin operators. Inserting the above definitions into the expressions for 
K 2 {t) and Ki{t) we obtain after some algebra an equation of motion for p(f), 
the time-convolutionless quantum master equation 

+ - ip(t)cr+<7- -I- (T-p(t)(T+| , 



( 11 ) 
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which is an equation in the Lindblad form with time-dependent coefficients. 
The coefficients to fourth order are given by 



= f dti^ {t - ti) + ^ f dti ( dt2 f dtz 

Jo ^ Jo Jo Jo 

X - h) + - tz) 

-f W{t — tz)^(tl — tz) + ^(t — tz)'f{tl — t 2 )l 



(12) 



and 

7 W(t)= [ dti${t-ti) + ^ f dh f dt2 f dtz 

Jo ^ Jo Jo Jo 

X - tz) - ^{t - t2)^ti - tz) 

+ - tz)^{h - tz) - ^{t - tz)^{ti - ^2)] ■ (13) 

The real functions <?(t) and !?(t) are related to the reservoir correlation func- 
tions through 

m + i^it) = 2TVr {B(QBVr} = 2 j dcj J(o>)e'(“^-‘^)*, (14) 

where B{t) = exp{iHot)B exp{-iHot), and we have performed the continuum 
limit. The function J(w) is the spectral density times the strength of the 
coupling at the frequency w. The first term on the right-hand side of Eq. (11) 
is Hermitian and describes a time-dependent energy shift - the Lamb shift - 
and the second term describes the dissipative coupling of the system to its 
environment with the time-dependent decay rate We emphasize, that 

within this approach, the explicit calculation of the Lamb-Shift S^*\t) and 
the rate 7 ^^^*) only involves elementary integrations, which can easily be 
done analytically or numerically. 

2.2 Stochastic unraveling of the reduced density matrix equation 

On the basis of the time-convolutionless master equation (11) it is now 
straightforward to construct a stochastic process ip{t) for the wave function 
of the reduced system. Taking an unraveling of the quantum master equation 
in terms of a piecewise deterministic jump process we obtain the following 
stochastic differential equation 

d%l){t) = - ^ ^ 7 ^"*H*) +iS^‘^\t)'^ ‘ij}{t)dt 

+ \l^‘^\t)\\a~i:{t)f'il}{t)dt -f 



( 15 ) 
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where dNt is the differential of a Poisson process with mean {dNt) = 
and the coefficients and are defined in eqs. (12) and (13). It 

is easy to check that the covariance matrix of the stochastic process ip{t) 
is a solution of the quantum master equation (11). The only difference to 
the normal stochastic formulation in the Born-Markov approximation is that 
the coefficients 5(^^(t) and 7 ^^^(i) depend explicitly on time. The above con- 
struction of a stochastic evolution equation is simplified by the fact, that 
the time- convolutionless equation (11) is in Lindblad form, but it does not 
rely on this special form. For any linear equation of motion for the reduced 
density matrix which is local in time, it is possible to construct a stochastic 
unraveling by describing the system in a doubled Hilbert space [10]. 

The stochastic process obtained by Eq. (15) thus represents a generaliza- 
tion of the stochastic wave function method to the non-Markovian regime. 
Note that by means of the time-convolutionless projection operator technique 
one can expand the equation of motion to any desired order in the coupling 
a. Our method therefore allows to formulate a stochastic wave function dy- 
namics to any order in the system-reservoir coupling. Note further that for 
our specific model the stochastic differential equation (15) admits a natural 
interpretation as a direct detection of the photons emitted by the system 
[14]: As in the Born-Markov approximation the process Nt counts the num- 
ber of photon detections. Each detection of a photon puts the system into the 
ground state, that is, the system wave function undergoes an instantaneous 
quantum jump of the form — > cr^ 1 p/\\c^~^p\\. 

2.3 Heuristic Derivation of the quantum master equation 

Sometimes, the derivation of the time-convolutionless equation to second or- 
der is done in a more heuristic way (see e. g. [15]): integrating the Liouville- 
von Neumann equation (2) twice and differentiating with respect to t we 
obtain the exact equation of motion 

^p(f) = - dsTTnm{t),ms),W{s)]]}. (16) 

Assuming that W (s) can be approximated by p{s) ® pR, (weak coupling as- 
sumption) and inserting the definition of Hi{t), Eq. (10), we immediately get 
the generalized master equation 

^ lo ~ ~ - s) 

X [ - ^0-+cT-p(s) - ^p(s)o-+(T- -f cr-p(s)cr+j |. ( 17 ) 

This equation can be further simplified by making the Markov approximation, 
which consists in replacing p{s) by p{t) in Eq. (17). Thus, one obtains the 
time-convolutionless quantum master equation to second order. It is generally 




Stochastic Unraveling of Non-Markovian Quantum Mcister Equations 239 

believed, that the generalized master equation describes the dynamics of the 
reduced density matrix more accurately than the time-convolutionless master 
equation, since the latter is obtained through an additional approximation - 
namely the Markov-approximation. However, this reasoning is not correct, 
since the error induced by the weak coupling assumption is of the same 
order of magnitude as the error one makes by replacing p{s) by p{t) [16]. 
Both equations yield the correct result to second order in the coupling, but 
obviously the integration of the generalized master equation, being an integro- 
differential equation, is much more complicated. Moreover, it can be shown 
that for this particular model the exact equation of motion for the reduced 
density matrix takes the form 

^P{t) = -^S{t)[a+(j-,p{t)] (18) 

+ 7 (^) - 

with time-dependent coefficients S{t) and j{t) [10]. It is important to note 
that the time-convolutionless expansion of the equation of motion reproduces 
the structure of the exact equation of motion to all orders in the coupling. 
On the other hand, a perturbative expansion of the exact Nakajima-Zwanzig 
equation to fourth order [17] also contains terms of the form p{s)a'^a~~ . 



3 The damped Jaynes-Cummings model 



We will demonstrate the above considerations by means of a specific example. 
For the spectral intensity J(w) which determines the time-dependent Lamb- 
shift 5^'*^ (t) and the decay rate 7 ^^^ (t) we take 



J(ca) = 



1 70^^ 

27t (ws — 



(19) 



This choice describes, for example, the coupling of a two-level system to a 
single cavity mode, which in turn is coupled to an environment (the damped 
Jaynes-Cummings model). Inserting Eq. (19) into Eq. (14) we obtain #(t) = 
7 oAexp(-Af) and >F(t) = 0. Thus the reservoir correlation time is given 
by ra = A~^. In the Markovian limit Tit — > 0, i. e., A — > 00 , we obtain 
#(t) — > 7 o<J(f) which leads to an exponential decay of the upper level with 
the constant decay rate 70 . For a finite correlation time the decay rate j{t) 
can be calculated explicitly using the exact solution [18] and the result is 
given by 



. .. _ 27oAsinh(dt/2) 

dcosh(dt/ 2 ) -I- Asinh(dt/ 2 ) ’ 



(20) 



where d = yA^— 270 A. Using the time-convolutionless expansion formula 
(13), we obtain 



7 ( 4 ) (t) = 7 o|l-e + y [sinh(At) - At] e , 



( 21 ) 
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Fig. 2. Damped Jaynes-Cummings model with reservoir correlation time tu = 
0 . 27 ^^ . Exact results (exact), time-convolutionless master equation to second (TCL 
2) and fourth order (TCL 4) and generalized master equation to second order (GME 
2). (a) Decay rate of the excited state, (b) Deviation of the population pii{t) from 
the Markovian population including a stochastic simulation (symbols). 



which coincides with the exact result (20) to second order in 70 and, therefore, 
to fourth order in a. 

The solution of the non-Markovian generalized master equation to second 
order (17) can also be obtained easily for this particular example: inserting 
the definition of <P(f) and l?(t) into the integro-differential equation (17) and 
differentiating again with respect to time, we obtain a closed equation of 
motion involving only p{t), p{t), and p{t). The solution of this equation for 
an initially excited system yields the time-dependent decay rate 

^ Piijt) ^ 27oAsinh(d't/2) 

Pn(t) d' cosh(d't/2) -I- A sinh(d't/2) ’ 

where d! = ^A^ — dyoA. In Fig. 2 (a) we compare the exact decay rate 
7(t) with the approximated rates obtained by using the second and fourth 
order time-convolutionless expansions, 7^^^(t) and 7^'*^(t), respectively, and 
the generalized master equation (17) within the weak coupling approximation 
7(t) for 7 o/A = 0.2. For t all rates coincide and are linear in t in the limit 
t -> 0, which leads to the quantum mechanically correct quadratic transition 
probability for short times in contrast to the usual Markovian description, 
where the transition probability is linear for short times. For longer times, the 
rates saturate, and the excited state decays exponentially. Note, that in the 
long time limit the rate 7^^) (f ) is closer to the exact rate than the decay rate 
obtained by the generalized master equation or, in other words, in this case 
the Markov approximation even leads to an improvement of the accuracy! The 
same also holds for the time evolution of pn(t): In Fig. 2 (b) we have plotted 
the deviation of pn{t) from the Markovian solution p[^\t) = exp(-7ot). 
Note, that the maximum deviation of the fourth order time-convolutionless 
solution from the exact solution is only 5 x 10“^. 
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In addition to the analytical solutions of the time-convolutionless master 
equations, we also show in Fig. 2 (b) the results of a simulation of the stochas- 
tic differential equation (15) with 10^ realizations. As can be seen from the 
figure, the stochastic simulation is in good agreement with the analytical solu- 
tions. We have thus illustrated that with the help of the time-convolutionless 
projection operator technique the stochastic wave function method can be 
applied to physical problems governed by a non-Markovian dynamics. 
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Abstract. In the past ten- fifteen years, stochastic models of continuous wave func- 
tion collapse were being proposed to describe the continuous emergence of classical- 
ity from quantum. We advocate that the hybrid dynamics of canonically coupled 
quantum and classical systems is a more basic concept. Continuous collapse for- 
malisms are obtained as special cases. To illustrate our claim we show how von 
Neumann collapse follows from hybrid dynamical equations. 



1 Introduction 

In 1978, Sherry and Sudarshan [1] wrote an unconventional paper on quantum 
measurements. ” We treat the apparatus as a classical system belonging to the 
macroworld. To describe the quantum measurement process we must couple 
the classical apparatus to the quantum system ... we must first understand 
how to engineer interactions between classical systems and quantal systems” 
— that is the idea. Indeed, the concept of dynamically interacting quantum 
and classical systems could integrate all theoretical attempts to describe the 
emergence of classicality from quantum. Ideal quantum measurement, as well 
as spontaneous emergence of classicality, would then be simple consequences 
of differential equations. 

Yet, in the eighties research took a different path. It stuck, firmly though 
not always explicitly, to the concept of quantum measurement (collapse) [2]. 
Typical proposals of dynamic or continuous collapse mechanisms [3-8] fell 
into the class of continuous quantum measurements [9-14], a more or less 
straightforward application of the standard measurement theory, whereas 
the measuring apparatus is sometimes hypothetical or at least not to be 
identified. This was less straightforward ten years ago and it became more 
straightforward later. 

2 Prom ideal to continuous collapses 

Von Neumann shows how his theory of ideal collapses applies to the indi- 
rect measurement of any Hermitian observable [2]. To measure the position 
operator q of our quantized system Q in its quantum state '0(q), we let it 
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to interact with the momentum of another quantum system A (ancilla) 
whose coordinate xa will be the pointer to show the measurement outcome q. 
Accordingly, we assume a Gaussian wave function for A, centered at = 0 
with precision A: 

iPa{xa) = [^T^A^]~^/*exp . ( 1 ) 

We assume that the system Q and the ancilla A are uncorrelated initially, the 
initial wave function factorizes as ’ipA{xA)i’{q)- The system and the ancilla 
will interact only a very short time so that the self-evolutions of Q and 
A can be ignored during the measurement. We shall approximate the total 
Hamiltonian by 5{t)qpA - We can integrate the Schrodinger equation during 
the measurement. The factorized initial wave function transforms unitarily 
into the correlated one: 

'ipA{3:A)i’iq) i'AixA - q)Tp{q)- ( 2 ) 

The pointer xa has taken over the value of the system coordinate q. Let 
us read out the pointer’s coordinate with a precision much higher than A or 
any characteristic length of the system’s state ip{q). Hence we assume infinite 
precision formally. Then, according to von Neumann’s collapse theory, the 
wave function of the ancilla shrinks into a delta function S{q — x a), where q 
is the measurement outcome, while the composite wave function (2) collapses 
into the product of the ancilla’s delta function and the systems’s new wave 
function: 

M-a - 9)VW -* . (3) 

The factor llM{q) normalizes the system’s new wave function: 

= J \i>A{q - q)‘ip{q)fdq . (4) 

Furthermore, the probability distribution of the outcome q is equal to the 
squared modulus of the overlap between the states respectively before (2) 
and after (3) the collapse: 

p(q) = j i’Ai^A - q)tp*iq) XS{XA- dxAdq = 

= ■ (5) 

In the second line we used Eq. (4). Now that the state (3) after the collapse 
factorizes again, we can summarize the net effect of the above standard mea- 
surement on the system Q, without any further reference to the ancilla A. 
The system’s original wave function -^{q) has become multiplied by a Gaus- 
sian factor [the ancilla’s t})A{q — q)t in fact] and then re-normalized: 

ip{q) ^ Af~'^{q)[2TrA^]-^^‘^exp V’(?) (6) 
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where the center q of the Gaussian [the outcome of the standard measure- 
ment] is distributed according to the probability distribution p{q) = M^{q) 
being equal to the squared norm of the unnormalized state after the collapse 
( 6 ). 

Without referring to the above derivation from standard measurement 
theory, this ‘hitting-process’ had been postulated in the eighties [3,4,11] in 
order to build up ad hoc models of continuous emergence of classicality under 
various titles like continuous measurement, dynamical collapse, spontaneous 
collapse e.t.c.. Only few physicists [12] emphasized that the hitting-process 
was formally derivable from standard measurement theory. On the contrary, 
many thought that the process represented a modification of standard quan- 
tum theory. This belief made the proponents (including me, among others) 
enthusiastic since we sensed the flavor of a heuristically innovated and suc- 
cessful theory. The opponents drew the negative conclusion, warning that the 
modification of the standard theory was completely groundless [15]. 

Meanwhile the same mathematical equations of continuous measurement 
were really obtained from standard quantum mechanics [13,14], still in Markov 
approximation. A few years later, however, it was possible to show that stan- 
dard quantum theory of atom-|-radiation, when described in proper basis, 
led to exact stochastic equations for the atomic wave function [16]. These 
equations, equivalent to the fully quantized theory on one hand, turn out 
to reduce to the widely used phenomenological equations of continuous (dy- 
namical, spontaneous, whatever) collapse (measurement) in the Markov limit. 
Indeed, the equations of continuous measurement follow from the hybrid rep- 
resentation of standard quantum mechanics. 

3 Hybrid dynamics and the ideal collapse 

The interaction between quantum and classical systems is called hybrid dy- 
namics [15]. It was a long march from mean-field approximation [17] through 
its stochastic reflnements [18,19] and attempts at canonical coupling [20,21] 
until the first mathematically consistent equations were written down [22,23]. 
We have finally obtained a general theory of hybrid dynamics [24]. 

Assuming a quantum system Q in state pQ and a classical canonical 
system C with phase space distribution pc{x,p), we form the hybrid system 
Q X C. If the subsystems Q and C are uncorrelated then it is straightforward 
to construct the hybrid state 

p{x,p) = pQpc(x,p) (7) 

for the composite system. In general, we represent the state of the hybrid 
system by a hybrid ’’density” p{x,p) which is a phase space dependent non- 
negative operator. Its trace is the phase space distribution pc{x,p) of C while 
its phase space integral yields the density operator pQ of Q. When p{x,p) 
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is not factorable the unconditional quantum state pQ must be distinguished 
from the conditional quantum states: 



_ Kx,p) 

Pc{x,p) 



(8) 



depending on the classical coordinates x,p as conditions. The Hamiltonian 
of the hybrid system takes this form: 

H{x,p) = Hq+ Hc{x,p) + Hint{x,p) (9) 



where, obviously, the interaction term is a phase space dependent Hermi- 
tian operator. One can construct the following canonical hybrid equation of 
motion [20] for the hybrid state p{x,p): 

dtp = -i[H,p] + i{H,p}p - i{p,H}p (10) 

which is the naive combination of the Dirac [ , ] and the Poisson { , }p 
brackets. Unfortunately, this equation does not preserve the positivity of 
p{x,p). So, the naive construction (10) does not work. In fact, the hybrid 
dynamics cannot be a true reversible dynamics. We have to make a little 
compromise. This I found first for the special case when Hint is linear in x 
and p [22]. One applies the following Gaussian coarse graining, over Planck 
cells, to the hybrid state: 

p(a;,p) -> J exp[-(^2 +?}2)]/3(a; + ^,p + r?)^^ . (11) 

Applying this coarse-graining on both sides of the naive equation (10), one 
obtains two new terms: 



dtp = -i[H,p] + i{H,p}p - ^{p,H}p - ^[d:,H,d^p] - i[dpH,dpp] . (12) 

And this equation, as can be shown, preserves the positivity of the coarse- 
grained hybrid state. Of course, we cannot choose an arbitrary hybrid state 
as initial state. E.g., sharp values of x and p, or wild fluctuations within 
single Planck cells are forbidden. The rigorous constraints for p{x,p) are 
given elsewhere [16,24]. 

By taking the trace of Eq. (12), one can show that the evolution of the 
classical states is a flow: 

dtx = (dpH{x,p)\ , dtp = -(d^H{x,p)) , (13) 

where (. . .)xp stands for the expectation values tr{. . . pxp) in the current con- 
ditional quantum state (8). This flow generalizes the naive mean-field equa- 
tions where p^p = Pq and quantum fluctuations are ignored in the back- 
reaction of the quantum system Q on the classical C. 
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But there are other earlier concepts which are recovered by hybrid dy- 
namics. Quantum Brownian motion is one. The exact non-Markov stochas- 
tic Schrddinger-equation [25,26] of the Caldeira-Leggett-type open systems 
(which include, e.g., the atom-Hradiation systems) follows automatically from 
the corresponding hybrid equations (12) [16,24]. This means that, in particu- 
lar, the phenomenological Ito-Schrodinger-equations of continuous (dynam- 
ical) collapse (measurement) follow from the hybrid equations in the Markov 
limit. 

Finally I demonstrate the ’’presence” of collapse mechanism in the hybrid 
dynamics. To this end, I show that the hybrid dynamical equations (12) 
describe the Stern-Gerlach measurement, including the collapse of the spin’s 
state and the corresponding motion of the classical pointer. Our quantum 
system Q is the electron’s spin and initially it is in the superposition 

|w) = C+I+) + c_|-) = ^ c„|a) (14) 

a=±l 



of the two eigenstates ]±) of ds. Our classical system C is the pointer. Let it be 
a harmonic oscillator with Hamiltonian +P^), shortly but strongly cou- 
pled to the measured spin component ds by the interaction Hint = 
where A = l/g will be the precision of the measurement and we assume 
A 1. Since we are interested in the states just before and, respectively, 
after the measurement, only the interaction Hamiltonian is relevant and the 
hybrid equation (12) will take this form: 



dtp = -igS{t)p[a 3 ,p] - ^g6{t)[a3,dxp]+ - ^gS{t)[a 3 ,dpp] . (15) 



As it follows from this dynamics, d ’3 = xjg = xA will play the role of the 
pointer variable to indicate the value of the spin operator da after the mea- 
surement. We assume the following factorized initial state for the hybrid 
system: 

|m)(m| ^^^^ )] = \in){in\pc{x,p]in) , (16) 

ZTT 

where pc{x,p\in) corresponds to the pointer’s initial position x = 0 ± 1, i.e. 
to da = 0±A. The evolution (14) acts on matrix elements of the initial state 
(16) as follows: 



exp^-i 5 p[da, .] - iff[dad„, ■]+ - ig[a3dp, .]^\a){p\pc{x,p;in) 
= \a){0\ exp - i{a - /3)gp^ 

( a+0 a-d . 

PC ( a: ^9,P+ —^9', 




(17) 



We see that the off-diagonal terms are heavily damped, so the initial state 
(16) transforms into a diagonal final state: 



^ |c„|^|Q!)(a|/9c(a: - ap,p;m) 
a=±l 
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= \c+\^\+){+\pc{x - g,p\in) + \c-\^\-){-\pc{x + g,p-,in) . (18) 



This result clearly shows that the pointer’s coordinate shifts either to the 
right [x = g±\) with probability |c+p and then the spin’s state is |+), or it 
moves to the left {x — —g± 1 ) in the complementary cases: 



(lout), 0 - 3 ) 






(|+), 03 = +l±zl) 
(|-), (^3 =-l±A) 



with probability |c+p 
with probability |c_p 



(19) 



where Z\ 1. This scheme of the final quantum and classical pointer states 
is, regarding to the initial state (16) with the superposed spin (14), identical 
to the result of the corresponding ideal [2] Stern-Gerlach quantum measure- 
ment. 



4 Summary 



As I argued in Sec. 2, all phenomenological stochastic Schrodinger equations, 
however sophisticated they are, remain in the framework of standard quan- 
tum mechanics (whose part is the von Neumann measurement theory, too). 
This shall of course question part of the criticism that these proposals are 
groundless modifications of quantum mechanics since they are not modifica- 
tions after all. Rather they are indicating the natural presence of continuous 
collapse mechanisms within standard quantum theory. 

In Sec. 3 I illustrated that the concept of canonically interacting classical 
and quantum systems automatically implies the emergence of classicality in 
a way which is definitely more general than the concept of collapse (measure- 
ment). Ideal collapses, continuous (Markov or non-Markov) collapses follow 
from the hybrid dynamics. The paradigmatic (and controversial) mean-field 
approach can naturally be identified and improved within the hybrid dynam- 
ics. 

Like all continuous collapse models, also hybrid dynamics is equivalent 
mathematically with a certain enlarged unitary dynamics. Hybrid dynamics 
is a powerful unified framework to describe the variety how classicality ’ap- 
pears’ [27] from quantum, yet this new phenomenology is in itself unlikely to 
innovate our knowledge about the foundations. We are being captured in the 
old castle of standard quantum mechanics. Sometimes we think that we have 
walked into a new wing. It belongs to the old one, however. 
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Abstract. The model of completely positive coupling between quantum and clas- 
sical systems is discussed and some of its applications are presented. 



1 The Formalism 

It is well known that using quantum mechanics one can analyze the behavior 
of electrons in atoms, molecules and solids. It is also successful in investi- 
gating properties of chemical reactions, conductors and many others. But 
the quantum dynamics based on the Schrodinger equation makes it difficult 
to describe irreversible processes like measurements or interactions with a 
classical environment. Moreover, it seems to be impossible to apply quantum 
mechanics to explain the occurrence of quantum macroscopic effects, which 
are expressed solely in classical terms. But the successes of quantum mechan- 
ics appeared to cover the lack of its completeness for many years. 

The situation started to change when technological progress made it possible 
to make experiments with individual quantum systems. Because experimen- 
talists see not the averages but individual samples, which are next subject 
to averaging, the standard interpretation has become insufficient. Prolonged 
observations of individual systems provide us with time series of data and a 
complete theory must explain the mechanism by which these time series are 
being generated. 

Recently, a mathematically consistent description of the interaction between 
classical and quantum systems that is based on the concept of a discrete 
and irreversible event and permits a construction of a new model of quan- 
tum measurements has been proposed by Blanchard and Jadczyk [1,2, 3,4]. 
It is called Event Enhanced Quantum Theory (EEQT in short). EEQT is a 
minimal extension of quantum theory that accounts for events. It unifies con- 
tinuous evolution of a wave function with quantum jumps that accompany 
real world events. Prom the structural and mathematical point of view the 
most essential ingredients of EEQT are: 

- tensoring of a noncommutative quantum algebra of operators with a com- 
mutative classical algebra of functions, 

- renouncing pure states for density matrices and replacing Schrodinger uni- 
tary dynamics by a completely positive one, 

- interpreting the continuous time evolution of statistical states in terms of a 
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piecewise-deterministic Markov process, 

- applying the uniqueness theorem for deducing the piecewise deterministic 
algorithm generating sample paths of an individual system. 

Let us comment on the above points. 

The idea to consider coupled systems is not new; it has been used in models 
of open systems. In such a system it is assumed that a small, quantum part 
interacts with a surrounding bath. The Hamiltonian of the total system takes 
the form 

H = Hs + Hr + Vi, 

where Hg and Hr are the Hamiltonians of the isolated quantum subsystem 
and the reservoir, and Vi is the coupling operator. The problem how the 
properties of the quantum subsystem are modified by the influence of the en- 
vironment occupies the central place in the discussions. To answer this, one 
has to introduce the so-called reduced density matrix which is obtained from 
the total density matrix by tracing over the bath variables, and to derive 
the dynamical equation which it satisfies, the master equation. Generally the 
composition of a unitary automorphism with a conditional expectation leads 
to a complicated integro-differential equation. However, for a large class of 
interesting physical phenomena we can derive, using certain limiting proce- 
dures, an approximate Markovian master equation for the reduced density 
matrix [5]. 

In order to obtain a particular equation, a model for the bath has to be 
specified. A convenient choice is to assume that the reservoir consists of in- 
dependent harmonic oscillators linearly coupled to the quantum subsystem. 
For example, in [6] such a model was used for the description of properties 
of a quantum harmonic oscillator coupled to the radiation field. When in- 
formation about the dynamics of the classical variables is unimportant for 
the problem, then it is convenient to treat the environment as a source of 
random fluctuations of the quantum Hamiltonian. Then the quantum sub- 
system evolves according to H[ = Hg + U{q, qi), where C/ is a potential 
function, q is the quantum position variable and the {qi} specify the possible 
configuration of the classical particles. For example, in such a way the model 
of a quantum particle in a double-well potential immersed in a classical fluid 
was described in [7]. 

In all these models, however, the classical environment is, in fact, treated 
also as a quantum system evolving according to the Hamiltonian Hr- In an- 
other approach it is assumed that only the small part needs to be treated 
quantum mechanically, while the environment may be described classically, 
by Newton’s equation in the field of the quantum subsystem. When the 
quantum subsystem adapts instantaneously to the dynamics of the classi- 
cal bath the following computational algorithm can be applied [8]. One be- 
gins with an arrangement of classical molecules R{t) at fixed initial time 
t = to- The adiabatic ground state ipo{q) is found as a solution of the time- 
independent Schrodinger equation in the interacting potential Vi{q, R{to)). 
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The bath moves to a new configuration R{ti) according to Newton’s law with 
the additional quantum potential 

Fq{t) = - < ■00, '^RViiq, -R(t))V’o > 

for t S [to,^i]- Next, the new 01(g) must be found for the new configura- 
tion of the classical system R{ti), and we can repeat the procedure. Thus 
the quantum subsystem affects the classical dynamics through the quantum 
force Fq{t), and the quantum state depends on the classical configuration 
R{t). Using mixed state description over short times and periodically resolv- 
ing Ip into its adiabatic components we obtain a non-adiabatic generalization 
called “surface hopping” [8], in which the transitions between adiabatic states 
are allowed. Such methods have been successful in quite many examples [8,9]. 
However, they contain two basic disadvantages. Firstly, they do not provide 
a consistent dynamical scheme, and, secondly, they ignore the results of the 
modified dynamics of the classical variables. 

In EEQT there is one dynamical scheme which results in the dissipative 
modification of the evolution of the quantum system and makes the classical 
variables evolving with time, with their evolution depending on the actual 
state of the quantum subsystem. The evolution of the so-called collective 
classical variables is modified by the expectation value of some quantum ob- 
servable [10,11]. 

In this model classical quantities become elements of the center of the total 
algebra. Because automorphisms of an algebra leaves its center invariant, so 
it was necessary to use completely positive semigroups to enable the transfer 
of information between the classical and quantum system. Clearly, the key 
point in the coupling is to construct a generator of a dynamical semigroup of 
the total system. Recently, an example of such a generator of the interaction 
between a classical system and a quantum one has been introduced in [10]. 
The classical system was represented by an algebra of continuous functions 
on some symplectic manifold M, while the quantum system was described by 
a von Neumann algebra acting in some separable Hilbert space. The genera- 
tor has been built out of the following data: 

a) a self-adjoint quantum operator P, 

b) a connection between the points of the spectrum sp{P) of P and shifts on 
a classical phase space M, 

c) a function f : M x sp{P) — >■ R monitoring the strength of the coupling. 
This construction was next generalized to the case when there is no particular 
self-adjoint operator responsible for the coupling, but all quantum states can 
affect the classical system [11]. 

Having constructed the generator we write a master equation for the cou- 
pled system. Its solution gives a dynamical semigroup, which describes the 
evolution of ensembles. With a given dynamical semigroup we can associate 
a Markov-Feller process, which describes the behavior of individual systems. 
Here in fact we should distinguish between the discrete and continuous classi- 
cal phase space. In this note I consider only the discrete case (the continuous 
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case is discussed in [12,13]). It implies that there is a well defined space of 
pure states of the total system, say E. The process takes values in E and, 
after averaging, recovers the original master equation for statistical states. 
The action of the dynamical semigroup Tt is given in term of the process in 
the following way 

Tt{Px) = j P{t, X, dy)Py 
E 

Here Px is a one-dimensional projector representing pure state x £ E and 
P{t, X, dy) is the transition probability function of the process. It consists of a 
mixture of deterministic motion with random jumps. A class of such processes 
is called piecewise deterministic processes [14]. The motion between jumps 
is determined by a complete vector field X on the pure state space E of the 
total system. The jump mechanism is determined by two further components: 
a jump rate A and a transition kernel Q. The vector field X generates a flow 
(p{t, x) in E, which is given by <p{t, x) = 7z(t), where 7z(t) is the integral 
curve of X starting at point x G E. The jump rate is a measurable function 
X : E R-i- U {0} such that for any x £ E the mapping t ^ Xo (j>[t, x) is 
integrable at least near t = 0. The set of those x £ E iov which X{x) = 0 
we denote by Eq- The transition kernel Q : B{E) x [0, 1] satisfies the 
following conditions: 

a) Q(E, a;) = 1 'ix £ E, 

b) <5({a:}, x) = 0 if X £ E\Eo and Q{{x], x) = 1 for a; £ Eq, 

c) VT £ B{E) the map x ^ Q{P, x) is measurable. 

Here B{E) denotes the Borel tr-algebra on E. The triple {X, A, Q) is called 
local characteristic of the process. Its infinitesimal generator is given by 

Cf{x) = Xf{x) + X{x) j[f{y) - f{x)]Q{dy, x) . 

E 

It is a simple task to derive the local characteristic of the process from the 
master equation. Because the classical system is discrete, so any statistical 
state of the total system is given by p = (pi, p 2 , •■•), where p„ is a positive 
operator on a Hilbert space 'Ha and Yla = 1- The master equation 
written in the Lindblad form 

Pa — ~'i\Ha-> Poi\ + 'y ^ 9a0P09a8 ~ Pa} i 

0 



where Aa = SpPpaSpa, 9a0 are linear operators : "Hp -> 'Ha, and Ha 
is a Hamiltonian in Ha, leads to the following formulas 



X/(V>, a) = |/{ 



exp{-iHg - \Ag)%l) 

|lexp(-iJ?Q - \Aa)i>\\ 



a)|t=o 



A(V’, a) =<rp, Agip > 
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ew. ft f . ») = aSms-'W - 

Here 6{<f>)d4> denotes the Dirac measure. Let us also point out that, contrary 
to the pure quantum case, this process is unique [15]. 

Using the uniqueness of the process associated with the dynamical semigroup 
we obtain the following algorithm [4], which describe individual sample his- 
tories. 

Suppose that at time to the system is described by a normalized quantum 
state vector ipo ® classical state a. Then choose a uniform random num- 
ber p G [0, 1], and proceed with the continuous time evolution by solving the 
modified Schrddinger equation 

tpt = {-iHa - ^Aa)lpt 

with the initial wave function ipo until t = t\, where ti is determined by 

J {ipt, Ac,ipi)dt = p . 

to 

Then jump. When jumping, change a with probability 
and change 

tpti -^tpi = gpa'tptJWgpai’tiW- 
Repeat the steps replacing to, ipo, a with U, ipi and p. 

For the application of this algorithm for calculating traversal and reflection 
times of electrons through a one-dimensional barrier see [16] and the contri- 
bution by Ruschhaupt to this volume. 

2 Applications 

2.1 As the first example we consider the fluorescent photons emitted by a 
single, two-level atom that is coherently driven by an external electromagnetic 
field. It is known that the quantum system evolves from the ground state in 
a dissipative way. When a photoelectric count is recorded by a photoelectric 
detector (we assume the detector efficiency to be equal to one), the atom 
returns to the ground state with the emission of one photon. Thus, after the 
emission of each photon, the atom starts its evolution from the same state. 
The quantum system as a two-state system is represented by 2 x 2 complex 
matrices. The classical system, which counts emitted photons we describe by 
an infinite sequence of numbers n = 0, 1, 2, ... Hence the state space of the 
total system is equal to 

OO 

fj = y CP^ . 

n=0 
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Let i/jo denote the ground state. The local characteristics of the process are 
given by [17] 



<p{t, {^ 0 , n)) 



umo 

mmo 



X{{ip, n)) = <tp, A'if)> 



Q{d(j), m; ip, n) = <5r+i^(<A “ 



for all n 6 N. Here A = 'jA*A, A 




and 



ij{t) 






cos fit 



sin fit 



"211 



sin fit 



■' 2^1 



sin fit 



cos f^t + -^ sin fit 



where 7 is the relaxation rate, H is the Rabi frequency and fi = 



= fP- — (7/2)2. T’jjg waiting time density between jumps equals 

/(t) = 7||yR7{t)V’o||^ = 7^sin^(/^*)exp(-7t/2) 

and coincides with the one calculated in [18]. Let us point out that similar 
results were obtained by Breuer and Petruccione in [19]. However, since they 
used an open system model with the reduced dynamics, they had to apply 
some approximation techniques. The advantage of EEQT is based on the 
fact that from the very beginning we have in our disposal a well defined and 
unique Markov-Feller process with values in E [15]. 



2.2 In the second example we consider the SQUID-tank model, which consists 
of an LCR oscillatory circuit coupled via a mutual inductance to a supercon- 
ducting ring. In that system the oscillatory circuit acts as an external flux 
source for the SQUID ring, which induces a screening current in the ring. 
This screening current is coupled back to the classical circuit due to the mu- 
tual inductance. It results in the modification of the differential equation for 
the damped classical harmonic oscillator by the expectation value of the su- 
perconducting screening current operator. Now the classical phase space is a 
symplectic manifold and the equation of motion is given by 

= I{i) j 

where (f> is the classical flux variable. The quantum object evolves according 
to the Hamiltonian 







hi/cos(27r— ) , 
^0 



2yl 
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where Q = is the momentum operator, # is the position operator, 

#0 = ^ and is the external magnetic flux. Suppose pt is an evolving 
statistical operator of the total system and define the so-called collective 
classical variable 

xt = j x{Tipt{x, p))dxdp . 

Then its evolution equation takes the form 

+ ^< + (1 + Il/llz,2)^i = + ^ll/llis < Is >p , 

where 7g is the screening current operator, / is a function monitoring the 
strength of the coupling and p is the reduced density matrix obtained by 
tracing over classical variables. Here < Is >p denotes the expectation value 
of is in state p. For more details see [10]. Let us point out that the evolution 
equation similar to the one for x was proposed, in the adiabatic approxima- 
tion, by Spiller et al (eq. (12) in [20]). 



2.3 In the last example we discuss the coupled system of a nonrelativistic 
classical particle moving freely on the Lobatchevski space Q and a quantum 
system characterized by coherent states on this space. By this example we 
demonstrate a possible influence of the quantum matter onto the classical 
gravitational field. It will be achieved by the change of a dynamical path of 
the classical particle moving freely along a geodesic curve when interacting 
with the quantum system. In average the classical evolution equation is per- 
turbed by the expectation value of the quantum position operator [11]. A 
particular realization of the piecewise deterministic process associated with 
the dynamical semigroup of the total system can be described as follows (see 
[12] for the notation and more details). Let us assume that at time t = 0 
the classical particle starts in point (0, 1) £ Q with velocity (1, 0), while 
the quantum particle is in the state |g(0) >. Under the time evolution the 
classical particle moves along the geodesic curve j{t) = (tanht, cosh“^t), 
that is on the circle with the center in point (0, 0) and with radius one. The 
quantum system evolves to the state jq'(t) >. Then at time ti a jump occurs. 
The time rate of jumps is governed by a homogeneous Poisson process with 
rate A. The quantum system jumps to a new state \q' > with probability 
Tr(Pg((j)P^')da(g'), while the classical particle changes its velocity 



(cosh ^ ti , 



sinh ti 
cosh^ ti 



) (cosh ^ ti , — 



sinh f 1 
cosh^ ti 



- 92 ), 



q '2 e (0, 00 ), with probability p(q' 2 (U), Q 2 ) given by 

p(92(U), q'2) = 292(^1) [92 + 92 (U)]"® 



and the process starts again. The classical particle moves again along a 
geodesic curve, but a different one, which is the circle with the center in 
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point (— gjcoshfi, 0) and with radius 

r = [1 + 2g2sinhti + coshii)^]^^^ . 

It results in the fact that dynamical curves of the classical particle are “more 
curved” then geodesic ones. 
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An Application of EEQT: Tunneling Times 
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Abstract. The mean traversal and reflection times of electrons in the presence of 
a one-dimensional barrier are simulated using the formalism of the Event-Enhanced 
Quantum Theory. The results are compared with those of other selected approaches. 
The existence of the “Hartman-effect” and superluminal velocities is examined. 



The main idea of the Event-Enhanced Quantum Theory (EEQT) as de- 
scribed by Blanchard and Jadczyk [1-4], see also [5], is that the total system 
consists of two subsystems, a quantum system and a classical one. The pure 
states of the quantum system are wave functions, which are not directly 
observable. The states of the classical system can be observed without dis- 
turbing them. Changes in these states are called events. Events do not need 
an observer for their generation. 

The standard interpretation of Quantum Mechanics only describes in- 
finitesimally short measurements realized at one fixed time. On the other 
hand the EEQT allows a more general coupling between the quantum sys- 
tem and the classical system, for example continuous measurements by fixed 
detectors. 

One application of the EEQT is the “time of arrival” of a particle [6,7], 
the calculation of the time, when a detector detects the particle. 

We will use the formalism of the EEQT to examine the time, which an 
electron needs to tunnel through a barrier. A more detailed description of 
the results can be found in [8]. We will look at the problem in one dimension 
where we assume the potential to be given by 

= ( 1 ) 

dpoT being the width of the barrier. We have chosen to work with an electron 
although spin-effects will be ignored. 

We will consider three times, the first one is the mean traversal time, i.e. 
the mean time the electron spends in the barrier if transmitted, the second 
time is the mean reflection time, i.e. the time which the electron spends in 
the barrier if reflected. The last one is the mean dwell time, i.e. the mean 
time, which the electron spends in the barrier independent of being reflected 
or transmitted. 
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Fig. 1. 

Simulation parameters: initial wave packet: xo = — 250A, t] = 25A, barrier: dpoT = 
5 A, Vo = WeV, detector Di \ xi = — 25A, Ax\ = 2SA, Woi = 0.16eV^, detector £> 2 : 
X 2 = lOA, Ax 2 = 5A, VFo 2 = 2.56eV^ 



There exists quite a number of approaches for calculating these times (for 
a review see for example [ 9 - 11 ]). We will propose an operational definition of 
the above times similar to the approach of Palao, Muga, Brouard and Jadczyk 
[ 12 ], but we will use it to examine both traversal and reflection times. 

We put a detector D\ in front of the barrier (Fig. 1 ) which can detect the 
particle without destroying it. A second detector £>2 should be put behind 
the barrier. In contrast to Ref. [ 12 ] we do not assume, that D2 is a perfect 
detector. 

At the beginning only the detector Di is active. When it detects the 
particle at a time to, it turns on the detector D2 while keeping itself turned 
on. So the particle must be detected first by Di (the possibility, that D2 
detects the particle before £>i is therefore avoided). Thus the particle can be 
detected a second time by the detector Di or the detector D2. If the detector 
£>1 detects the particle a second time at time t \ , the time difference ti — to is 
defined as the reflection time tuEF- If the particle is detected by the detector 
£>2 at a time t2 , then the time difference t2 — to is by definition the traversal 
time txRA- 

Another possibility is, that the particle is never detected or is detected 
only once. Therefore the experiment or simulation should be stopped after a 
reasonable and finite time tcuT- The above definitions of the traversal and 
reflection times are of course positive and real. 
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The first detector D\ is located at position xi with a half width Axi and 
will be modeled by the following function: 



9i{x) 




1 : |a: — aiil < Ax\ 

0 : otherwise 



( 2 ) 



The second detector is located at position X 2 with a half width Ax 2 
and will be modeled by: 



92{x) = 



2Wo2 

h 






\x — X2\ < Ax2 
otherwise 



The initial state of the particle is given by the wave function 
1 









{x - Xo)^ , \/2mEo , . 

exp I h i [x - a;o) 






n 



(3) 

(4) 



m being the mass of the electron. 

We use the PDP-algorithm of the EEQT to simulate a time measurement 
using discrete time steps of length At = 0.0010531 x 10“^^s: 

1) Set the classical state = NO; set the wave function ^{x,0) = ^o{x) 
with lllPolP = 1 

2) Only the detector Di is activated, set Ai{x) = 9 i{x) 

3) Choose uniformly a random number r € [0, 1] 

4) Propagate in time steps of length At by 



t — >t + At 



^{x,t) 



exp ( --At{Ho +E(x)) - -AtAi{x) ) ^{x,t) (5) 



with Hq = -^A and as long as 1 — |l!?(t)|p < r. Set h as the jump time 
for which ||>l'(ti)||^ = 1 — r. 

5) Set the classical state = ONE and change the wave function: 



^{x,ti) 



9 i{x)^jx,ti) 



( 6 ) 



6) The detectors Di and D 2 are now activated, set ^ 12 ( 2 :) = 9 i{x)+g 2 {x). 

7) Choose uniformly a random number r 6 [0, 1]. 

8) Propagate in time steps of length At by 



t — >t + At 

^(x,t) — > exp (-^At{Ho + E(a;)) - ^AtAuix) ) ^(x,t) (7) 



as long as 1 — < r. Set t 2 as the jump time for which ||!P'(t 2 )||^ = 1 — r. 
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9) To decide which detector has detected the particle, choose uniformly a 
random number r' E [0, 1]. If r' < \\gi{x)^{x,t 2 )\\^ I < 9{t2),Ai2^{t2) > the 
detector detected the particle for the second time and a reflection time 
tREF = h—h has been measured. Set the classical state = REF. Otherwise 
the detector D 2 detected the particle and a traversal time trRA = ^2 — *1 has 
been measured. Set the classical state = TRA. 

If t > tcuT = 3.9 X while propagating the wave function, then the 

simulation is terminated. 

We discretize the space in segments of Axs = 0.20A to simulate the 
propagation of the wave function and do the computation using the method 
of Goldberg, Schey and Schwartz [13]. 

A single run of the above algorithm gives the time of a single particle. 
If we do a lot of runs, the mean traversal time is given by averaging about 
all times of runs, which end in the classical state TRA, we get the mean 
reflection time by averaging about all runs which end in the classical state 
REF. 

In contrast to [8] the time steps and space segments are smaller in this 
work. Moreover probability densities for reflection and traversal time are 
computed directly and the mean times are calculated with the help of the 
probability densities and not by averaging about a lot of simulation runs. 
Moreover we present errorbars calculated by 

error{TsiM) = ■ \TsiM{A^h = X- At, Axi) - Tsini^t, Ax)\ (8) 

with A = 1.5625 and {Ax\f /{Ati) = {Ax^ /{At). 

We would like to compare our results with those obtained by other ap- 
proaches for calculating mean traversal and reflection times of the interval 
[xi , X2] between the centers of the two detectors. 

Generalizing the phase time approach used by Hartman [14], we get for 
the mean traversal time of the interval [xi , 0 : 2 ] by 

and for the mean reflection time 

S f <“> 

for a particle with incident momentum hk. T{k) = ]r(/c)| is the trans- 
mission coefficient and R{k) = ]i?(fc)| is the reflection coefficient. 

A natural generalization of traversal times for wave packets is given by 

00 

'r(r) = i^ / |T(fc)]V(fc) 



( 11 ) 
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with 

CO 

\Tf= I dk\$EAk)f\T(k)f ( 12 ) 

— OO 



and where the Fourier transform of the incident wave packet. An 

analogous generalization of reflection times for wave packets is given by 



OO 



(13) 



with 



OO 

\Rf= I dk\$Eo{k)f\R{k)f 



(14) 



The “semi-classical” traversal time for plane waves is given by 

m j \ , s/mdpoT 

TCL,T\k) — J^{X2 - Xi - dpoT) + 






(15) 



The distance between the center of the first detector and the start of the 
barrier is —xi = 25A, so the “semi-classical” mean reflection time is the 
mean time which a particle needs to travel twice this way 

777 

TCL,R{k) = -2xi— (16) 

We generalize the Biittiker-Larmor traversal time derived by Biittiker 
[15] to calculate the traversal time of the interval [xi,X 2 ]- Therefor we must 
calculate the transmission coefficient T{AV) for the potential 



0 

AV 



V(x) = { 



Fo + 4\y 



AV 

0 



X < Xi 
xi < X < 0 
0 < a; < dpoT 
dpOT < X < X2 
X2 < X 



The generalized Biittiker-Larmor traversal time is then given by 



tbl,t 



n 



dT 

d(AV) 



(0) 



(17) 



(18) 



for plane waves with incident momentum hk. 
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Fig. 2. 

Mean reflection time tsim,r (solid line with circles and errorbars) versus particle 
energy Eg, other parameters like in Fig. 1, phase time approach : T(T(p,n(fe)) (dotted 
line), “semi-classical” reflection time : T(rci,n(A:)) (dashed-dotted line), Bohm 
trajectory approach (boxes with dashed line) 



Moreover, we calculate the mean traversal and reflection times in the 
Bohm trajectory approach (for example see [16-20]) with the method of Ori- 
ols, Martin and Sufie [20]. 

Fig. 2 shows the mean reflection time tsim,r for different energies of 
the incident wave packet together with the mean reflection time of other 
approaches. 

In defining the “semi-classical” reflection time one assumes, that all reflec- 
tions are at the beginning of the barrier. This time is smaller than the phase 
time, which allows the particle to enter the barrier before being reflected. 
Fig. 2 also shows the reflection time calculated in the Bohm trajectory ap- 
proach. 

In the simulation, the first detector cannot distinguish whether the par- 
ticle is traveling towards the barrier or is returning from the barrier. So we 
also measure reflection times of particles, which do not reach the barrier if 
they are detected a second time. The mean reflection time therefore becomes 
smaller than those of the other approaches for Eg < lOeV. 

Fig. 3 shows the simulated mean traversal time tsim,t together with 
results of other approaches. The simulated time, the phase time and the 
Biittiker-Larmor time are not very different for energies Eq > 12eV-, they all 
show a maximum at Eo w lleV. For smaller energies Eo < 9eV, the phase 
time and the Biittiker Larmor time differ from the simulated time. 

We did not find good agreement with selected other approaches over the 
full range, but there exists a considerable range in which our simulated values 
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incident wavepacket Eg [eV] 



Fig. 3. 

Mean traversal time tsim,t (solid line with circles and errorbars) versus particle 

energy Eo, other parameters like in Fig. 1; phase time approach: T^,T(k = ) 

(crosses), T{T^,T{k)) (dotted line); “semi-classical” traversal time: T{TCL,T{k)) 

(dashed-dotted line); Biittiker Larmor Time: TBL,T{k = ) (triangles), 

T{TBL,T{k)) (small-dashed line); Bohm Trajectory approach (boxes with dashed 
line) 



show the same qualitative behaviour as the times calculated in some other 
approaches. 

The probability of an ideal measurement in the standard theory of quan- 
tum mechanics does not depend on the detector because these are only mea- 
surements of an infinitesimal duration. For measurements of longer duration, 
such a dependence is not surprising. 

Now we examine to what extent the mean traversal and mean reflection 
time in the above situation with fixed energy of the incident particle Eq = 
heV depend on the heights Wqi and W02 and the half widths Axi and Ax2 
of the two detectors. 

The mean traversal time shows only a small increase with increasing de- 
tector height Woi (Fig. 4 a). On the other side the mean reflection time 
falls off sharply with increasing detector height Wqi, this fact can be eas- 
ily understood in the following way: if Wqi increases, the second detection 
of the particle occurs more frequently before it reaches the barrier. In the 
range Wqi 1 the particle is detected a second time directly after the first 
detection, and the particle does not “move” between the two detections. 

If the detector half width Ax\ is varied while the other parameters stay 
fixed, the mean traversal time shows only small variation in the range SA < 
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Fig. 4. 

Particle energy Eo = 5eF, other parameters like in Fig. 1; mean traversal time 
TsiM,T (solid line with circles and errorbars), mean reflection time tsjm,r (dotted 
line with triangles and errorbars) versus 

(a) detector height Woi, W 02 = 2.56eF, Axi = 25A, Ax 2 = SA 

(b) detector half width Axi, Woi = 0.16eF, W 02 = 2.56eF, Ax 2 = 5A 



Axi < 25A, the mean reflection time increases with increasing detector half 
width Ax\ (Fig. 4 b). 

If the parameters of detector 1 are fixed and those of detector 2 varied, 
the mean traversal time shows only a small dependence on height and width 
of detector 2. As expected, we find no significant dependence of the mean 
reflection time on the height and the width of the second detector. 

We find a correlation between the mean traversal and mean reflection 
time and the detectors. Therefore it is also not surprising to find incom- 
plete agreement with any of the other approaches in Fig. 3, as they use other 
measurement parameters (the Biittiker Larmor traversal time requires a mea- 
surement of the spin) than we use in our simulation or they yield intrinsic 
quantities to which measurement effects must, perhaps, be added. 

The phase time results for plane waves are independent of the barrier 
length for opaque barriers. This fact is called the “Hartman-effect” . Our 
aim is now to examine whether the simulated mean traversal time shows an 
analogous effect. Therefore the energy of the particle {Eq = 5eV^) and the 
height of the barrier (Vq = lOeV) are fixed and the barrier length dpoT is 
varied (Fig. 5). The other conditions are the same as above. 
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barrier length *^POT 



Fig. 5. 

Simulation situation: initial wave packet: Eo = 5eV, xo = — 250A, t} = 12. 5A, 
barrier: Vo = lOeV, detector Di: xi = — 12.5A, Axi = 12. sA, Woi = 0.16eV^, 
detector D 2 - X 2 = dpor + SA, Ax 2 = SA, W 02 = 2.56eF, mean traversal time 
tsim,t (solid line with circles and errorbars) versus barrier length dpoT', phase time 

approach: T^,T{k = (crosses), T(r^,T(fc)) (dotted line); “semi-classical” 

traversal time: T{rcL,T{k)) (dashed-dotted line); Biittiker Larmor Time: TBL,T{k = 

.y/2m£o ^ (triangles), T{rBL,T(k)) (small-dashed line); Bohm Trajectory approach 
(boxes with dashed line) 



We find, that the simulated times grow with increasing barrier width 
dpoT > 3A. For these detectors the simulation shows no wider range of bar- 
rier width with constant traversal times, and therefore no ” Hartman-effect” . 

The simulation results and the Larmor clock results for plane waves show 
qualitatively the same characteristic: nearly the same linear growth with in- 
creasing barrier width. 

Measurements of tunneling times, e.g. of microwaves performed by En- 
ders and Nimtz [21-23] and of single photons performed by Steinberg, Kwiat 
and Chiao [24] indicates superluminal velocities (f^r a discussion of the con- 
sequences of superluminal velocities see for example [25]). The question is, 
whether particles like an electron show also super luminal velocities, or in our 
case: can the mean traversal times be smaller than the mean time in the 
absence of a barrier? Therefore we examine the correlation between traversal 
time and barrier height. The situation is the same as in the previous section. 
The width of the barrier will be fixed at dpor = 40 A and the height of the 
barrier Vb varied (Fig. 6). 

The simulated times show a maximum, if the barrier height equals the en- 
ergy of the incident wave packet, i.e. Vb « Eq. For higher barriers the traversal 
time becomes smaller; smaller than the traversal time without barrier. 
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Fig. 6. 

Mean traversal time tsim,t (solid line with circles and errorbars) versus barrier 
height Vo, dpoT = 40A, other parameters like in Fig. 5; phase time approach: 

T^^rik = ) (crosses), T{T^,T{k)) (dotted line); “semi-classicaJ” traversal 

time: T{TcL,T{k)) (dashed-dotted line); Biittiker Larmor Time: TBL,r{k = ) 

(triangles), T{tbl,t) (small-dashed line) 



This fact can be interpreted in this way, that the mean “velocity” of the 
electron is greater in the case of a very high and wide barrier than in the 
case of a free particle. But we must remember, that up to now the formalism 
is non-relativistic and a relativistic formalism would perhaps give different 
results. 

The Biittiker Larmor approach and the “semi-classical” approach show 
in the ranges Vo < 3eV and Vo > lleV qualitatively the same behavior as 
the simulation: the traversal times decrease for increasing barrier height and 
are also smaller for very high barriers than the time without barrier. 

Summarizing we use the formalism of the EEQT to define the traversal 
and reflection time of a particle with the help of two detectors. 

Our simulated reflection times were mostly smaller than those of other 
approaches, because when the first detector detects the particle a second 
time, it can not distinguish between particles traveling towards or returning 
from the barrier. 

We examine the correlation between mean traversal time and energy of the 
incident particle and compare the results with those of selected approaches. 
We do not find complete agreement between our results based on EEQT 
and the results obtained by other approaches in the full range, but in some 
intervals the simulation and some other approaches show qualitatively the 
same characteristics. The simulated results depend on the parameters of the 
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detector, so it is not surprising to find no full agreement with any of the other 
approaches. 

Increasing the barrier length, the simulated traversal time also increase; 
we find no “Hartman-effect” with the selected detector parameters. 

Moreover we obtain for very high and wide barriers mean traversal times, 
which are smaller than those of a free particle. This fact can be interpreted 
in the way, that the mean “velocity” of the particle for very high and wide 
barriers are greater than the mean “velocity” of a free particle. 
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Abstract. We present a non-Markovian quantum trajectory method that allows 
to determine the dynamics of a quantum system coupled to an environment of har- 
monic oscillators. When averaged over the classical noise we recover the reduced 
density operator without approximation, in particular without Markov approxima- 
tion. In the Markov limit, our result reduces to standard quantum state diffusion. 
We use coherent states to derive the nonlinear non-Markovian quantum state dif- 
fusion equation straight from the microscopic model without referring to a master 
equation for the time evolution of the reduced density operator. Two illustrative 
examples, a measurement- type situation and a dissipative spin | coupled to a struc- 
tured environment demonstrate the power of our approach. 



1 Introduction 

Open quantum systems are described by enlarging the Hilbert space to in- 
clude the ‘environment’ such as to make the total ‘system’ + ‘environment’ 
a closed system to which Schrodinger’s equation 

dt^t = ( 1 ) 

applies. In practice, one isn’t able to determine the detailed environmental 
dynamics (and normally one wouldn’t even want to) and thus, an effective 
representation of the ‘system’ dynamics is called for. The relevant quantity 
of interest is the reduced density operator 

Qt=TT,nvWt){^t\, ( 2 ) 

which becomes a mixed state under time evolution due to entanglement in the 
total Decoherence leads to the rapid diagonalization of gt in a certain basis 
under the unitary evolution (1) of the total system. In order to study open 
system dynamics and in particular decoherence, traditionally, one tries to find 
a closed evolution equation for the reduced density operator (2), in general 
involving the Markov and/or the weak-coupling (Born) approximation. For 
all but some illustrative models, these master equations for Qt have then to 
be solved numerically. 
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In the last few years, very powerful stochastic methods for solving Markov 
master equations in Lindblad form 

dtQt = -i[H, £»f] + ^ XI + [L^, gtll]) , (3) 

have been established - so-called Monte-Carlo wave function techniques, 
sometimes called stochastic unravellings [1,2]. These are stochastic Schrddinger 
equations for ‘system’ states {quantum trajectories) driven by certain 

classical noise^ z*. Crucially, the ensemble mean M[. . .] over the noise recovers 
the reduced density operator. 



Qt-M 






(4) 



For the Markov master equation (3), several such unravellings are known. 
Some involve jumps at random times [1], others have continuous, diffusive 
solutions [2]. Among the latter class is the quantum state diffusion (QSD) 
stochastic Schrddinger equation 

dti^t = -iH^t + {L- {L)t){z; + {L^)t)i>t - \{L^L - {L^L)Mt (5) 

here in Stratonovich form with Z( the complex conjugate of a complex Wiener 
process (M[ztz*j = 5{t — s)) and for a single i-operator in (3). 

Quantum trajectory methods have been used extensively over recent years 
as they provide useful insight into the dynamics of continuously monitored 
(individual) quantum processes [3], or into the mechanism of decoherence [4]. 
Most importantly for applications, they provide an efficient tool for the 
numerical solution of the master eq.(3). It is thus desirable to extend the 
powerful concept of stochastic unravellings to the more general case of non- 
Markovian evolution. 



2 Non-Markovian quantum state diffusion 

Our approach to a non-Markovian unravelling is based on solving the total 
Schrddinger equation (1) for both ‘system’ and ‘environment’ in a particu- 
lar way. We don’t rely on the Markov approximation, nor on any form of 
weak coupling assumption between ‘system’ and ‘environment’. A Monte- 
Carlo wave function method is obtained that recovers the exact evolution 
of the ‘system’s reduced density operator (2) without even referring to a 
master equation for its non-Markovian evolution. Thus, our non-Markovian 

^ Here we use the complex conjugate process Zf rather than zt because this choice 
is more natural from the microscopic point of view adopted in this paper. The 
theory is invariant under this complex conjugation and clearly, from the point of 
view of applications, it is more economical to use zt as in [5j. 
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quantum trajectory approach appears more fundamental than the master 
equation approach. This is in contrast to traditional Markov quantum tra- 
jectory methods which are usually constructed such as to be compatible with 
the master equation (3). 

Our theory is based on a standard model of open system dynamics, an 
environment of bosonic oscillators, such that 

H,,,=H + Y,9x{L^cix + La{) + Y, ( 6 ) 

A A 

The ‘system’ Hamiltonian H and the coupling operator L can be chosen ar- 
bitrarily, as can the number of oscillators and the various coupling strengths 
gx and frequencies wx- We develop the theory for a zero temperature environ- 
ment, i.e. for an initial total state = |V'o)lO)lO) . . . with i/)o the ‘system’ 

initial state, yet emphasize that finite temperature can also be incorporated, 
making things a bit more complicated [5]. 

Our solution of the total Schrodinger equation (1) relies on Bargmann 
coherent states \z) = exp(^;at)|0). They are analytical in z and therefore 
matrix elements {z\ij)) are analytical functions of the complex conjugate z*, 
an important technical feature of our approach. Bargmann coherent states 
|z) are unnormalized, the resolution of the identity 

1 = / ^e-l^l^|z}(z| (7) 

therefore requires the Gaussian weight exp(-|zp). 

Using a Bargmann coherent state basis |z) = |zi)| 2 ; 2 ) . . . |.2a) • • • for the 
environmental degrees of freedom, we expand the total state in (1), 

\^t) = I ^e-l^l>i(z*))|z). (8) 

The ‘system’ states \ipt{z*)) relative to the environmental state |z) are ana- 

lytical in z = (zi, Z 2 , . . . , 2a, • • •)• With the total state (8) evolving according 
to (1), we showed in earlier work [6], that the time evolution of the states 
'4>t{z*) is given by 

dtMz*) = (9) 

The ‘memory integral’ on the r.h.s of this equation shows the non-Markovian 
nature of this evolution. In (9), z^ = —iY^y^gxz’^eyi'g{iuJxt) and a(t,s) = 
'^x9\ exp{—iujx{t — s)), the zero temperature response function of the envi- 
ronment in model (6). The initial condition for (9) is the normalized ipo for 
all z (note that |0) = f d^zexp(-|zp)/7r|z)). 

The relative states are defined in (8) such that they include the 

time dependence of their weight in the superposition (8). In general, therefore. 
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due to ever growing entanglement in the norm of the ipt{z*) tends to zero 
for large t. 

One obvious difficulty in solving (9) numerically is the functional deriva- 
tive appearing under the memory integral. We overcome this problem by 
noting that applying the functional derivative amounts to applying an oper- 
ator O to the state, 

= 0(t, s, z*)iptiz*). (10) 

The explicit expression for 0 can be complicated, but in principle be deter- 
mined consistently from (9). For specific relevant models this task is solved 
(see the examples in Sect. 3 and [5]). In the general case, further efforts have 
to be made to get a (possibly approximate) expression for the O operator [7]. 

Clearly, due to (8), solving (9) for all z = {zi,Z 2 ,...) is equivalent to 
solving the total Schrodinger equation (1). Since, in general, (9) can only be 
solved numerically (and thus for a finite number of complex vectors z), the 
question arises which iptiz*) (or equivalently, which z) are most relevant to 
Qt. Finding those turns out to be a bit tricky and in the next three subsections 
we show how this is done. 



2.1 ‘System’ Dynamics 

From the total in the form (8) we find the following expression for the 
reduced density operator (2) 

( 11 ) 

At first sight, this expression suggests to calculate the reduced density op- 
erator using a simple Monte-Carlo integration technique: choose random 
environmental ‘phase space coordinates’ z with the Gaussian distribution 
exp(-|zp)/7T, and solve the corresponding linear equation (9). We will soon 
see why this approach is bound to fail. 

The evolution equation (9) for ipt(z*) depends on z* through the com- 
bination Zj = —i gxzl^ exp(io;At) only. We can therefore regard (9) as a 
linear stochastic Schrodinger equation, driven by a Gaussian complex process 
z*, whose correlation turns out to be 

M[ztz;] = j ^e“l“l"[ztz;] = a(t,s), (12) 

where a{t, s) is again the response function of the environment. Thus, (9) 
provides a linear unravelling of the reduced density operator dynamics as in 
(4) and turns out to be the non-Markovian generalization of linear Markov 
QSD. 
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2.2 ‘Environment’ dynamics 

In our approach we solve the total Schrodinger equation (1). Therefore, we 
can investigate the environmental dynamics as well. The quantity of interest 
turns out to be the environmental Husimi function (or rather Q-function in 
the quantum optics literature [8]), i.e. the diagonal matrix elements (z| . . . I^) 
of the reduced density operator of the environment 

e-kl" 

Qt(z,z^) = {z\Tv,ys mm \z). (13) 

7T 

Since coherent states \z) are well localized wave packets around the phase 
space points (q,p) with z = [q + ip)fy/2, the Husimi function represents a 
distribution of the environmental quantum density operator in phase space. 

Using the representation (8), we can express the Husimi function (13) in 
terms of the solutions tptiz*) of the linear equation (9), 

= ( 14 ) 

7T 

which shows the physical meaning of the time-dependent norm of these states. 
Initially, when all the environmental oscillators are in their ground state, we 
simply have Qt=o{z,z*) = exp(— |2;p)/7r. 

There is a closed evolution equation for the environmental Husimi func- 
tion. Using the total Schrodinger equation we get 

dtQt{z,z*) = ~Y,d,, Qt{z,z*)] - C.C. (15) 

A 

where (L^)t = {'tptiz*)\L^'^ptiz*))/{'lpt{z*)\'t^>ti^*))■ 

Formally, (15) is a Liouville equation for the dynamics of a classical phase 
space density Qt{z,z*). The corresponding equations of motion for the ‘phase 
space coordinates’ za read 



(16) 

for each environmental oscillator A. 



2.3 Combined dynamics — nonlinear theory 



Let’s come back to our ultimate goal, the reduced density operator of the 
‘system’. With (11) and (14), we can express Qt as an ‘environmental phase 
space integral’ over projectors 



Qt 



/ 



cPz Qt{z,z*) 



{■4>t{z*)\tpt{z*)) 



(17) 
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with the Husimi function Qt{z,z*) as their time dependent weight. Prom 
(17) it is obvious why the linear equation (9) is of little use as a Monte-Carlo 
wave function method: initially, as long as Qt{z,z*) « exp(-|zp)/ 7 r, the 
states 'tpt{z*) with small \z\ give the most significant contribution. At later 
times, however, the environmental oscillators have moved away from their 
initial vacua and Qt(z,z*) -)• 0 for small \z\. Therefore, after some time, 
the quantum trajectories computed from the linear stochastic Schrodinger 
equation (9) become completely irrelevant to the reduced density operator 
(17). 

In a sense, the naive expansion (8) of the total state in a time indepen- 
dent environmental basis \z) is too restrictive. We have to take into account 
the environmental time evolution such as to identify dynamically those states 
with the most significant contribution Qt(z,z*) to the reduced density 
operator. 

This is achieved using the Liouville equation (15) for Qt{z,z*). We can 
replace the integral over the time-dependent Husimi-function in (17) by an 
integral over the initial Husimi function and time dependent ‘phase space 
coordinates’ z'^{t) evolving according to the equation of motion (16). This 
way we ensure that the now moving z'^ (t) remain in a region with significant 
value of Qt{z,z*). We get 



St 






cPz 



_ f _i^|2 



J 71 - 






(18) 



which is a very convenient representation of the reduced density operator 
Qt: the weight of the projectors \ contributing to the reduced density 

operator in (18) is independent of time. Even more remarkably, there is a 
closed (nonlinear) evolution equation for the normalized, and environment- 
dynamically adjusted pure states ipt. Using the time evolution of tptiz*) (9) 
with the replacement (10) and the time evolution of the environmental ‘phase 
space coordinates’ z’^{t) (16), we find 



dt^tt = + {L- {L)t)zli>t 



- j a{t, s) (^AL^O{t, s, z*) - {AL^d{t, s, z*))t^ ds -ipt, 

which is the central equation of non-Markovian QSD (NMQSD). Here, 
the shifted noise 






f a*{t,s){L^)sds, 
Jo 



(19) 



z: IS 



(20) 



and for brevity we use AL^ = - {L^)t- The noise zl entering the NMQSD 

equation (19) through (20)_is the original Gaussian process satisfying relation 
(12). Given the operator 0 from (10), non-Markovian quantum trajectories 
can now be computed from (19) in the very same way as in the Markov case 
- see the examples in Section 3 and [5]. Crucially, by construction (18), the 
ensemble mean recovers the reduced density operator. 
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It is easy to show [7] that in the Markov limit, i.e. for a{t, s) 'y5{t — s), 
we get fg a(t,s)0(t,s,z*) —> and thus, non-Markovian QSD (19) reduces 
indeed to the standard Markov QSD equation (5). Also, the linear equation 
(9) reduces to its linear Markov counterpart. 



3 Examples 

Here we give two concrete illustrative examples of NMQSD (19). More exam- 
ples, including extreme non-Markovian cases, where the ‘environment’ con- 
sists of only a single oscillator can be found in [5]. 



3.1 Measurement-type interaction 



First, we consider a ‘system’ coupled to the environment through the energy, 
i.e. L = H in (6). Using (9), it is easy to show that O = H in (10), and hence 
the non-Markovian QSD equation (19) reads 



dti>t = fa{t,s)ds 

Jo 

+{H - + j a{t,s)ds{H)i 



( 21 ) 



with Zf = Zf + Jga(t, s)*(JJ)sds. Indeed, (21) reduces to the Markov QSD 
equation (5) (with L = H) for a{t,s) S{t — s). 

If the environmental correlation a{t,s) goes to zero as |t — s| — > oo, the 
asymptotic solution is an eigenstate of i?, reached with the expected quan- 
tum probability |(<^n|V’o)P- Numerical solutions of (21) for the 2-dimensional 
case H = with an initial |V’o) = (It) + |t))/t/2 and exponentially de- 
caying correlation are shown in Fig.l (a) (grey lines). The asymptotic state 
is either the ‘up’ or the ‘down’ state, i.e. the reduced density operator be- 
comes diagonal in the energy representation. The ensemble mean M[{az)] 
remains constant (black solid line) as expected from the analytical solution 
(thin white dashed line). 

If, however, the environment consists of a finite number of oscillators only, 
represented by a quasi-periodic correlation function a{t, s), such a reduction 
to an eigenstate will not occur. Fig.l (b) shows non-Markovian QSD trajec- 
tories for an ‘environment’ consisting of a single harmonic oscillator only. As 
in (a), the initial superposition of ‘up’ and ‘down’ first decays to either of the 
two states, i.e. temporarily, the reduced density operator becomes diagonal 
in the energy representation. Since the entire system is quasi-periodic, the 
initial superposition and thus the quantum coherence revives after one period 
u>t = 2n as in proposed experiments on reversible decoherence [5,9]. 
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Fig. 1. Non-Markovian quantum trajectories (grey lines) for a spin \ system H = 
with L = H, and initial \rpo) = (|f) + |4 -»/a/ 2. In (a) we choose decaying 
environment correlation a(t, s) = ^ exp (- 7 !* - s| - if?(f - s)), with 7 z= f? = oj 
and observe reduction to an eigenstate of H. In (b) the ‘environment’ consist of just 
a single oscillator, a{t, s) = exp(— — s)) with fi = u. Here, the initial reduction 
to an eigenstate is reversible. 



3.2 Dissipative two-state system 

As a second example, we consider a dissipative spin \ system with H = 
and a coupling L = ga- {g a coupling constant), modeling the decay of a 
two-state atom into a structured environment. For an exponentially decaying 
correlation function with an environmental central frequency I? and memory 
time 7 “^, the non-Markovian QSD equation (19) reads [5] 

dti>t = - gF{t){a+(7- - {a+a-)t)i>t (22) 

+g(a- - (5i + {(T+)tF{t )) , 

with zt = zt+g fg a(t, s)*(rr+)sds. In (22), F(t) is determined through f(t) = 
exp{—g fgF(s)ds}, where 



/+(7 + *(/?-o;))/+^/ = 0 (23) 

with initial condition /(O) = 1, /(O) = 0. Depending on the parameters, this 
leads to overdamped (Fig.2 (a)) or underdamped (Fig.2 (b)) decay of the 
initial ‘up’ state to the ‘down’ state. 

In Fig.2 (a) we show non-Markovian quantum trajectories for an envi- 
ronmental memory time of 7 = 2.5ca, leading to a non-exponential decay 
towards the ‘down’ state. More interesting is the case of very long memory, 
7 = 0.lu> as shown in Fig.2 (b). The oscillatory behaviour shows how the 
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Fig. 2. Non-Markovian quantum trajectories (grey lines) for a damped spin | sys- 
tem H = fcTz, L = y/2a~, with an exponentially decaying correlation a{t,s) — 
I exp (— 7 |t — s| — iO{t — s)) with J? = w and \ipo) = (It) + l4-))/\/2- In (a), we 
choose 7 = 2.5a;, i.e. a memory time of the order of the ‘system’ time scafe. The 
ensemble mean value over 10000 trajectories (black solid line) is in very good agree- 
ment with the analytical result (thin white dashed line) and disagrees strongly with 
the corresponding Markov approximation (black dashed line) . In (b) we choose long 
memory, 7 = O.lo;, resulting in an oscillatory relaxation. In this case all individual 
trajectories coincide at discrete times {ujt w 5, 15, 25, . . .), when the reduced density 
operator is in the pure ‘down’ state. 



two state system first looses its energy into the environment, but how later 
some of it is fed back into the ‘system’, resulting in an oscillating relaxation. 
Remarkably, since at discrete times {uit « 5, 15, 25, . . .) the reduced density 
operator is the pure ‘down’ state, each single quantum trajectory has to be 
the ‘down’ state as well. 

4 Conclusion 

We present a stochastic unravelling of the dynamics of a quantum system 
coupled to an environment of harmonic oscillators. Currently, our NMQSD 
equation (19) is the only known continuous quantum trajectory method hav- 
ing this property. In the Markov limit, standard quantum state diffusion (5) 
is recovered. We emphasize that non-Markovian QSD (19) reproduces the 
true evolution of the ‘system’ taking into account the unitary dynamics of 
‘system’ and ‘environment’ [5,6]. Many features of NMQSD are new and have 
no counterpart in any Markov unravelling. Our microscopic approach shows 
the significance of the quantum trajectories 'ipt for the combined dynamics 
of ‘system’ and ‘environment’ and thus for the reduced density operator. 
The method represents a new promising tool for the numerical simulation of 
quantum devices, whenever non-Markovian effects are relevant [10]. 
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Quantum Theory Without Waves: A Way of 
Eliminating Quantum Mechanical Paradoxes? 



Marcello Cini 

Dipartimento di Fisica and INFM, Universita “la Sapienza”, Roma, Italy 



1. In his book The Philosophy of Quantum Mechanics Max Jammer writes: 
“The double nature of the macroscopic apparatus (on the one hand a classical 
object and on the other hand obeying quantum mechanical laws) remained 
a somewhat questionable or at least obscure feature in Bohr’s conception of 
quantum mechanical measurements.” [1] It is fair to say that this ambiguity 
is still with us, after more than seventy years. Two related questions are still 
discussed within the small community of physicists who want to understand 
better the nature and the meaning of our fundamental theory of matter. On 
the one hand, one may ask: (a) How is it possible that classical objects with 
definite and context independent values of their dynamical variables exist, 
given that the laws of Quantum Mechanics forbid this possibility? On the 
other hand one may reverse the question and ask: (b) How is it possible 
that macroscopic objects, which, according to our everyday experience usu- 
ally behave classically, may show, under suitable circumstances, the bizarre 
behaviour predicted by Quantum Mechanics? 

Twenty years ago these questions were investigated by my group in Rome 
in two successive papers [2] [3], which at the time received some attention 
{Nature dedicated a whole page of editorial comment to the second one [4]). 
It is, however, fair to give credit to K. Gottfried [5] for having correctly 
approached the problem many years before. 

In the first paper we concluded that “one might possibly conceive of an 
experimental situation in which a suitable apparatus M+ interacts with an- 
other macroscopic object M leading to a situation in which some property 
of M arising from the wavelike behaviour of its microscopic constituents is 
observed as a result of some sort of collective coherence effect.” However, 
we went on, “macroscopic aggregates of particles in normal conditions never 
exhibit such behaviour because the phase relations of their microscopic con- 
stituents wave functions are completely destroyed. To put it in another way, 
the problem is not to prove that, in spite of the laws of quantum mechanics, 
there is no practical difference between the improper mixture with noninter- 
fering probabilities and the pure state with interfering probability amplitudes. 
The real problem would be to prove that with some peculiar and extremely 
skilfully arranged experimental setup such a difference could be brought into 
evidence.” The same concepts were clarified and strengthen in the second 
paper. 
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Two points were therefore made clear. The first one was that in nor- 
mal conditions a linear superposition of macroscopically different states of a 
macroscopic object M is equivalent, “for all practical purposes” to the corre- 
sponding statistical mixture of macroscopically different states. This means 
that in the act of measurement of a given variable G of a microscopic system 
S by means of an instrument M the interaction between S and M drives 
(with a probability defined only by the initial state of S in which many pos- 
sible values of G are virtually possible) the compound system S + M into one 
of its many possible states, in which both M and S have a well defined value 
of the measured variable G and of the corresponding index of M. This is the 
consequence of the fact that a second measuring apparatus M' is normally 
incapable of detecting interference effects between macroscopically different 
states of M. The second one was that, in spite of this general behaviour, one 
might still envisage in principle to be able of detecting the interference effects 
between different states of S' -f- M, provided a skilfully constructed apparatus 
M+ could be invented. 

2. In the subsequent years two progresses on both questions have been made. 
Concerning the first one, namely the question of proving that “for all practical 
purposes” a macroscopic body behaves classically, the most successful step 
was made by Zurek, who showed [6] that under normal conditions the role 
of the second macroscopic apparatus M' of our paper could be simply per- 
formed by the environment. These works laid the foundations of the theory 
of decoherence [7] and opened the way on the one hand to the reformulation 
of quantum mechanics in terms of consistent histories [8] [9], and the intro- 
ductions of stochastic Schrodinger equations [10] and on the other hand to 
the practical evaluation of the times of decay into mixtures of pure quantum 
states due to the interaction with their environment [11] [12]. 

Even more spectacular, in my opinion, has been the progress on the second 
question, namely the invention of ‘skilfully arranged experimental setups’ ca- 
pable of making the detection of quantum behaviours of macroscopic bodies 
possible (Schrodinger cats). After the initial idea of Yurke and Stoler [13], who 
suggested the possibility of detecting interference effects in the superposition 
of two ‘macroscopically’ different coherent field states of the electromagnetic 
field (where actually ‘macroscopically’ meant a few photons), more practical 
ways of realizing this scope have been invented [14] [15]. Combined systems 
made of single atoms interacting with resonant field modes in a high Q cav- 
ity have been prepared in long lived superposition of states differing by the 
value of macroscopic parameters such as the spatial location of the atom or 
of the field modes, in order to detect interference effects sensitive to the non- 
local coherence of either the field or of the atom. The beautiful experiments 
performed up to now open the way to future developments on the one hand 
towards the increase of the ‘macroscopicity’ (or better of the mesoscopic- 
ity) of the systems involved, and, on the other hand, towards the increase 
of the lifetime of the entangled states (quantum computation) together with 
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the experimental verification of the decay times predicted by the theory of 
decoherence. 

3. The main objection to the answers to the two questions (a) and (b) ob- 
tained by simply applying the standard laws of quantum mechanics has been 
for decades that the equivalence “for all practical purposes” between the 
density matrix of the (apparatus-l-microsystem) compound system’s super- 
position of states and the density matrix of the corresponding statistical 
mixture is not sufficient to save a realistic and objective description of the 
world around us. For the supporters of this point of view the random collapse 
of the superposition into one of the many available eigenstates of the mea- 
sured variable is the result of an independent and absolute law of nature and 
not only of an approximation of quantum mechanics valid “for all practical 
purposes” . It requires therefore the introduction of an external non-quantum 
mechanical agent capable of inducing the irreversible transition from pure 
state to mixture. Among the proposals in this direction the most fashionable 
model is the one proposed by Ghirardi, Rimini and Weber [16] in which a 
random localization in space of any quantum system occurs discontinuously 
at a fixed rate. 

4. These proposals can be criticized on many grounds. First of all they in- 
evitably have to postulate the existence of classical events. Even if the GRW 
localization is “spontaneous”, its classical, albeit random, nature is defined 
by the fact that a probability (and not a probability amplitude) for its oc- 
currence is given. But this dual nature of reality was exactly the reason why 
the essential role of a classical apparatus in defining the value of the mea- 
sured quantum variable postulated by Bohr was criticized. The procedure of 
introducing a classical unobservable mechanism in order to explain the ob- 
served classical behaviour of macroscopic objects looks therefore rather as a 
roundabout way leading back to the point of departure. 

Secondly they look terribly ad hoc. In GRW, for example, the values of the 
parameters of the model are chosen with the explicit purpose of making the 
consequences of the introduced mechanism unobservable at the microscopic 
level, in order to leave unaltered all the known properties of elementary quan- 
tum mechanical systems. This means that the theory is accurately framed in 
order to protect its predictions from experimental verification. 

The third objection regards the choice of introducing irreversibility in 
the fundamental laws of nature. This brings us back to the debate between 
Boltzmann and Zermelo at the end of the nineteenth century. In that case 
the issue was whether the second law of thermodynamics should be taken 
as an absolute or an approximate law of nature. The proof given by Boltz- 
mann of the irreversibility of the approach to thermodynamical equilibrium 
for a macroscopic body, based on reversible Newtonian dynamics, was criti- 
cized on the ground that the probability for the body to receive heat from a 
thermostat at a lower temperature is not exactly zero but only vanishingly 
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small. Nowadays everybody, except Prigogine, accepts Boltzmann’s explana- 
tion that thermodynamical irreversibility is an approximate (but sufficient 
“for all practical purposes”) consequence of the huge number of degrees of 
freedom of a macroscopic body, but at those times the debate was quite hot. 
It is however somewhat astonishing that the same explanation is refused to- 
day by many people for the irreversible collapse of a macroscopic body’s pure 
quantum state into a mixture. In both cases in fact the reversible evolution of 
the compound system made of a macroscopic body M in interaction with its 
environment becomes an irreversible evolution of M alone when the degrees 
of freedom of the environment are averaged out. 

5. The debate between these two opposite points of view, however, is metasci- 
entific, namely is a contest between the beholders of two opposite worldviews 
who will never be convinced by each other’s arguments. This statement is 
not intended to minimize its relevance, but only to clarify the reason why a 
solution of the issue cannot be found within the accepted framework of scien- 
tific debates. In fact it simply reflects the classic dispute between those who 
believe the universe to be ruled by absolute and eternal laws of nature writ- 
ten in mathematical language, and those who prefer to look for explanations 
of phenomena based on generalizations of empirical evidence. 

The situation is however nowadays further complicated by the issue on 
the nature of chance. Until the birth of quantum mechanics both “idealists” 
and “realists” believed, in line with Laplace, that “all the events, even those 
which, for their smallness do not seem to obey the great laws of nature, are 
their consequence as necessary as the Sun’s revolutions are.” [17] The use of 
probability theory, following Laplace who invented it, was motivated by the 
purpose of obtaining informations on the possible outcomes of the evolution 
of systems in conditions of imperfect knowledge, but the belief that the nature 
of chance is “epistemic” was universal in the community of physicists. 

The uncertainty principle changed radically this unanimity, because it in- 
troduced the concept of an “ontic”, namely essential and irreducible, nature 
of chance. The end of the Einstein Bohr debate, a paradigmatic example of 
the contrast between these two conceptions, is well known. No satisfactory 
model of hidden variables has been found capable of reinterpreting as epis- 
temic the ontic nature of quantum mechanical chance. Quantum events are 
therefore now considered by the overwhelming majority of physicists to be 
intrinsically random. This unanimity is reflected by the universal acceptance 
of the standard formalism of quantum mechanics accompanied, however, by a 
wide variety of personal interpretations of its counterintuitive consequences. 
This is at the origin of the difficulties synthetized by the famous sentence 
of Richard Feynman: “It is fair to say that nobody understands Quantum 
Mechanics” . 

6. Both “idealists” and “realists” are in difficulty. Prom the “idealist” point of 
view, according to which the “true” scaffold of the world is the Hilbert space 
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and all the properties of material objects are only virtual, a superposition 
of states is essentially different from the corresponding statistical mixture, 
irrespective of whether the body is small or big. Therefore, if one dislikes the 
idea of the observer’s consciousness being responsible for the collapse, the 
only alternative is to accept the idea of living in one of the many branches 
of the universe’s state vector without worrying about the other ones. Also 
the “realists” however are in trouble. Apart from the few of them who refuse 
to admit the ontic nature of chance at the quantum level and are still in 
search of hidden variables (in spite of the overwhelming evidence of their 
nonexistence), the other ones, as we have seen, are divided, but all have to face 
another unpalatable feature of the standard formalism of quantum mechanics. 
Once the existence of classical “objective” properties of macroscopic bodies 
is granted (either “for all practical purposes” or by means of a mechanism ad 
hoc ) , the following question remains in fact open for both. Does the position 
variable of a single particle acquire its value only when it is measured even 
if its state vector is a linear combination of two state vectors localized in 
macroscopically distant space regions? The standard answer is “yes” but it 
is hard to swallow that an electron initially trapped in a double well which 
is later separated adiabatically in two single wells, one shipped to Rome and 
the other one to New York, materializes in one of them only when an observer 
decides to have look inside. 

7. This last problem has been investigated, I believe with success, by Maurizio 
Serva and myself a few years ago [18] [19], and further clarified in collaboration 
with Philippe Blanchard [20]. Consider the above mentioned single particle 
state made of a superposition of two free wave packets localized in separate 
regions of space. If we calculate the product of the uncertainties Ax and Ap 
of position and momentum we find 

{AxAp)'^ = {AxAp)h + {AxAp)l^^^ (1) 

where {AxAp)d is the product of the mean square deviations of position and 
momentum for the same classical ensemble and (AxAp)min « {h/An). 

This equation strongly resembles an old equation which marked a turn- 
ing point in the history of physics, namely Einstein’s expression [21] for the 
energy fiuctuations of radiation in thermal equilibrium as a sum of two terms 
of different origin. In the case of radiation the quantum term arises from its 
particlelike properties and the classical term from its wavelike ones. In quan- 
tum mechanics the opposite is true, namely the particle term has a classical 
origin and the wave term a quantum one. 

The two terms have a different interpretation. The classical term expresses 
an epistemic uncertainty, while the quantum term is a consequence of an on- 
tic uncertainty due to the irreducible nature of chance at this level. Their 
different physical nature is made clear by the fact that, while it is possible, 
without violating the Heisenberg principle, to reduce the classical term by si- 
multaneously measuring with greater precision both position and momentum 




286 



Marcello Cini 



of a particle, the quantum term is irreducible because a measurement of the 
position which reduces Ax necessarily leads to an increase of Ap and vicev- 
ersa. From this point of view the spread in space of a quantum wavepacket is 
not the consequence of an increasing intrinsic loss of localization, but simply 
reflects the obvious fact that the region in which the particle can be found 
becomes larger with time if its momentum has not a precise value. 

This interpretation of the uncertainty principle solves the paradox of the 
particle localization in one of the two distant single wells. It is the initial 
irreducible (ontic) indeterminacy of the particle’s position in the double well 
which triggers a statistical (epistemic) uncertainty arising from our ignorance 
of its actual localization when the wells are suSiciently far apart. It is therefore 
appropriate to conclude that in this case the particle was already in one of 
them before measuring its position. It is worthwhile to stress that only this 
interpretation leads to a smooth transition from the quantum to the classical 
domain and therefore to the universally accepted epistemic interpretation of 
probabilities in classical statistical mechanics. 

8. The above discussion suggests that the proper framework in which a so- 
lution of these conceptual problems should be looked for is, after all, the 
birthplace of the quantum of action, namely phase space, where no probabil- 
ity amplitudes exist. This means taking the work of Wigner [22], who first 
introduced pseudoprobabilities to represent Quantum Mechanics in phase 
space, not only as the construction of a useful tool for computations, but 
as a framework for looking at Quantum Mechanics from a different point 
of view. A step along this direction was made a few years ago by Feynman 
[23], who has shown that, by dropping the assumption that the probability 
for an event must always be a nonnegative number, one can avoid the use 
of probability amplitudes in quantum mechanics. The physical meaning of 
negative probabilities is well clarified by Feynman’s own words; “/t is that a 
situation for which a negative probability is calculated is impossible, not in 
the sense that the chance for its happening is zero, but rather in the sense 
that the assumed conditions of preparation or verification are experimentally 
unattainable.” Admittedly, as he recognizes, a “strong mental block” against 
this extention of the probability concept is widespread. Once this has been 
overcome, however, the road is open for a new reformulation of Quantum 
Mechanics, in which the concept of probability ‘waves’ is eliminated from the 
beginning. 

This program has been recently carried on [24] by generalizing the for- 
malism of classical statistical mechanics in phase space with the introduction 
of a single quantum postulate, which introduces mathematical constraints 
on the set of variables in terms of which any physical quantity can be ex- 
pressed (usually denoted as characteristic variables). It turns out, however, 
that these constraints cannot be fulfilled by ordinary random c-numbers, but 
are satisfied by q-numbers. The introduction of q'-numbers in quantum theory 
is therefore not assumed as a postulate from the beginning, but is a conse- 
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quence of a well defined physical requirement. This leads to the identification 
of the characteristic variables with the Weyl operators of standard Quan- 
tum Mechanics. The whole structure of Quantum Mechanics in phase space, 
including the identification of the Wigner function as the pseudoprobabil- 
ity density of any quantum state, derived by Moyal in his pioneer work of 
1949 [23], is therefore deduced from a single quantum postulate without ever 
introducing wave functions or probability amplitudes. 

9. We briefly sketch here the two main steps of our argument, referring for 
details to ref [25]. The first one consists in selecting, among all the possi- 
ble dispersion-free ensembles of classical statistical mechanics characterized 
by a definite value a of the variable A{q,p) {q and p being the phase space 
variables) only the ensemble in which the variable U conjugate to A is com- 
pletely undetermined. This amounts to the introduction of a sort of classical 
uncertainty principle which will be carried over in the corresponding quantum 
dispersion-free statistical ensemble. These two conditions lead to two equa- 
tions for the expectation value <C{k,y)>a (called characteristic function of 
the ensemble) of the characteristic variables C{k,y) (which in classical sta- 
tistical mechanics are the functions of j/, A: in terms of which any 

variable A{q,p) can be expressed by means of a double Fourier expansion). 
These equations can be easily solved provided the value a is trivially chosen 
to coincide with the function A{q,p) for any given point in phase space. 

The second, essential, step is to introduce the quantum into this scheme. 
This is done by imposing the fulfilment of an extra postulate, based on the 
conviction that the real founding stone of quantum theory is the experimen- 
tal fact that physical quantities exist (the angular momentum, the energy of 
bound systems..) whose possible values form a discrete set, invariant under 
canonical transformations, characteristic of each variable in question. This 
means that we should request that a belongs to a discrete spectrum inde- 
pendent of the phase space variables. 

This leads immediately to the formulation of two constraints for the quan- 
tum characteristic variables C(fc, y) which no longer obey the simple multi- 
plication rule of the corresponding classical exponentials. These constraints, 
however, cannot be satisfied by ordinary commuting c-numbers. This means 
that, if we want to allow for the existence of discrete values of at least one 
variable L we are forced to represent all the variables A by means of noncom- 
muting q-numbers. We need not, however assume for these q>-number variables 
other properties except that they exist. This means that the mathematical 
nature of the entities needed to represent the quantum variables is a conse- 
quence of the physical property represented by our Quantum Postulate, and 
not viceversa, as the conventional view of reality underlying the conventional 
axiomatic formulation of Quantum Mechanics assumes. 

The two quantum equations thus obtained for the quantum characteristic 
function <C{h,x)>i of the ensemble with A = are physically completely 
equivalent to the standard Schrbdinger equation for the wave function of 
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the quantum mechanical state with the eigenvalue Oi of A, but involve only 
expectation values. Prom the solution of these equations one immediately ob- 
tains the corresponding pseudoprobability Pi {q, p) of the ensemble by simple 
Fourier transform. It is easy to show that this pseudoprobability coincides 
with the Wigner function obtained from the above mentioned wave function. 

It is important to mention that all pseudoprobabilities satisfy the condi- 
tion 

j j dqdpPi{q,p)Pi{q,p) = ( 27 t ? i )“^ ( 2 ) 

which expresses the uncertainty principle in the present reformulation of 
Quantum Theory. 

10. The advantages of this approach are numerous. First of all, as already 
anticipated, many paradoxes typical of the wave-particle duality disappear. 
On the one hand in fact, as already shown by Feynman, it becomes possi- 
ble to express the correlations between two distant particles in terms of the 
product of two probabilities independent from each other [20] [24]. All the 
speculations on the nature of an hypothetical superluminal signal between 
them becomes therefore meaningless. On the other hand the long time de- 
bated question about the meaning of the superposition of state vectors for 
macroscopic objects may also be set aside as equally baseless. It is not the 
practical use of the formalism of Quantum Mechanics, of course, which is 
put in question. However, from a conceptual point of view, the elimination of 
the waves from quantum theory is in line with the procedure inaugurated by 
Einstein with the elimination of the ether in the theory of electromagnetism. 

Secondly, this approach eliminates the conventional hybrid procedure of 
describing the dynamical evolution of a system, which consists of a first stage 
in which the theory provides a deterministic evolution of the wave function, 
followed by a hand made construction of the physically meaningful proba- 
bility distributions. If the probabilistic nature of the microscopic phenomena 
is fundamental, and not simply due to our ignorance as in classical statisti- 
cal mechanics, why should it be impossible to describe them in probabilistic 
terms from the very beginning? 

The third advantage is connected with the possibility of dissipating the 
ambiguity of the conventional theory discussed above about the two physi- 
cally different aspects of the quantum uncertainties inherent to the Heisen- 
berg inequality. In the present formulation of quantum theory, in fact, only 
the quantum ontological uncertainties are present, without any spurious sta- 
tistical contribution. This is because the uncertainty principle in our theory is 
given by the equality (2), involving only the minimum value of the Heisenberg 
inequality. 

The last, but not least, appeal of this approach is that it may be con- 
sidered as a conceptual ‘Gestalt switch’ of the type suggested by Thomas 
Kuhn [27] concerning the status of the ‘Laws of Nature’. A switch from the 
‘autocratic’ rule that the Laws prescribe everything that must happen to the 
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‘democratic’ principle that anything which is not forbidden by the Laws may 
happen. If chance has an irreducible origin the fundamental laws cannot pre- 
scribe everything; they can only express constraints following from stability 
requirements of matter, or prohibitions deriving from symmetry properties 
of the Universe, or general principles warranting the existence of patterns of 
order. In other words they should allow for the occurrence of different events 
under equal conditions. If this is true, it becomes meaningless to ask: how 
can this happen? The answer can only be: it happens because it is not for- 
bidden. The language of probability, suitably adapted to take into account 
all the relevant constraints, seems therefore to be the only language capable 
of expressing this fundamental role of chance. 
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Abstract. Some consequences of the relation of decoherence with the theory of 
irreversible processes are mentioned. They include the role of ordinary space coor- 
dinates as providing a privileged basis for diagonalisation, the relation between the 
thermodynamical and the logical directions of time and the meaning of very small 
probabilities if decoherence is to be considered as the fundamental explanation for 
vanishing macroscopic quantum interferences. 



The decoherence effect was mostly investigated on special models^^“®^ 
from which much has been learned. It was not clear however why very dif- 
ferent models give similar results, for instance similar master equations. The 
more recent recognition of decoherence as being a special type of irreversible 
process^^) has shed more light on its universality and some of its subtleties. 
The present talk is devoted to a review of these topics. 

The projection method for irreversible processes 

The most general approach to the theory of irreversible processes is the so- 
called “projection method” which may be briefly reviewed as follows : 

One considers a physical system with many degrees of freedom for which a 
set of “relevant observables” A® has been selected. The problem is to find the 
time evolution of their average values a®. The full density operator p evolves 
according to the von Neumann equation 

dpldt = {llih)[H,p] = Lp , (1) 

where H is the hamiltonian and L denotes the Liouvillian, which is a “su- 
peroperator” acting linearly on ordinary operators. One notices that the in- 
formation about the relevant observables is contained in a “relevant” density 
operator 



Po = exp (-AiA®) 



(2) 
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with the usual convention for summation over repeated indices. The Lagrange 
parameters A* are fixed so that the average value of each A®, when computed 
with po, coincides with the exact value a® that is derived from the exact den- 
sity operator p. 

Introducing “densities” (i.e., trace class operators) defined by Sj = dpo/da^, 
the relation da^/da^ = Tr(A®Sj) = Sj implies that the superoperator P = 

Sj ® j 4® is a projector, i.e., = P. Denoting by I the identity superoperator, 

it follows that Q = I — P is also a projector. With these conventions, one can 
show that po = Pp and p = po + Pi with pi = Qp. 

Applying the two superoperators P and Q on the two sides of the Schrddinger- 
von Neumann equation, one obtains two coupled equations for po and p\. 
Solving formally for pi, one can obtain a master equation for po, which is 



dp{t)/dt — PL{t)po{t) + dP{t)/dt p{t) 



-I- 



[ dt'PL{t) W{t, t') Q(t') l-dP(t')/dt' + L(t')] p{t'). (3) 

Jo 



with 



= exp[QLQ{t — t')] . (4) 

Of course nothing significant has really been done since the memory ker- 
nel W (t, t') is as much difficult to obtain as the solution of the von Neumann 
equation itself. Various approximation schemes have been derived for using 
Eq. (3), among which perturbation techniques are particularly convenient 
when they can be applied 

The case of decoherence 

Considering the system as made of a “collective” one and an environment as 
usual, we shall assume that the total hamiltonian can be written as 

H = Hc + He+Hi , (5) 

where He is a collective operator. He the environment hamiltonian (whose 
average value is the internal energy) and H\ the coupling of the two subsys- 
tems, which is responsible for energy exchange between them and therefore 
for dissipation. 

Relevant observables 

The main idea of applying the theory of irreversible process to decoherence 
consists in considering the whole set of collective observables as relevant. 
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Introducing a basis \x > in the collective Hilbert space, one can as well 
consider the set of operators = |x >< a;'| ® 7^ as relevant, to which one 
adds the environment hamiltonian Hg . The relation with decoherence is then 
clear from the relation 

< A"'®' >= Tr =< x'\Trep\x >=< x'\pc\x > , 

with Pc = Tvep. (The notation Tr means a complete trace and Trg a par- 
tial trace on the environment). The matrix elements of the reduced density 
operator pc, which is precisely what one is interested in for investigating de- 
coherence, turn out therefore to be relevant averages. 

The relevant density operator of the projection method becomes then 



Po = Pc® Pe , ( 6 ) 

including a relevant state operator for the environment that is simply given 

by 



Pe = exp(-a - (5Hc) . (7) 

It looks like a thermal equilibrium state where the parameters a and /3 axe 
determined by the conditions TvePe = 1 and Trg{Hepe) = Tr{Hgp). It should 
be stressed emphatically however that this operator is only a mathematical 
convenience and the environment is not assumed to be in thermal equilibrium 
(as a matter of fact, the parameter T is usually a fluctuating quantity). 

Using perturbation calculus 

The master equation (3) is tractable when perturbation methods can be used. 
This is the case when for instance the collective subsystem is a radiation field 
and matter is considered as the environment (or conversely), because of the 
smallness of the fine structure constant. 

In most cases however the coupling Hi is strong. Notwithstanding, the 
range of validity of perturbation theory is rather wide. This is a very impor- 
tant feature, which is central in the present approach. It is best explained 
on an example. Consider for instance a macromolecule in water. As coor- 
dinate collective variables, one can use some geometric parameters defining 
the configuration of the molecule. The coupling Hi includes the interaction 
with water, which is large and contains the pressure whereas the coupling 
with the molecular electrons includes tension forces. The trick will be to in- 
clude pressure and tension as collective effects resulting from an average of Hi 
over the environment. The difference of Hi with this average will then consist 
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of small fluctuations (during a collision with a water molecule for instance), 
which can presumably be treated as a perturbation. 

This procedure works in practice in the following way: One defines a 
new contribution AHc to the collective hamiltonian by the average coupling 
AHc = Tre(Hipo). The remainder Hi> = Hi - AHc ® le, is supposed to 
be small. One can then develop the memory kernel in the master equation 
(3) as a perturbation series in H[ up to second order. The master equation 
becomes then 



dpc/dt + {i/h) [He + AHc, pc] = 

- I Tre { \H[{t),Uo{t,t') (t'),Po(*')] uUt,t')] } dt' , (8) 

with t') = exp [-i {He + AHc + He){i- t') /h]. 

Privileged bases 

The master equation (8) can be used directly, for instance in the case of the 
Haroche-Raimond experiment^^^^ where the collective state is a combination 
of two coherent electromagnetic states. Another very important case is met 
however when there exists a so-called “privileged” or “pointer” set of 
collective coordinates X generating the basis \x >. They are defined by the 
criterion 



[H[,X] = 0 . (9) 

When they exist, the master equation simplifies considerably and the reduced 
density operator tends to become approximately diagonal in the pointer basis. 
It may be noticed for further discussion that Eq. (9) implies a semi-diagonal 
form for the effective coupling 

< x,n\Hv\x',n' >= 6{x - a:')V'„„/(a:), (10) 

the index n denoting a basis of energy eigenvalues for the environment. 

A special master equation 

The relation of the present approach with known results (for instance with 
the oscillator model for the environment), can be shown in the simplest pos- 
sible case where one assumes (i) That there is a privileged basis, (ii) The 
effective temperature is high enough, (iii) The time correlation functions 
< Vnn'ix',T)V„'„(x,0) > (as obtained from pe) vanish except when the time 
difference r is very small. Retardation effects are then negligible, (iv) These 
correlation functions depend strongly on (a; - a:') ^ and only slowly on {x + x') 
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for macroscopically close values of x and x'. (v) There is only one collective 
observable X. The master equation is then given by : 



dpc{x',x,t)/dt = ~ <x' pc{t)]\ X > 

-p{x' - x)^Pc{x' ,x,t) - ( 7 / 2 )(x' — x){d/dx' — d/dx)pc{x' ,x,t) .( 11 ) 

This is a rather familiar expression, except that the hamiltonian if' in the 
right-hand side is given by H'^ = He + AHc- The coefficient 7 is a friction 
coefficient and the decoherence coefficient p is given by 

p = 'yMkT/h. (12) 

where k is Boltzmann’s constant, M an inertia coefficient (the mass for an 
object) and T the effective temperature, which can be considered as the real 
temperature when the environment is not far from thermal equilibrium. 

Consequences 

The existence of decoherence has been shown experimentally^^^^ and the main 
question is of course whether one may consider decoherence as a satisfactory 
explanation for the vanishing of macroscopic interferences, i.e., as an answer 
to the Schrodinger cat problem. I shall now try to add some remarks about 
this topic in view of the present theory, though most of them are certainly 
not new. 

Concerning the theoretical foundations, it can be said that there is no 
universal theory of irreversible processes and therefore no universal theory 
of decoherence. In both cases moreover one encounters the difficult problem 
of defining exactly the collective (or relevant) observables. To say that the 
choice that was made of them is correct when the theory works is certainly 
not a satisfactory answer. There is furthermore most probably some kind of 
hierarchy among relevant observables and we have no real understanding of 
that. 

To say that decoherence is an irreversible process is also an ambiguous 
statement and one must say what is meant by such a process. The relation 
of entropy creation with decoherence is apparently still obscure, as can be 
shown with the case of a protein in water. For reasons we shall soon discuss, 
decoherence selects the molecule configuration coordinates to define a priv- 
ileged basis. The collective entropy defined from pc can very well decrease 
with decoherence but chemists generally agree that the entropy of the wa- 
ter molecules increases. Is that true already when decoherence is acting or 
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only aftor some dissipation has taken place? It seems difficult to answer that 
question with the theory as it stands. 

The present theory can be however adapted to very complex systems 
though most cases one can think of would require a splitting of the envi- 
ronment into many subsystems with their own degrees of freedom. One may 
think for instance of splitting a fluid environment into small parts, each one 
introducing its own local effective temperature. 

Coming back to the meaning of “irreversible” , one notices that the master 
equation (3) relies on a specific choice for the time direction. This has how- 
ever as well known no direct relation with the physical direction of time since, 
whichever mathematical direction one selects, the same effects will show off. 
This famous question receives a clear answer when the present theory of de- 
coherence is conjugated with the interpretation of quantum mechanics by 
means of consistent historiesl^^l; Decoherence is responsible for the logical 
consistency (via the Griffiths consistency conditions) of many histories. This 
consistency works only however when the logical time ordering of the his- 
tory coincides with the time direction of decoherence, which is known from 
Eq.(ll) to coincide with the thermodynamical direction. Histories where the 
preparation of an experiment precedes a measurement of the results are con- 
sistent whereas the reversed history is not. One can therefore assert that de- 
coherence provides the necessary intermediate link between thermodynamical 
irreversibility and the logic of physics. 

Another question has to do with the relation between decoherence and 
diagonalisation of pc- It is still far from clear whether this connection is 
universal (a remark raising by the way the question of what is meant em- 
pirically by decoherence). The criterion (9) for the existence of a privileged 
basis is however very instructive. When the system under consideration is a 
purely mechanical system (with no macroscopic electric or magnetic fields), 
made of ordinary matter with no relativistic macroscopic or microscopic ve- 
locities, there exists a very convenient set of privileged observables. They 
are the “Newton variables” one obtains by splitting matter into small pieces 
(involving however many atoms) and taking for the set of observables X the 
center-of-mass coordinates of the little pieces of matter. Eq. (9) amounts then 
to the relation Pj = M* dXi/dt for each piece of matter and this is a con- 
sequence of dX/dt = {i/h)[H,X], because the total hamiltonian H depends 
only upon elementary momenta through the non-relativistic kinetic energy 
for the electrons and nuclei. It follows that the Newton observables, or more 
simply the usual intuitive space coordinates of matter provide a diagonal- 
ization basis for decoherence that is practically universal. This result agrees 
with previous remarks in the same direction(^®~^®>. 
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One may wonder why this very useful and somewhat general result holds. 
The answer seems to be that the non-relativistic form of the kinetic energy 
for particles is a consequence of invariance under a change of non-relativistic 
coordinate frame^^^^ Very grossly, one might say therefore that we see a 
clearcut macroscopic world in three-dimensional space because of the princi- 
ple of inertia (!?). The exact meaning of this result is still unclear but another 
case suggests some kind of universality for the connection of privileged bases 
and basic physical laws : A diagonalizing basis for an electric loop is provided 
by eigenfunctions of the magnetic When looking at condition (9), one 

finds that the reason behind the result is the Maxwell equation for induction 
rot E = —dB/dt. But the principle of inertia and Maxwell’s equations do 
not stand on the same footing and the whole question is accordingly rather 
obscure. 

Finally, one must face the fundamental question : is decoherence a final 
explanation for the validity of classical physics and the classical logic of com- 
mon sense at the macroscopic level ? I personally maintain that the answer 
is positive(^®’^°) though one must also introduce in addition to decoherence 
a definite logical frame (in terms of consistent histories) and a derivation of 
classical physics (that cannot stand on decoherence alone). It must extend 
moreover the interpretation of quantum mechanics to a preliminary interpre- 
tation of probability calculus. The question in the present case is what should 
be done of the non-diagonal matrix elements of pc, which vanish very rapidly 
as time goes on but are never strictly zero. This is akin to the question that 
was asked by Borel^^^) about the meaning of very small probabilities entering 
physical theories but in principle inaccessible to experiment. Borel stated as 
a fundamental axiom that these probabilities should be treated as exactly 
equal to zero, as if miracles permitted by our theories should never happen. 
It seems that the exact meaning of decoherence stands upon this kind of deep 
and almost metaphysical questions. 
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1 Consciousness in Quantum Theory: Early Ideas 

A role for consciousness was invoked very early in the history of quantum 
theory. The founders of what may be called the Copenhagen and Princeton 
interpretations, Bohr and von Neumann, both referred to it as the ultimate 
location of classicality. For Bohr, in the final analysis, quantum theory was 
about the content of minds [1], while, more prosaically, von Neumann [2] 
regarded the ego as the cause of the collapse of the state-vector. 

Yet the ‘orthodox’ view of the physics community came to be that the use 
of ’consciousness’ was opportunistic, a rather desperate last resort to solve 
the otherwise intractable problems of quantum theory; it was not based on 
any serious analysis of consciousness or the mind. Almost unanimously the 
physics community chose to locate the ‘classical’ in any macroscopic object, 
or perhaps more specifically, any macroscopic measuring object. (Bohr, if 
not explicitly von Neumann, may be said to have accepted this position at 
least in effect [3].) The accepted line became that in a Copenhagen approach, 
measurement results must be expressed classically, while the agent of collapse 
in von Neumann’s approach was taken to be a macroscopic measuring device. 

This shift may have been inevitable, but had unfortunate effects. It re- 
moved the significance of psycho-physical parallelism, central for von Neu- 
mann; it necessitated the arbitrarily positioned Heisenberg cut; the require- 
ment to introduce ‘the classical’ as a primary term rather than as a limiting 
case implied that quantum theory could never be a universal physical theory. 

The well-known ideas of Wigner [4] from the 1950s may be regarded as a 
more specific postulation of von Neumann’s original position, but physicists 
broadly viewed them as a rather arbitrary and graceless attempt to solve the 
measurement problem, and they were rather comprehensively dismissed. 

Typical of this dismissal are the famous comments of Bell [5], who made 
Wigner’s idea one of the three ‘romantic’ worldviews of quantum theory that 
he dismissed in his 1989 paper. He wrote 

As regards mind, I am fully convinced that it has a central place in 
the ultimate nature of reality. But I am very doubtful that contem- 
porary physics has reached so deeply down that the idea will soon be 
professionally fruitful. For our generation I think we can more prof- 
itably seek Bohr’s necessary ‘classical terms‘ in ordinary macroscopic 
objects rather than in the mind of the observer. 
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Squires [6] wrote of Bell that 

He considered that one should seek a solution of the quantum mea- 
surement problem from within physics, unless, and until, this would 
be shown to be impossible. Such an attitude did not mean, however, 
that he did not recognise the problem of conscious mind as being 
important and worthy of study. He just considered that we were not 
yet clever enough to say anything very useful about it. 

Squires added 

In this, as in so many other things, I expect he was right. 

Squires, though, was one of those who put forward the theories discussed in 
this paper, implicitly suggesting that Bell might be wrong. If he was wrong, 
it could be because, when conscious mind experiences something, while in the 
brain there is certainly firing of millions of neurons in an extremely complex 
pattern which we would certainly struggle to understand in detail, what mind 
actually experiences has a singular ‘global’ nature, such as sensation of a 
colour [1]. It is conceivable that the global aspect of the phenomenon may 
be profitably analysed and utilised in discussions of the interpretation of 
quantum theory, without an understanding in any detail of the role and 
behaviour of the neurons or the ‘biochemistry’ of the brain. 

2 Modern developments 

Somewhat later, a new strand of analysis of quantum theory also making use 
of consciousness has emerged. It is now generally acknowledged (for example 
by Lockwood [7]) that this strand was introduced by Zeh [8] in the 1970s 
and early 1980s. During the late 1980s and 1990s, it has been developed 
by Lockwood in particular [9], and also by Albert and Loewer [10], Squires 
[11], Donald [?], Stapp [1], Saunders [12], Penrose [13] and others. Indeed, 
re-examination by Bitbol [14] of particular works of Schrodinger [15] of the 
1940s and 1950s, mainly unpublished at the time, suggest that he may be 
regarded as a precursor of this approach. 

Whereas von Neumann and Wigner were considered merely to have made 
use of the ideas of consciousness to provide solutions to the riddles of quan- 
tum theory, many of this new group of authors, particularly Lockwood and 
Stapp, analysed consciousness in considerable depth, not (as already said) 
‘biochemically’, but in terms of the way in which, for example, events are 
recorded by mind and recalled from mind. The general claim is that quan- 
tum theory and the theory of consciousness both have major problems when 
considered separately, problems that may be solved in a unification of the 
theories. 

Many of these authors (though not Stapp) follow arguments of the Everett 
type usually, though loosely, called ‘many worlds’. Everett’s interpretation 
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[16] was a response to von Neumann’s collapse model, and his characterisation 
of ’measurement’ as a fundamental term. Von Neumann took it as given that 
a particular operation or interaction is a measurement, and also what it is a 
measurement of. He also implied that collapse was necessary to ensure that an 
immediately repeated measurement would yield the same result as the initial 
measurement, where this is required. It was Everett’s great achievement to 
make it clear that, provided one includes explicitly the state- vector of the 
measuring device, this is not true. 

For Everett, measurement is just a type of interaction in which sub- 
systems become correlated. There is a universal (un-collapsed) wave-function, 
and for any particular state of one sub-system, there is a relative state for 
any other, rather than actual realised states for both. 

Thought-provoking as Everett’s work is, not many people have thought 
that it contains the whole truth without further elaboration. One problem is 
that there seems no way to pull out the usual probabilities of quantum theory. 
Some additional structure or further information seems to be required. 

3 Many Worlds Interpretations (MWI) 

The most famous structure is, of course, the many worlds of de Witt [17] 
and Deutsch [18]. At a measurement, or a measurement-like interaction (or 
possibly just any interaction) while von Neumann would have a collapse to a 
single branch of the wave-function, de Witt would have two worlds - one for 
each measurement result. One may leave aside the question of the probabili- 
ties. This has been a major issue over several decades, but has largely been 
resolved by the work of, in particular, Mittelstaedt. Even so, the MWI seems 
unsatisfactory. One still has the question of how strong an interaction must 
be to split worlds. The occasion for world-splitting seems no better defined 
or definable than that for collapse. Donald [?] puts it this way: 

It is tempting to take world-splitting as a physical process and thus 

effectively return to the Copenhagen interpretation. 

However there are even worse difficulties for MWIs. While it is natural for 
von Neumann to select one of several branches corresponding to the different 
results of the ‘measurement’ as defined, an MWI is really supposed to assume 
no such terminology as fundamental. This is the problem of choice of basis. 
De Witt actually takes for granted the fact of ‘apparata’, and so has branches 
which do correspond to possible von Neumann branches. 

Deutsch tries to avoid this assumption and attempts to show how to 
obtain an interaction basis for the interaction. For him, every interaction is 
a perfect measurement of something and causes world-splitting. But this still 
doesn’t seem to solve the problem of the strength of the interaction necessary 
to split a world, and in any case Foster and Brown [19] have shown that the 
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interaction basis sometimes does not exist, and sometimes is not unique. I 
shall say no more of the MWI. 

I should, though allow Deutsch one last word, his response, in fact, to the 
work of Lockwood discussed in this paper: 

Lockwood has ‘quite deliberately avoided reference to ‘’’many worlds” ’ 

(i.e. parallel universes) in his paper and points out that Everett used 
no such term in any of his published writings. But it is not clear 

why I can testify from conversations with Everett in 1977 that, 

by then at least, he was robustly defending his theory in parallel- 
universes terms. I must stress that quantum theory leaves no room 
for any doubt that multiple universes exist. 

4 Many Minds Interpretations 

We may return to Everett, and without further ado his position may be re- 
titled many minds, the different strands of the wave-function being in some 
sense allocated to different minds. But immediately there are major problems. 
Leaving aside the question of probabilities, if one defines the physical world 
as the complete unreduced wave-function, it just does not contain many of 
the concepts we expect to find in the world, such as particles. (This is an 
extension, or really just a spelling-out of the problem of choice of basis. Only 
after a favourable selection of basis will it immediately appear that a ‘mind’ 
is faced with a ‘choice’ of realistic worlds.) 

At this meeting in particular, this will at once seem a call for decoher- 
ence, but, for Lockwood [7], writing on behalf of what he calls, many minds 
theorists, decoherence, if it comes at all, comes in later. He writes 

A many minds theory is a theory which takes completely at face value 
the account which unitary quantum mechanics gives of the physical 
world and its evolution over time. It allows that in quantum mechan- 
ics there is a fundamental democracy of vector bases in Hilbert space. 

It has no truck with the idea that the laws of physics prescribe an 
objectively preferred basis. For a many minds theorist the appear- 
ance of there being a preferred basis, like the appearance of state 
vector reduction, is to be regarded as an illusion. And both illusions 
can be explained by appealing to a theory about the way in which 
conscious mentality relates to the physical world as unitary quantum 
mechanics describes it. A many minds theory, like a many worlds 
theory, supposes that, associated with a sentient being at any given 
time, there is a multiplicity of distinct conscious points of view. But 
many minds theory holds that it is these conscious points of view 
or ‘minds’, rather that ‘worlds’, that are to be conceived as literally 
dividing or differentiating over time. 

So the world behaves in an Everett fashion with no particles and so on; 
in some sense consciousness selects or creates the world of our experience. 
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5 Albert and Loewer 

To examine a specific theory of this type, we consider that of Albert and 
Loewer (AL) [10]. Following a (perfect) measurement of Sx for an initial state 
ci\ + 1 f 2 > +C 2 \ — 1 / 2 >, they assume that the brain of the observer is a 
good quantum-mechanical system, and so the final overall state- vector will be 
ci \ + 1 /2 > \B,+1 /2 > +cg\ — 1 12 > \B, —1/2 >, where the kets with the 
Bs refer to physical states of the brain. But the mind of the observer is non- 
physical, and does not behave in an analogous way. Minds are not quantum- 
mechanical systems; they are never in superposition’s.Rather the mind ends 
up believing either that Sz = 1 / 2 or that = -1 1 2. The probabilities are 

the usual quantum-mechanical ones. Of course the theory is dualistic. 

As yet there is just a single mind; it is not ‘many minds’ yet. And 
the difficulty is the ‘mindless hulk’ problem. If a second observer repeats 
the measurement immediately, elementary quantum theory tells us that the 
results will agree in each branch of the wave-function which will become 
ci\ + 112 > \B,1!2 > \B',l/2 > +cs\ - 1/2 > \B,-l/2 > \B', -1/2 >so 
‘F will always agree with ‘you’, but our minds may have become attached 
to different branches, in which case the ‘you’ that agrees with ‘conscious-me’ 
will not be conscious. 

This is not necessarily wrong, but it is disturbing; it violates the principle 
of the supervenience of the mental on the physical; there is nothing about the 
physical character of the brain to distinguish those cases where it is associated 
with a mind from those where it is not. 

Albert and Loewer solve the problem by returning to a many minds in- 
terpretation. They assume that associated with any brain is not just one 
mind, but a continuous infinity, of which a measure |cj allocate themselves 
to \B, +1/2 >, and a measure |cg|® to |i?, -1/2 >, each mind evolving prob- 
abilistically. There will be no mindless hulks. 

For AL, the account is realist in that the state of the universe does not 
depend on consciousness. Consciousness does not collapse state-vectors; in 
some ways it may be said merely to select from the state of the universe, 
though, as we have seen, it (or something else) must do more creation than 
selection. 

AL also say that in their interpretation, choice of basis vectors has no 
physical significance. As long as a brain is in a state which can be represented 
as a superposition of the B states, it will have minds associated with it. But it 
seems that, if all minds are associated with \B,+1 / 2 > oi\B,—l /2 >, there 
cannot be any brains (wholly) associated with ci\B, 1/2 > +C 2 \B ,-1 /2 > 
where neither of the cs is unity. 

But the main difficulty with the AL interpretation is that it is explicitly 
dualistic. There is physical brain, there is non-physical mind, and the tracking 
of individual minds onto components of brain state- vectors is over and above 
any quantum-mechanical description. 
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6 Lockwood 

Lockwood’s own interpretation [9] is defiantly non-dualistic. He has a mate- 
rialist view of the mind, though he does not gloss over the profound problem 
of consciousness. Mind, he says, is just a sub-set of brain. Some sub-set of 
the brain’s vast number of degrees of freedom is constitutively involved in 
conscious mentality. There is a consciousness basis for the mind, and when 
the mind is in one of the basis states of this basis, the experience of the mind, 
E, is the same in all Everett branches. 

Lockwood’s final and most contentious assumption is that at any time, 
and in the general case, the complete mind contains an infinity of representa- 
tions of each E, with measure given by the usual quantum probabilities. His 
model of a time-developing mind, the experiential manifold, has two dimen- 
sions, the first being time itself, the second some sort of measure of minds 
at any given time. Just as we would accept the fact that over a particular 
time-interval we might be happy half the time, sad the other half, Lockwood 
suggests we should accept that, at any particular time, measures of sadness 
and happiness of our minds may also each be one half. But Lockwood’s jus- 
tification of the use of this measure has been generally and heavily criticised. 



7 Identity over Time? 

The question of identity of minds over time is a major topic in discussion of 
these ideas. In 1976 Bell [5] criticised the ‘branch’ idea as follows 

Everett tries to associate each particular branch at the present time 
with some particular branch at any past time in a tree-like structure, 
in such a way that each representative of an observer has actually 
lived through the particular past that he remembers. In my opinion 
this attempt does not succeed and is in any case against the spirit of 
Everett’s emphasis on memory contents as the important thing. We 
have no access to the past, but only to present memories. A present 
memory of a correct experiment having been performed should be 
associated with a present memory of a correct result having been at- 
tained. If physical theory can account for such correlations in present 
memories it has done enough - at least in the spirit of Everett. 

Much discussion has arisen on this issue, and a major part of the dis- 
agreement between Lockwood and AL arises from it. Lockwood considers 
that AL believe in ‘transcendental identity’ of minds while he does not. AL 
describe their own interpretation as a Continuing Minds View (CMV), that 
of Lockwood as an Instantaneous Minds View (IMV). 
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8 Single Mind Interpretations 



In this section we consider only those single mind interpretations that arise 
from an Everett-type analysis, those of Squires and Schrodinger, and so do 
not include the interesting single mind interpretation of Stapp. 

Squires started from an Everett-type position with the many branches 
discussed as ‘many minds’ or ‘many views of a single mind’. Realising the 
problem of the probabilities, he then introduced consciousness. Only one 
branch of the wave-function following a measurement is selected (at ran- 
dom) by consciousness. This is analogous to AL, and is thus dualistic. The 
usual |cp factors come in for the probabilities. We now reach the mindless 
hulk problem, which Squires avoids by postulating a Universal Consciousness. 
Once consciousness has entered when ‘I’ obtain a particular measurement re- 
sult, at a subsequent check on this measurement by ‘you’, consciousness is 
restricted to the same branch of the wave-function. Thus we have a single 
mind interpretation. Incidentally, it is not clear that this is as good a solution 
to the mindless hulk problem as that of AL. It implies that mindless h ulks 
do exist, though conscious minds don’t have to interact with them. (We may, 
though, question this statement. Should we speak of as ‘existing’ things that 
can never be accessible to conscious minds? What is the purpose of physics? 
Is it to analyse things which we may observe? What is the status of things 
in ‘physics’ that are in principle unobservable?) 

Squires suggested that belief in Universal Consciousness could help to 
foster a feeling of ‘oneness’ among different people, and relates this idea to 
those of Schrodinger in his 1956 Tanner lectures [21]. These, of course, pre- 
date Everett, but through the 1940s and 1950s Schrodinger, particularly in 
then unpublished seminars at Dublin [15] advocated an approach to quantum 
theory which has no collapse and is basically wavelike. It has many points in 
common with that of Everett, though also with the modal interpretation of 
Kochen, Healey, Dieks and van Prassen. Bitbol [14] has published much of 
this work, and has also analysed it in depth. 

Schrodinger actually had two rather different ideas about ‘mind’. The first 
describes it as the (self-invisible) eye in the world, the second as the complete 
world itself. Prom either point of view it is clear that mind itself cannot be an 
object of scientific study, and is fundamentally unique. So in quantum theory, 
‘mind’ may play the role usually ascribed to the ‘observer’. This obviously has 
resemblences to the position of Squires, but Bitbol regards the arguments of 
Schrodinger to be far more sophisticated than those of Squires, who suggests 
the possibilities of ‘quantum telepathy’ and ‘quantum psychokinesis’. Por 
Bitbol such suggestions are philosophically incoherent if one stresses that 
mind is a pure knowing subject with no memory content and no criteria of 
choice of its own. 
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9 Relationship with Decoherence 

Of the authors of the works discussed, it seems that Albert and Loewer, and 
Squires claim too much success for the ‘stand-alone’ value of ‘many minds plus 
consciousness’. They pay comparatively little attention to choice of basis, and 
so the action of ‘consciousness’ seems relatively simple. Squires calls the full 
state- vector ‘physics’ and likens the action of consciousness to a TV channel- 
selector which chooses one channel but leaves the others being transmitted. 
But unless one is prepared to take measurement as a fundamental concept, 
and thus any basis as given, consciousness (or something) else must select a 
basis, and create the particles and actual physical events that we experience. 

Lockwood does face up to this problem with his consciousness basis. This 
he stresses is not a preferred basis for physics, which he believes does not 
exist. It is related only to our own subjective standpoint. We view the world 
from the perspective of our consciousness basis, and, he says, 

We think of external macroscopic objects as being determinately in 
those types of states with which elements of the consciousness basis 
are perpetually being correlated through the mechanisms of percep- 
tion. 

To explain why particular states are, in fact, favoured, decoherence may be 
useful. It will serve to erode very rapidly all correlations involving states other 
than eigenstates of important macroscopic observables. And, as Saunders has 
pointed out [12], if consciousness has evolved, it would be favourable for the 
consciousness basis to be related to the decoherence basis. But Lockwood is 
lukewarm towards decoherence. He does not believe the bases are identical; 
any vector in one might be a linear combination of several in the other. 

10 Concluding Remark 

Advocates of some of these theories call them 

Many minds (or worlds) -t- consciousness 
Because of the heavy work consciousness has to do, better may be 
Consciousness + many minds (or worlds) 

Should it in fact be 

Consciousness + many minds -I- decoherence 



or even 



Decoherence (+ consciousness -I- many minds)? 
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Abstract. The roles of decoherence and environment-induced superselection in the 
emergence of the classical from the quantum substrate are described. The stability 
of correlations between the einselected quantum pointer states and the environment 
allows them to exist almost as objectively as if they were classical: There are ways 
of finding out what is the pointer state of the system which utilize redundancy 
of their correlations with the environment, and which leave einselected states es- 
sentially unperturbed. This relatively objective existence of certain quantum states 
facilitates operational definition of probabilities in the quantum setting. Moreover, 
once the states that ‘exist’ and can be ‘found out’ are in place, a ‘collapse’ in the 
traditional sense is no longer necessary — in effect, it has already happened. The 
records of the observer will contain evidence of an effective collapse. The role of 
the preferred states in the processing and storage of information is emphasized. 
The existential interpretation based on the relatively objective existence of stable 
correlations between the einselected states of observers memory and in the outside 
Universe is formulated and discussed. 



1 Introduction 

The aim of the program of decoherence and einselection (environment- 
induced superselection) is to describe consequences of the “openness” of quan- 
tum systems to their environments and to study emergence of the effective 
classicality of some of the quantum states and of the associated observables. 
The purpose of this paper is to assess the degree to which this program has 
been successful in facilitating the interpreatation of quantum theory and to 
point out open issues and problems. 

Much of the work in the recent years has been devoted to the clarifica- 
tion and extension of the elements of the physics of decoherence and espe- 
cially to the connections between measurements and environment-induced 
superselection. This included studies of emergence of preferred states in 
various settings through the implementation of predictability sieve, re- 
finements of master equations and analysis of their solutions,^®"^^ and study 
of related ideas (such as consistent histories,^®“^° quantum trajectories, and 
quantum state diffusion^^-^^). A useful counterpoint to these advances was 
provided by various applications, including quantum chaos, einselection 
in the context of field theories and in Bose-Einstein condensates, and, 
especially, by the interplay of the original information-theoretic aspects^’^’^®’^® 
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of the environment-induced superselection approach with the recent explo- 
sion of research on quantum computation^°“^® and related subjects^^”'^®. 
Last not least, first controlled experiment aimed at investigating decoher- 
ence is now in place, and additional experiments may soon follow as a 
result of theoretical'^'’”^® and experimental'*"' developments. 

In nearly all of the recent advances the emphasis was on specific issues 
which could be addressed by detailed solutions of specific models. This at- 
tention to detail is necessary but may lead to impression that practitioners 
of decoherence and einselection have lost sight of their original motivation 
— the interpretation of quantum theory. My aim here is to sketch “the big 
picture,” to relate the recent progress on specific issues to the overall goals 
of the program. I shall therefore attempt to capture “the whole” (or at least 
large parts of it), but in broad brush strokes. Special attention will be paid 
to issues such as the implications of decoherence for the origin of quantum 
probabilities and to the role of information processing in the emergence of 
‘objective existence’ which significantly reduces and perhaps even eliminates 
the role of the “collapse” of the state vector. 

In short, we shall describe how decoherence converts quantum entangle- 
ment into classical correlations and how these correlations can be used by the 
observer for the purpose of prediction. What will matter is then encoded in 
the relations between states (such as a state of the observers memory and of 
the quantum systems). Stability of similar co-relations with the environment 
allows observers to find out unknown quantum states without disturbing 
them. Recognition of this relatively objective existence of einselected quan- 
tum states and investigation of the consequences of this phenomenon are the 
principal goals of this paper. Relatively objective existence allows for the ex- 
istential interpretation of quantum theory. Reduction of the wavepacket as 
well as the effective “collapse” emerge as a consequence of the assumption 
that the effectively classical states, including the states of the observers mem- 
ory must exist over periods long compared to decoherence time if they are to 
be useful as repositories of information. 

It will be emphasized that while significant progress has been made since 
the environment-induced superselection program has been formulated, much 
more remains to be done on several fronts which all have implications for 
the overarching question of interpretation. We can mention two such open 
issue right away: Both the formulation of the measurement problem and its 
resolution through the appeal to decoherence require a Universe split into 
systems. Yet, it is far from clear how one can define systems given an overall 
Hilbert space “of everything” and the total Hamiltonian. Moreover, while 
the paramount role of information has been recognized, I do not believe that 
it has been, as yet, sufficiently thoroughly understood. Thus, while what 
follows is perhaps the most complete discussion of the interpretation implied 
by decoherence, it is still only a report of partial progress. 
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2 Overview of the Problem 

When special relativity was discovered some twenty years before quantum 
mechanics in its modern guise was formulated, it had in a sense provided 
a model of what a new theory should be. As a replacement of Newtonian 
kinematics and dynamics, it was a seamless extension. In the limit of the 
infinite speed of light, c -l oo, equations and concepts of the old theory were 
smoothly recovered. 

When Bohr, Heisenberg, Born, and Schrodinger struggled to understand 
implications of quantum theory^® one can sense that they had initially 
expected a similar seamless extension of classical physics. Indeed, in the spe- 
cific cases — i.e., Bohr’s correspondence, Heisenberg’s uncertainty, Ehren- 
fest’s theorem — such hopes were fulfilled in the appropriate limits (i. e., 
large quantum numbers, -1 0, etc.). However, Schrodinger’s wave pack- 
ets did not travel along classical trajectories (except in the special case of 
harmonic oscillator). Instead, they developed into delocalized, nonclassical 
superpositions. And the tempting ?i 0 limit did not allow for the recov- 
ery of classical locality — it did not even exist, as the typical expression 
appearing in wavefunctions such as exp{ixp/h) is not analytic as 0. 

The culprit which made it impossible to recover classicality as a limiting 
case of quantum theory was at the very foundation of the quantum edi- 
fice: It was the quantum principle of superposition. It guarantees that any 
superposition of states is a legal quantum state. This introduced a whole 
Hilbert space H of possibilities while only a small fraction of states in H can 
be associated with the classically allowed states, and superpositions of such 
states are typically flagrantly nonclassical. Moreover, the number of possi- 
ble nonclassical states in the Hilbert space increases exponentially with its 
dimensionality, while the number of classical states increases only linearly. 
This divergence (which is responsible for the exponential speedup of quan- 
tum computations®®"^®) is a measure of the problem. Moreover, it can be 
argued that it is actually exacerbated in the > 0 limit, as the dimensional- 
ity of the Hilbert space (of say, a particle in a confined phase space) increases 
with 1/h to some power. 

The first resolution (championed by Bohr^®) was to outlaw “by fiat” the 
use of quantum theory for the objects which were classical. This Copenhagen 
Interpretation (Cl) had several flaws: It would have forced quantum the- 
ory to depend on classical physics for its very existence. It would have also 
meant that neither quantum nor classical theory were universal. Moreover, 
the boundary between them was never clearly delineated (and, according to 
Bohr, had to be “movable” depending on the whims of the observer). 

By contrast, Everett’s “Many Worlds” Interpretation®® (MWI) refused to 
draw a quantum-classical boundary. The superposition principle was the “law 
of the land” for the Universe as a whole. Branching wave functions described 
alternatives, all of which were realized in the deterministic evolution of the 
universal state vector. 
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The advantage of the original Everett’s vision was to reinstate quantum 
theory as a key tool in search for its own interpretation. The disadvantages 
(which were realized only some years later, after the original proposal be- 
came known more widely) include (i) the ambiguity of what constitutes the 
“branches” (i.e., specification which of the states in the Hilbert spaces con- 
taining all of the conceivable superpositions are classically “legal”) and (ii) re- 
emergence of the questions about the origin of probabilities (i.e., the deriva- 
tion of Born’s formula). Moreover, (iii) it was never clear how to reconcile 
unique experiences of observers with the multitude of alternatives present in 
the MWI wave function. 



3 Decoherence and Einselection 

Decoherence is a process of continuous measurement-like interaction between 
the system and an (external or internal) environment. Its effect is to inval- 
idate the superposition principle in the Hilbert space of an open system. It 
leads to very different stability properties for various pure states. The envi- 
ronment destroys the vast majority of the superpositions quickly, and — in 
the case of macroscopic objects — almost instantaneously. This leads to neg- 
ative selection which in effect bars most of the states and results in singling 
out of a preferred stable subset of the einselected pointer states. 

Correlations are both the cause of decoherence and the criterion which is 
used to evaluate stability of the states. Environment correlates (or, rather, 
becomes entangled) with the observables of the system while “monitoring” 
them. Moreover, stability of the correlations between the states of the system 
monitored by their environment and of some other “recording” system (i.e., 
an apparatus or a memory of an observer) is a criterion of “reality” of these 
states. Hence, we shall often talk about relatively objective existence of states 
to emphasize that they are really defined only through their correlations with 
the state of the other systems, as well as to remind the reader that these states 
will never be quite as “rock solid” as classical states of a stone or a planet 
were (once) thought to be. 

Transfer of a single bit of information is a single “unit of correlation,” 
whether in communication, decoherence, or in measurement.^ It suffices to 
turn a unit of quantum correlation (i.e., entanglement, which can be estab- 
lished in course of the (pre-)measurement - like an interaction between two 
one-bit systems) into a classical correlation. 

^ It is no accident that the setups used in modern treatments of quantum communi- 
cation channels®'*’^®’®’^ bear an eerie resemblance to the by now “old hat” system- 
apparatus-environraent “trio” used in the early discussions of environment- 
induced superselection. The apparatus >1, is a number of this trio which is sup- 
posed to preserve — in the preferred pointer basis — the correlation with the 
state of the system S with which it is initially entangled. Hence, .4 is a “commu- 
nication channel.” 
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Control (System) 



lt> 

Target (Apparatus) 

Fig. 1. Controlled not (c-not) as an elementary bit-by-bit measurement. Its action 
is described by the “truth table” according to which the state of the target bit 
(apparatus memory in the quantum measurement vocabulary) is “flipped” when 
the control bit (measured system) is |1 > and untouched when it is |0 > (Eq. 
(4.1)). This can be accomplished by the unitary Schrodinger evolution (see, e. g., 
Ref. 1). 



This process is illustrated in Fig. 1 with a “bit by bit” measurement — 
a quantum controlled-not (or a c-not). An identical c-not controlled by 
the previously passive “target” bit (which played a role of the apparatus 
pointer in course of the initial correlation, Fig. 1) and a bit “somewhere in 
the environment” represents the process of decoherence. Now, however, the 
former apparatus (target) bit plays a role of the control. As a result, pure 
state of the system 

|c7)=a|0)+/3|l) (1) 

is “communicated” by first influencing the state of the apparatus; 

|^ 5 a( 0 )) = k)s |0)^ ^ a 100)5^ + ^111)5^ = |^ 5 . 4 (ti)) , (2) 

and then by spreading that influence to the environment: 

l^sAsih)) = {a |00) -h /3 111)) |0) ^ a |000) + p |111) = WsAe{t 2 )) ■ (3) 

Above, we have dropped the indices SA£ for individual qubits (which would 
have appeared in the obvious order). 

After the environment is traced out, only the correlation with the pointer 
basis of the apparatus (i.e., the basis in which the apparatus acts as a control) 
will survive^ 



PsA{t2) = |a|' |00) (00| + |/3p 111) (H| (4) 

Thus, the apparatus plays a role of the communication channel (memory) 
through (i) its ability to retain correlations with the measured system, but 
also, (ii) by “broadcasting” of these correlations into the environment which 
is the source of decoherence (see Fig. 2). 

This broadcasting of quantum correlations makes them — and the ob- 
servables involved in broadcasting — effectively classical . 

The ability to retain correlations is the defining characteristic of the pre- 
ferred “pointer” basis of the apparatus. In simple models of measurement 
cum decoherence, the selection of the preferred basis of the apparatus can 
be directly tied to the form of the interaction with the environment. Thus, 
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System 



Apparatus 



Environment 



Fig. 2. Decoherence process “caricatured” by means of c-nots. Pointer state of 
the apparatus (and, formerly, target bit in the pre-measurement, Fig. 1) now acts 
as a control in the continuous monitoring by the c-nots of the environment. This 
continuous monitoring process is symbolically “discretized” here into a sequence of 
c-nots, with the state of the environment assuming the role of the multi-bit target. 
Monitored observable of the apparatus- its pointer observable - is in the end no 
longer entangled with the system, but the classical correlation remains. Decoherence 
is associated with the transfer of information about the to-be-classical observables 
to the environment. Classically, such information transfer is of no consequence. 
In quantum physics it is absolutely crucial, as it is responsible for the effective 
classicality of certain quantum observables. 



our observable O which commutes with the complete (i.e., self-, plus the 
interaction with the environment) Hamiltonian of the apparatus; 

Ha + Ha€,0^-Q (5) 

will be the pointer observable. This criterion can be fulfilled only in the 
simplest cases: Typically, 0, hence Eq. (5) cannot be satisfied 

exactly. 

In more realistic situations one must therefore rely on more general criteria 
to which we have alluded above. One can start by noting that the einselected 
pointer basis is best at retaining correlations with the external stable states 
(such as pointer states of other apparatus or record states of the observers). 
Predictability sieve^^“^^ is a convenient strategy to look for such states. It 
retains pure states which produce least entropy over a period of time long 
compared to the decoherence timescale. Such states will be also optimal in 
preserving correlations with the similarly selected states of other systems. 
In effect, predictability sieve can be regarded as a strategy to select stable 
correlations. 

A defining characteristic of reality of a state is the possibility of finding out 
what it is and yet leaving it unperturbed. This criterion of objective existence 
is of course satisfied in classical physics. It can be formulated operationally 
by devising a strategy which would let an observer previously unaware of the 
state find out what it is and later verifying that the state was (i) correctly 
identified, and (ii) not perturbed. In quantum theory, this is not possible to 
accomplish with an isolated system. Unless the observer knows in advance 
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what observables commute with the state of the system, he will in general 
end up re-preparing the system through a measurement employing “his” ob- 
servables. This would violate condition (ii) above. So — it is said — quantum 
states do not exist objectively, since it is impossible to find out what they are 
without, at the same time, “remolding them” with the questions posed by 
the measurement.®^ 

Einselection allows states of open quantum system to pass the “existence 
test” in several ways. The observer can, for example, measure properties of 
the Hamiltonian which generates evolution of the system and of the envi- 
ronment. Einselection determines which states appear on the diagonal of the 
density matrix of the system. Hence, the observer can know beforehand what 
(limited) set of observables can be measured with impunity. He will be able to 
select measurement observables that are already monitored by the environ- 
ment. Using a set of observables co-diagonal in the Hilbert space of the system 
with the einselected states, he can perform a non-demolition measurement to 
find out what is the state without perturbing it. 

A somewhat indirect strategy which also works involves monitoring the 
environment and using a fraction of its state to infer the state of the system. 
This may not be always feasible, but this strategy is worth noting since it 
is the one universally employed by us, the real observers. Photons are one 
of the most pervasive environments. We gather most of our information by 
intercepting a small fraction of that environment. Different observers agree 
about reality based on a consensus reached in this fashion. 

That such a strategy is possible can be readily understood from the c-not 
“caricature” of decoherence in Fig. 2. The einselected control observables of 
the system or of the apparatus are redundantly recorded in the environment. 
One can then “read them off” many times (even if each read-off may entail 
erasure of a part of the information from the environment) without interact- 
ing directly with the system of interest. 

It is important to emphasize that the relatively objective existence is at- 
tained at the price of partial ignorance. The observer should not attempt 
to intercept all of the environment state (which may be entangled with the 
system and, hence, could be used to redefine its state by sufficiently outra- 
geous measurement).®^ Objective existence is objective only because part of 
the environment has “escaped” with the information about the state of the 
system and can continue to serve as a “witness” to what has happened. It 
is also important that the fraction of the environment which escapes should 
not matter, except in the two limits when the observer can intercept all of 
the relevant environment (the entanglement limit), and in the case when the 
observer simply does not intercept enough (the ignorance limit). 

This robustness of the preferred (einselected) observables of the system 
can be quantified through redundancy^®, in a manner reminiscent of the 
recent discussions of the error correction strategies (see, e. g., Ref. 38 and 
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references therein). Consider, for example, a correlated state 

Wse ) = (|0)^ 1000)^ + 11)5 1111}^) /V2 (6) 

which could have arisen from a sequence of three system-environment c-nots. 
All errors afflicting individual qubits of the environment can be classified 
by associating them with Pauli matrices acting on individual qubits of the 
environment. We can now inquire about the number of errors which would 
destroy the correlation between various observables of the system and the 
state of the environment. It is quite obvious that the states {|0)^ , ll)^} are 
in this sense more robustly correlated with the environment than the states 
{|+)5 1 1“)5} obtained by Hadamard transform: 

l'^5s) = l+)5(|000)£ + |lll)f)/2 (7) 

+ |-) 5 (| 000 )£-| 111)£)/2 

For, a phase flip of any of the environment bits would destroy the ability 
of the observer to infer the state of the system in the {|+)5 , |— )£} basis. By 
contrast, a majority vote in a {|0)g,|l)f} basis would still yield a correct 
answer concerning {|0)^,|1)_5} if any single error afflicted the state of the 
environment. Moreover, when there are N bits in the environment, y — 1 
errors can be in principle still tolerated in the {10)5,11)5} basis, but in the 
{|+) 5 ,|— ) 5 ) basis a simple phase flip continues to have disastrous conse- 
quences. 

When we assume (as seems reasonable) that the probability of errors in- 
creases with the size of the environment (N), so that the “specific error rate” 
(i.e., probability of an error per bit of environment per second) is fixed, it 
becomes clear that the stability of pointer basis is purchased at the price of 
the instability of the Hadamard-Fourier conjugate of the pointer basis states. 
This stabilization of certain observables at the expense of their conjugates 
may be achieved either through the deliberate amplification or as a conse- 
quence of accidental environmental monitoring, but in any case it leads to 
redundancy as it was pointed out already some time ago^®. 

This redundancy may be quantified by counting the number of “flips” 
applied to individual environment qubits which “exchange” the states of the 
environment corresponding to the two states of the system. Thus, in the case 
of Eq.(6): 



d{4>,^) = N 

while in the case of the complementary observable, Eq.(7): 

d{(j>,ip) = 1 . 



Or, in general. 



d{4>, ip) = min(nx +Uy + n^) 



( 8 ) 
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where nx,riy and Uz are the numbers of Ox, dy, and operations required 
to convert the state of the environment correlated with \(j>), which is given, 
up to normalization constant, by: 

\s^) = (ms) ( 9 ) 



into the similarly defined l^^). 

Redundancy is a measure of distance, since it is nonnegative: 



d{(f),'ip) > 0 , 


(10) 


symmetric: 




d{((>, Ip) = d{ip, 4>) , 


(11) 


and satisfies the triangle inequality: 




d{^,ip) + d{'ip,j) > d(0,7) 


(12) 



as the reader should be able to establish without difficulty. 

In simplest models which satisfy the commutation condition, Eq. (5), the 
most predictable set of states will consist of the eigenstates of the pointer 
observable 6. They will not evolve at all and, hence, will be perfect memory 
states as well as the most (trivially) predictable classical states. In the more 
general circumstances the states which commute with Hss at one instant will 
be rotated (into their superpositions) at a later instant with the evolution 
generated by the self-Hamiltonian Hs- Thus, a near-zero entropy production 
at one instant may be “paid for” by an enormous entropy production rate a 
while later. An example of this situation is afforded by a harmonic oscillator, 
where the dynamical evolution periodically “swaps” the state vector between 
its position and momentum representation and the two representations are 
related to each other by a Fourier transformation. In that case the states 
which are most immune to decoherence in the long run turn out to be the 
fixed points of the “map” defined by the Fourier transformation. Gaussians 
are the fixed points of the Fourier transformation (they remain Gaussian). 
Hence, coherent states which are unchanged by the Fourier transform are 
favored by decoherence. 

In more general circumstances entropy production may not be minimized 
by an equally simple set of states, but the lessons drawn from the two ex- 
treme examples discussed above are nevertheless relevant. In particular, in 
the case of systems dominated by the environmental interaction, the Hamil- 
tonian Hss will have a major say in selecting the preferred basis, while in the 
underdamped case of near-reversible “Newtonian” limit approximately Gaus- 
sian wave packets localized in both position and momentum will be optimally 
predictable, leading to the idealization of classical trajectories. In either case, 
einselection will pinpoint the stable set of states in the Hilbert space. These 
pointer states will be stable, but their superpositions will deteriorate rather 
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quickly into pointer state mixtures on decoherence timescale, which tends to 
happen very much faster than relaxation. 

This eventual diagonality of the density matrix in the einselected basis is 
a byproduct, an important symptom, but not the essence of decoherence. I 
emphasize this because diagonality of ps in some basis has been occasionally 
(mis-) interpreted as a key feature. This is misleading. Any density matrix 
is diagonal in some basis. This has little bearing on the interpretation. Well- 
known examples of such accidental diagonality are the unit density matrix 
(which is diagonal in every basis) and the situation where = PPa + (1 - 
p)pB describes a union of two ensembles A and B with density matrices pA 
and pb which are not co-diagonal (i.e., [pa,Pb\ ^ 0). In either of these two 
cases states which are on the diagonal of pav^b are in effect a mathematical 
accident and have nothing to do with the physical reality. 

Einselection chooses a preferred basis in the Hilbert space in recognition 
of its predictability. That basis will be determined by the dynamics of the 
open system in the presence of environmental monitoring. It will often turn 
out that it is overcomplete. That is, its states may not be orthogonal, and, 
hence, they would never follow from the diagonalization of the density ma- 
trix. Einselection guarantees that only these ensembles which consist of a 
mixture of pointer states can truly “exist” in the quasi-classical sense. That 
is, individual members of such ensembles are already immune to the mea- 
surement of pointer observables. These remarks cannot be made about an 
arbitrary basis which happens to diagonalize p but are absolutely essential if 
the quantum system is to be regarded as effectively classical. 

It is useful to contrast decoherence with the more familiar consequence of 
the interaction with the environment — the noise. Idealized decoherence [e.g., 
the case of Eq. (5)] has absolutely no effect on the observable of interest. It is 
caused by the environment carrying out a continuous “non-demolition mea- 
surement” on the pointer observable O. Thus, decoherence is caused by the 
system observables effecting the environment and by the associated transfer 
of information. Decoherence is, in this sense, a purely quantum phenomenon; 
information transfers have no effect on classical states. 

Noise, by contrast, is caused by the environment disturbing an observable. 
It is, of course, familiar in the classical context. The distinction between the 
two is illustrated in Fig. 3, in the c-not language we have adopted previously. 

Astute readers will point out that the distinction between noise and 
decoherence is a function of the observable in terms of which c-not is 
implemented. This is because a quantum c-not is, in contrast with its 
classical counterpart, a “two-way street.” When the Hadamard transform, 
l±) = (|0) ± |1))/V^, is carried out, control and target swap their functions. 
Loosely speaking, as the information about the states {|0) , |1)} travels in one 
direction, the information about the relative phase (which is encoded in their 
Hadamard transforms) travels the other way. Thus, in quantum gates the 
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System 




Environment 



Fig. 3. Noise is a process in which a pointer observable of the apparatus is perturbed 
by the environment. Noise differs from the purely quantum decoherence - now 
the environment acts as a control, and the c-nots which represent it act in the 
direction opposite to the decoherence c-nots. Usually, both decoherence and noise 
are present. Preferred pointer observables and the Eissociated pointer states axe 
selected so that the noise is minimized. 



direction of the information flow depends on the states which are introduced 
at the input. 

Typically, both noise and decoherence are present. One can reinterpret 
predictability sieve^^ we have mentioned before as a search for a set of states 
which maximizes the “control” role of the system, while simultaneously min- 
imizing its “target” role. Eigenstates of the pointer observable are a solution. 
The phases between them are a “victim” of decoherence and are rapidly 
erased by the interaction with the environment. 



4 Probabilities 

The classical textbook of Gnedenko®^ distinguishes three ways of defining 
probability. These are 

(i) Definitions which introduce probability as a quantitative measure of 
the degree of certainty of the observer; 

(ii) “Standard^ definitions” , which originate from the more primitive con- 
cept of equal likelihood (and which can be traced to the original applications 
of probability in gambling); 

(iii) Relative frequency definitions, which attempt to reduce probability 
to a frequency of occurrence of an event in a large number of trials. 

In the context of the interpretation of quantum theory, the last of these 
three definitions has been invoked most often in attempts to derive probabil- 
ities from the universal quantum dynamics. The argument starts with 
an ensemble of identical systems (e. g., spin |) in a pure state and a defini- 
tion of a relative frequency operator for that ensemble. The intended role of 

^ “Classical” is a more often used adjective. We shall replace it by “standard” to 
avoid confusion with the other kind of classicality discussed here. 
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the relative frequency operator was to act as quantum equivalent of a clas- 
sical “counter,” but in effect it was always a meta-observable of the whole 
ensemble, and, thus, it could not have been associated with the outcomes of 
measurements of the individual members of the ensemble. 

A useful insight into relative frequency observables is afforded by the 
physically transparent example of Fahri et a/.®® They consider an ensemble 
of spin f “magnets,” all in an identical state, aligned with some axis a. A 
relative frequency observable along some other direction b would correspond 
to a measurement of a deflection of the object with a known mass and with a 
whole ensemble of spins attached to it by a (meta) Stern-Gerlach apparatus 
with a field gradient parallel to b. The angle of deflection would be then 
proportional to a ■ 6 , and would be an eigenvalue of the frequency 

operator. However, none of the spins individually would be required to choose 
its “answer.” 

This approach is of interest, as it sheds light on the properties of collective 
observables in quantum physics, but it does not lend itself to the required role 
of supplying the probability interpretation in the MWI context. A true “fre- 
quency” with a classical interpretation cannot be defined at the level which 
does not allow “events” — quantum evolutions which lead to objectively ex- 
isting states — to be associated with the members of that ensemble. This 
criticism was made already, in somewhat different guise, by several authors 
(see Kent®’’ and references therein). The problem is in part traceable to the 
fact that the relative frequency observables do not eliminate superpositions 
between the branches of the universal wave function and do not even define 
what these branches are. 

Decoherence has obvious implications for the probability interpretation. 
A reduced density matrix p which emerges following the interaction with the 
environment and a partial trace will be always diagonal in the same basis 
of einselected pointer states {|i)}. These states help to define elementary 
“events.” Probabilities of such events can be inferred from their coefficients 
in p, which have the desired “Born’s rule” form. 

Reservations about this straightforward reasoning have been expressed. 
Zeh®® has noted that interpreting coefficients of the diagonal elements of 
density matrix as probabilities may be circular. Here we shall therefore ex- 
amine this problem more closely and prove operational equivalence of two 
ensembles — the original one o associated with the set of identical decoher- 
ing systems, and the artificial one a, constructed to have the same density 
matrix {po = Pa), but for a much more classical reason, which allows for a 
straightforward interpretation in terms of relative frequencies. This will also 
shed a light on the sense in which the origin of quantum probabilities can be 
associated with the ignorance of observers. 

The density matrix alone does not provide a prescription for constructing 
an ensemble. This is in contrast with the classical setting, where a probability 
distribution (i.e., in the phase space) suffices. However, a density matrix plus 
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a guarantee that the ensemble is a mixture of what is on the diagonal does 
give such a prescription. Let us consider po along with the einselected set of 
states {|i)} which emerge as a result of the interaction with the environment. 
We consider an artificially prepared ensemble a with a density matrix pa 
which we make “classical by construction.” Ensemble a consists of systems 
identical to the one described by o. They are continuously monitored by an 
appropriate measuring apparatus which can interact with and keep records 
of each system in a. 

Let us first focus on the case of pure decoherence. Then, in the einselected 
basis: 

Po(t = 0) = I*) ^ 

i,j i 

where to is the decoherence timescale. This very same evolution shall occur 
for both po and Pa. We can certainly arrange this by adjusting the interactions 
in the two cases. In particular, (pointer) states {|f)} shall remain untouched 
by decoherence in either case. 

In the artificial case a, the interpretation is inescapable. Each member of 
a comes with a “certificate” of its state (which can be found in the memory of 
the recording device). Following the initial measurement (which establishes 
the correlation and the first record) , the subsequent records will reveal a very 
boring “history” (i.e., \i = 17)@(^, |f = ...\i = 17)@(^ , etc.). Moreover, 

the observer — any observer — can re-measure members of a in the basis 
{|i)} and count the numbers of outcomes corresponding to distinct states 
of each of N members. There is no “collapse” or “branching” and no need 
to invoke Born’s rule. All of the outcomes are in principle pre-determined, 
as can be eventually verified by comparing the record of the observer with 
the on-going record of the monitoring carried out by the measuring devices 
permanently attached to the system. Individual systems in a have “certi- 
fied” states, counting is possible, and, hence, probability can be arrived at 
through the frequency interpretation for the density matrix pa- But, at the 
level of density matrices, pa and po are indistinguishable by construction. 
Moreover, they have the same pointer states, {|f)}o = {K)}a- Since all the 
physically relevant elements are identical for o and a, and since, in a, the 
frequency interpretation leads to the identification of the coefficients of \i) (i| 
with probabilities, the same must be true for the eigenvalues of po- 

The “ignorance” interpretation of the probabilities in a is also obvious. 
The state of each and every system is known, but until the “certificate” for a 
specific system is consulted, its state shall remain unknown. Similarly, each 
system in o can be said to have a state recorded by the environment, waiting 
to be discovered by consulting the record dispersed between the environmen- 
tal degrees of freedom. This statement should not be taken too far — the 
environment is only entangled with the system — but it is surprising how 
little difference there is between the statements one can make about o and 
a. In fact, there is surprisingly little difference between this situation and the 
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case where the system is completely classical. Consider the familiar Szilard’s 
engine,®® where the observer (Szilard’s demon) makes a measurement of a 
location of a classical particle. The correlation between the particle and the 
records of the demon can be undone (until or when the demon’s record is 
copied). Thus, “collapse” may not be as purely quantum as it is usually sup- 
posed. And information transfer is at the heart of the issue in both classical 
and quantum contexts. In any case, our goal here has been a frequentist jus- 
tification of probabilities. And that goal we have accomplished using a very 
different approach than the frequency operator attempts to derive Born’s 
formula put forward to date.®^“®^ 

To apply the strategy of the standard definition of probabilities in quan- 
tum physics, we must identify circumstances under which possibilities — 
“events” — can be permuted without having any noticeable effect on their 
likelihoods. We shall start with the decoherent density matrix which has all 
of the diagonal coefficients equal: 

N 

p = AT-i^|fc)(fc| = l (14) 

k=l 

Exchanging any two fc’s has obviously no effect on p and, therefore, on the 
possible measurement outcomes. Thus, when we assume that the total prob- 
ability is normalized and equal to unity, a probability of any individual out- 
come |fc) must be given by: 



Trp\k){k\=N~K (15) 

It also follows that a probability of a combination of several (n) such elemen- 
tary events is 

Trp{\ki) (A;i| -k \k2) {k2\ + • ■ ■ -b |fc„) (kn\) = n/N . (16) 

Moreover, when before the onset of decoherence the system was described by 
the state vector 

N 

= , ( 17 ) 

k=l 

the probabilities of the alternatives after decoherence in the basis {|fc)} will 
be 

m = = • ( 18 ) 

However, in order to be able to add or to permute different alternatives with- 
out any operational implications, we must have assumed decoherence. For, as 
long as \ip) is a superposition, Eq. (17), one can easily invent permutations 
which will effect measurement outcomes. Consider, for example, 

|V') = (|l) + |2)-|3))/v^ 



(19) 
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A measurement could involve alternatives {|1) , |2) + |3) , 12)-|3)} and would 
readily distinguish between the \ip) above and the permuted: 

m^i\Z) + \2)-\l))/V3 (20) 

The difference between \ip) and \'4)') is the relative phase. Thus, decoherence 
and a preferred basis with identical coefficients are both required to implement 
the standard definition in the quantum context. 

The case of unequal probabilities is dealt with by reducing it to (or at 
least approximating it with) the case of equal probabilities. Consider a density 
matrix of the system 

N 

Ps = '^Pk \k) (fc| . (21) 

We note that it can be regarded as an average of an equal probability density 
matrix of a composite system consisting of S and TZ 

N nt+i-1 

= E \k,j){k,j\/M. (22) 

fc=l j—ni. 

Here M is the total number of states in 'Hsu, and the degeneracies nk are 
selected so that pk ~ rik/M, i. e., 

k N 

nk - Pk' ■ M , '^Uk^ M . (23) 

ifc'=i fc=i 

For sufficiently large M (typically M ^ N) “coarse-grained” ps and ps will 
become almost identical; 

N n*i+i— 1 

ps= lim = lim V V {j\ psn\j) = Ps- (24) 

#-+oo • 

One can now use the “standard” argument to obtain, first, the probability 
interpretation for psTi (based on the invariance of psn under the permuta- 
tions {kj) {k'j')), and then use it [and Eq. (16)] to deduce the probabilis- 
tic interpretation of ps- Note that in the above trace, Eq. (24), we did not 

have to appeal to the actual numerical values of the eigenvalues of psn, but 
only to their equivalence under the permutations. Thus, we are not assuming 
probability interpretation of psn to derive it for ps- (Also note that it is a 
non-standard trace, as the dimensions of subspaces traced out for distinct fc’s 
will in general differ!) 

This completes the second approach to the quantum probabilities. Again, 
we have reduced the problem to counting. This time, it was a count of equiv- 
alent alternatives (rather than of events) . In both of these approaches deco- 
herence played an important role. In the standard definition, decoherence got 
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rid of the distinguishability of the permuted configurations and einselection 
defined what they were. In the frequency interpretation einselection was es- 
sential — it singled out states which were stable enough to be counted and 
verified. 

Our last approach starts from a point of departure which does not rely on 
counting. Gnedenko was least sympathetic to the definitions of probability 
as a measure of a “degree of certainty,” which he regarded as a “branch of 
psychology” rather than a suitable foundation for a branch of mathematics. 
We shall also find our attempt in this direction least concrete of the three, 
but some of the steps are nevertheless worth sketching. 

Gnedenko’s discomfort with the “degree of certainty” might have been 
alleviated if he had been familiar with the paper of Cox®° who has, in ef- 
fect, derived basic formulae of the theory of probability starting from such 
a seemingly subjective foundation by insisting that the “measure” should be 
consistent with the laws of Boolean logic. 

Intuitively, this is a very appealing demand. Probability emerges as an 
extension of the two-valued logic into a continuum of the “degrees of cer- 
tainty.” The assumption that one should be able to carry classical reasoning 
concerning “events” and get consistent estimates of the conditional degree of 
certainty leads to algebraic rules which must be followed by the measure of 
the degree of certainty. 

This implies that an information processing observer who employs clas- 
sical logic states and classical memory states which do not interfere will be 
forced to adopt calculus of probabilities essentially identical to what we have 
grown accustomed to. In particular, likelihood of c and b (i.e., “proposition 
c • 6”) will obey a multiplication theorem: 

{c ■ b\a) = n {c\b ■ a) ^ (b\a) . (25) 

Above /i(6|a) designates a conditional likelihood of b given that a is certain. 
Moreover, should be normalized: 

^ (a\b) + n a\b) = 1 , (26) 

where ~ a is the negation of the proposition a. Finally, likelihood of c or 
b (cUb) is: 

fi{cL) b\a) = /x(c|a) -t- ti{b\a) - fi{c ■ b\a) , (27) 

which is the ordinary rule for the probability that at least one of two events 
will occur. 

In short, if the classical Boolean logic is valid, then the ordinary probabil- 
ity theory follows. We are halfway through our argument, as we have not yet 
established the connection between fi's and the state vectors. But it is impor- 
tant to point out that the assumption of the validity of the Boolean logic in 
the derivation involving quantum theory is nontrivial. As was recognized by 
Birkhoff and von Neumann,®^ the distributive law a ■ (6 U c) = (a • 6) U (o ■ c) is 
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not valid for quantum systems. Without this law, the rule for the likelihood 
of the logical sum of alternatives, Eqs. (26), (27), would not have held. The 
physical culprit is quantum interference, which, indeed, invalidates proba- 
bility sum rules (as is well appreciated in the examples such as the double 
slit experiment). Decoherence destroys interference between the einselected 
states. Thus, from decoherence one can get Boolean logic in spite of the 
underlying “quantumness” , and, consequently, classical probability calculus 
with its sum rules are recovered. 

Once it is established that “likelihood” must be a measure (which, in 
practice, means that ^ is nonnegative, normalized, satisfies sum rules, and 
that it depends only on the state of the system and on the proposition) 
Gleason’s theorem®^ implies that 

H{a\h) = Tr (|o) (a| pt) , (28) 

where pt is a density matrix of the system, and |a) (a| is a projection oper- 
ator corresponding to the proposition a. Thus, starting from an assumption 
about the validity of classical logic (i.e., absence of interference) we have ar- 
rived, first, at the sum rule for probabilities and, subsequently, at the Born’s 
formula. 

Of the three approaches outlined in this section the two “traditional” are 
more direct and — at least to this author — more convincing. The last one 
is of interest more for its connection between logic and probability than as a 
physically compelling derivation of probabilities. We have described it in that 
spirit. These sorts of logical considerations have played an important part 
in motivation and the subsequent development of the “consistent histories” 
approach. 

5 Relatively Objective Existence 

Subjective nature of quantum states is at the heart of the interpretational 
dilemmas of quantum theory. It seems difficult to comprehend how quantum 
fuzziness could lead to the hard classical reality of our everyday experience. 
A state of a classical system can be in principle measured without being 
perturbed by an observer who did not know anything about it beforehand. 
Hence, it is said that classical physics allows states to exist objectively. Oper- 
ationally, when observer A prepares a classical ensemble Uc and hides the list 
C\ with the records of a state of each system in Uc from the observer B, it 
will be still possible for B to find out the states of each member of Uc through 
a measurement, with no a priori knowledge. To verify this, B could supply 
his list for inspection. Classical physics allows and to be always 
identical. Moreover, both lists will be the same as the new list with the 
states of Uc re-measured by A to make sure that was not perturbed by B’s 
measurements. Indeed, it is impossible for A to find out, just by monitoring 
the systems in ensemble Hc , whether some enterprising and curious B has not 
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discovered all that is to be known about Uc . Measurements carried out on a 
classical Uc can be accomplished without leaving an imprint. 

This gedankenexperiment shall be the criterion for the “objective exis- 
tence.” When all of the relevant lists match, we shall take it as operational 
evidence for the “objective nature of measured states.” In the case of a quan- 
tum ensemble aq this experiment cannot succeed when it is carried out on a 
closed system. Observer A can of course prepare his list C\ — a list of Hilbert 
space states of all the systems in aq. B could attempt to discover what these 
states are, but in the absence of any prior knowledge about the observable 
selected by A in the preparation of aq he will fail — he will re-prepare the 
member of aq in the eigenstates of the observables he has selected. Hence, un- 
less by sheer luck B has elected to measure the same observables as A for each 
member of aq, and Cg will not match. Moreover, when A re-measures 
the quantum ensemble using his “old” observables (in the Heisenberg pic- 
ture, of course) following the measurement carried out by B, he will discover 
that his new list and his old list do not match either. This illus- 
trates the sense in which states of quantum systems are subjective — they 
are inevitably shaped by measurements. In a closed quantum system it is 
impossible to just “find out” what the state is. Asking a question (choosing 
the to-be-measured observable) guarantees that the answer (its eigenstate) 
will be consistent with the question posed. 

Before proceeding, we note that in the above discussions we have used a 
“shorthand” to describe the course of events. What was really taking place 
should have been properly described in the language of correlations. Thus, 
especially in the quantum case, the objectivity criterion concerned the cor- 
relation between a set of several lists £^) which were presumably 

imprinted in an effectively classical (i.e., einselected with the help of appro- 
priate environment) sets of record states. The states of the systems in the 
ensemble Uq played a role similar to the communication channels. The oper- 
ational definition of objective existence of the state of the system hinges on 
the ability of that state to serve as a “template,” which can remain unper- 
turbed while it is being imprinted onto the records of the initially ignorant 
observers. States of isolated quantum systems cannot serve this purpose — 
they are too malleable! (Energy eigenstates are somewhat of an exception, 
but that is a different story (preprint quant-ph/9811026).) We shall see be- 
low that the einselected states of decohering quantum systems are less fragile 
and can be used as a “template”. Again, we shall use a shorthand, talking 
about states, while the real story is played out at the level of multipartite 
correlations. We assume the reader shall continue to translate the shorthand 
into the “full version.” 

Consider Ue, an ensemble of quantum systems subject to ideal einselection 
caused by the interaction with the environment. If the systems are to retain 
their states in spite of decoherence, the observer A has very little choice in the 
observables he can use for preparation. The menu of stable correlations be- 
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tween the states of systems in ae and his records is limited to these involving 
einselected pointer states. Only such states will be preserved by the environ- 
ment for periods of time long enough to contemplate the gedankenexperiment 
described above. 

The task of the observer B (who is trying to become correlated with 
the stable states of Ue without destroying pre-existing stable correlations 
established by the observer A) is simplified. As soon as he finds out what 
are the pointer observables, he can measure at will. He can be sure that A 
must have selected the same observables to prepare ag. And as soon as the 
pointer observables are known, their eigenstates can be found without being 
perturbed. Moreover, B will be measuring observables which are already being 
monitored by the environment, so his measurements will have no discernible 
effect on the states of the systems in Ug. 

Hence, either A was smart enough to choose pointer states (in which case 
his lists C\, . . . will all be identical) and B’s spying will not be detected, 
or A chooses to measure and prepare arbitrary states in the Hilbert space, 
guaranteeing their deterioration into mixtures of pointer states at a rapid 
decoherence rate. In this second case lists of A will reflect a steady increase 
of entropy caused by the mismatch between the observable he has elected 
to measure and the pointer observables he should have measured. And B’s 
spying will most likely still be undetected (especially if he is smart enough 
to focus on the pointer observables). 

Let us now compare the three variants of the gedankenexperiment above. 
In the classical case, anyone can find out states of the systems in without 
perturbing them. Prior information is unnecessary, but only classical (i.e., 
localized, etc.) states can be used. In the case of a quantum isolated system 
an enormous variety of quantum states — including all conceivable superpo- 
sitions of the classical states — can be prepared by A in aq. Now B’s mea- 
surement will almost inevitably re-prepare these states, unless somehow B 
knows beforehand what to measure (i.e., what observables has A measured). 
In the third case — quantum, but with decoherence and einselection — the 
choices of A are limited to the preferred pointer states. Only a very small 
subset of all the superpositions in the Hilbert space % is available. Moreover, 
environment is already carrying out continuous monitoring of the observables 
it has elected to “measure.” B can use the correlations established between 
the system and the state of the environment to find out what are the pre- 
ferred observables and to measure them. He will of course discover that his 
list matches A’s lists and that A could not have detected B’s “spying.” 

When the states can be “revealed” without being re-prepared in the pro- 
cess, they can be thought to exist objectively. Both the classical case and the 
quantum plus einselection case share this feature. The environment-induced 
superselection simultaneously decreases the number of states in % while al- 
lowing the einselected states to “exist objectively” — to be found out without 
the necessity of re-preparing them in the process. 
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In fact, the measurements we carry out as observers are taking an even 
more immediate advantage of the monitoring carried out by the environment. 
Our measurements are almost never direct — nearly without exception they 
rely on interception of the information already present in the environment. 
For instance, all of the visual information we acquire comes from a tiny frac- 
tion of the photon environment intercepted by the rod and cone cells in our 
eyes. Indeed, this is perhaps the best strategy observer B could have used in 
the third version of the gedankenexperiment above. Rather than directly in- 
teracting with the system in ae, he could have monitored the environment. An 
imprint left in a small fraction of its state is usually enough to determine the 
state of the system — environment contains a vastly redundant record of the 
pointer observables.^® Thus, perception of classical reality seems inevitable 
for the observers who — like us — rely on the second-hand information, on 
the correlations acquired indirectly, from the environment. 

In a sense environment plays a role of a commonly accessible “internet- 
like” data base with multiple copies of the record concerning the state of 
the system. There is no need to measure a system directly — it suffices 
to consult that page. And there is no danger of altering the state of the 
system: Nonseparability and other such manifestations of quantum theory 
could reappear only if, somehow, all of the widely disseminated copies of 
the information were captured and processed in the appropriate (quantum) 
manner. The difficulty of such an enterprise in the macroscopic domain (which 
we have quantified before by the redundancy distance, Eqs. (10)-(12) and 
above) is a measure of irreversibility of the decoherence-induced “reduction 
of the wavepacket” . 

We have just established that states of quantum systems interacting with 
their environments exist much like the classical states were presumed to exist. 
They can be revealed by measurements of the pointer observables which can 
be ascertained without prior knowledge. In particular, indirect measurements 
— observes monitoring the environment in search of the imprints of the state 
of the system — seems to be the safest and at the same time most realistic 
way to reveal that state. Moreover, there are many fewer possible einselected 
states than there are states in the Hilbert space. Thus, the relative objectivity 
based on the system-environment correlations and, hence, on decoherence and 
einselection, comes at a price: The choice is severely limited.® 



® How limited? There axe of course infinitely many superpositions in H of finite 
dimensionality, but that is already true of a spin | Hilbert space, and it does not 
capture the reason for the incredible proliferation of superpositions. In a Hilbert 
space of a decohering system, there will be iV ~ Dim(?f) pointer states {|fc)}. For 
a typical superposition state \ip) composed of all N states, with the possibilities 
“coarse grained” by assuming that all Itp) have a form: 

k 
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In the above operational approach to the definition of existence, we have 
made several simplifying assumptions. We have (i) neglected the evolution; 
(ii) assumed perfect decoherence, and; (iii) focused on observers with “perfect 
knowledge,” i.e., used pure states rather than mixtures as initial conditions. 
All of these assumptions can be relaxed with relatively little pain. Hamilto- 
nian evolution alone would not be a problem — the system could be described 
in Heisenberg’s picture. But the combination of evolution and decoherence 
will lead to complications, resulting in a preferred basis which is imperfect — 
even the optimal pointer states would eventually deteriorate into mixtures, 
albeit on a timescale long compared to the random superposition in l-L. 

This difference between the einselected states and arbitrary superpositions 
could be quantified by defining the predictability horizon: 

00 

tp = I {Heq - H{t)) dtj {Heq - H{0)) . (29) 

0 

It characterizes the timescale over which the initial information Heq — H[0) 
is lost as the von Neumann entropy, H{p) = —Trplogp, approaches the long- 
term (equilibrium) value Heq- Easier to compute (and similarly motivated) 
is 

OO 

= (Pt - P^i^)) dt (30) 

0 

which should supply equivalent information. Thus f(, would be short (and of 
the order of decoherence time) for a typical initial state in the Hilbert space. 
By contrast, predictability horizon may be long (and, perhaps, even infinite) 
for pointer states of integrable systems, while for chaotic systems one would 
anticipate predictability timescales determined by the Lyapunov exponents 
when decoherence dominates. 

The gedankenexperiment at the foundation of our “operational definition 
of existence” is based on the comparison of records of two observers A and 
B. It could be now repeated, providing that the duration of the experiment 
is brief compared to the predictability timescale, or that the natural rate of 
information loss is accounted for in the evaluation of the final results. 

In fact, predictability sieve could be implemented using this strategy. 
Einselected pure states will maximize tp. Moreover, such procedure based 
on the predictability timescale can be easily applied to compare pure and 

where is 0 or 1, there will be 



2 ^ 

such superpositions. That is, even when we set all the coefficients to have the 
same absolute value, and coaxse-grain phases to the least significant (binary) 
digit, we will have exponentially many possibilities. 
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mixed states. That is, one can find out how much more durable are various 
correlations between observers records of the coarse-grained measurements. 
The key difference from the original predictability sieve, which has been 
successfully used to demonstrate the special role of coherent states, is a 
somewhat different sieve criterion, which may even have certain advantages. 

All these caveats and technicalities should not obscure the central point 
of our discussion. Environment-induced superselection allows observers to 
anticipate what states in the Hilbert space have a “relatively objective exis- 
tence” and can be revealed by measurements without being simultaneously 
prepared. Relatively objective existence is a deliberate double entendre, try- 
ing to point out both the relative manner in which existence is defined (i.e., 
through correlations, similar in the spirit to the relative states of Everett^°) 
and a reminder that the existence is not absolutely stable but, rather, that 
it is purchased at the price of decoherence and based on the monitoring by 
the environment. 

Concerns about the predictability timescale do not imply that, on 
timescales long compared to tp , the states of the systems in question do not 
“exist.” Rather, tp indicates the predictability horizon on which the evolution 
and decoherence destroy relevance of the “old” data (the record-state corre- 
lation). But even then the essence of our definition of reality — the ability 
of the observer to “reveal” the state — captures the essence of “existence.” 



6 The Existential Interpretation 

The interpretation based on the ideas of decoherence and einselection has not 
been really spelled out to date in any detail. I have made a few half-hearted at- 
tempts in this direction, but, frankly, I was hoping to postpone this task, 
since the ultimate questions tend to involve such “anthropic” attributes of 
the “observership” as “perception,” “awareness,” or “consciousness,” which, 
at present, cannot be modeled with a desirable degree of rigor. 

It was my hope that one will be able to point to the fact that decoherence 
and einselection allow for existence (as it is operationally defined through 
relative states and correlations in the preceding section) and let those with 
more courage than I worry about more esoteric matters. I have been gradually 
changing my mind as a result of penetrating questions of my colleagues and 
the extrapolations (attempted by the others) of the consequences of decoher- 
ence and einselection which veered in the directions quite different from the 
one I have anticipated. (See references 64-67 for a sample of questions, criti- 
cisms, and attempts at an interpretation.) Moreover, while there are “deep” 
questions which may be too ambiguous to be attacked with the tools used 
by physicists, there are aspects of information processing which bear direct 
relevance for these deeper issues, and which can be profitably analyzed in a 
reasonably concrete setting. Here I intend to amplify some of the points I 
have made before and to provide the “next iteration” by investigating con- 
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sequences of environmental monitoring a step or two beyond the operational 
definition of “existence.” I shall proceed in the general direction indicated 
earlier/'^’®^ and focused on the stability of the einselected correlations. 

We start by noting that the relatively objective existence of certain states 
“negotiated” with the environment has significant consequences for the ob- 
servers and their information-processing abilities. In the gedankenexperi- 
ments involving observers A and B we could have equally well argued for 
the objective existence of the states of their memory cells. Again, superpo- 
sitions of all the possibilities are ruled out by the einselection, and a brain 
of an observer can preserve, for long periods of time, only the pointer states 
of its neurons. These states exist in the same relatively objective sense we 
have defined before — they can be revealed (correlated with) the states of 
other neurons without having to be simultaneously re-prepared. Indeed, real 
neurons are coupled very strongly to their environments and certainly cannot 
exist in superpositions. Their two stable states are characterized by different 
rates of firing, each a consequence of a nonequilibrium dissipation-dominated 
phenomena, which are bound to leave a very strong imprint on the environ- 
mental degrees of freedom not directly involved in the information processing. 
In an obviously overdamped system operating at a relatively high tempera- 
ture, inability to maintain superpositions is not a surprise.^ 

When we assume, as seems reasonable, that the states of neurons are the 
“seat” of memory and that their interactions lead to information processing 
(which eventually results in “awareness,” and other such “higher functions”) 
we have tangible hardware issues to analyze. Indeed, at this level of discussion 
there is little fundamental difference between a brain and a massively parallel, 
neural network - like, effectively classical computer. 

The ability to process information concerning states of objects external 
to memory (for, say, the purpose of prediction) is then based on the stable 
existence of correlations between the record bits of memory and the state 
of the object. It is fairly easy to imagine how such a correlation can be 
initially established either by a direct measurement or, as we have noted 
previously, through an indirect process involving environment. For the relia- 
bility of memories, it is absolutely crucial that this correlation be immune to 
further correlations with the environment, i.e., to decoherence. Following a 
measurement (and the initial bout of decoherence), the reduced joint density 
matrix of the system and the relevant part of memory and the environment 



* Neurons work more like a diode or a transistor, relying on two stable steady 
states (characterized by different firing rates) for stability of the logical “0” and 
“1,” rather than the two-state spin |-like systems, which often end up playing 
neuron’s roles in models of neuron networks invented by theoretical physicists. I 
believe, however, that for the purpose of the ensuing discussion this distinction is 
not essential and I will continue to invoke licentia physica theoretica and consider 
spin |-like neurons in the remainder of this paper. 




332 



W.H. Zurek 



will have a form: 

PSM — , Pi |®i) {Sj| \pi) {Pil ■ (31) 

i 

The predictability horizon can be defined as before through 

00 

/ - H{si,fj.i;oo)) dt 

+{i) = .2 ('321 

P H{si,Hi-0) - H{si,Hi-,oo) 

for individual outcomes. Here H can stand for either Shannon-von Neumann, 
or linear (or still different) measure of information content of the condition of 
(re-) normalized {ni \psM\Pi)- After a perfect measurement there is a one-to- 
one correlation between the outcome and the record (Eq. (31)). It will, how- 
ever, deteriorate with time as a result of dynamics and openness of the system, 
even if the record-keeping memory states are perfectly reliable.®* Predictabil- 
ity timescale for memory-system joint density matrices has a more specific 
interpretation than the one defined by Eqs. (29) and (30). It is now also 
safe to assume that memories are using stable states to preserve records. In 
this “no amnesia” case, tp^ will measure the timescale on which the acquired 
information is becoming a useless “old news” because of the unpredictable 
evolution of the open system. Predictability horizon can (and typically will) 
depend on the outcome. 

We note that - more often than not - both the states of memory and the 
states of the measured systems will be mixed, coarse-grained states inhabiting 
parts of large Hilbert spaces rather than pure states. Thus record /x, will 
correspond to pp. and Tr{pp.pp.) = Sij. It is straightforward to generalize 
Eqs. (31) and (32) to cover this more realistic case. Indeed, it is likely that 
the memory states will be redundant, so that the likely perturbations to 
the “legal” memory states shall retain orthogonality. This would allow for 
classical error correction, such as is known to be implemented, for example, 
in neural circuits responsible for photodetection in mammalian eyes, where 
several (approximately seven) rods must fire more or less simultaneously to 
result in a record of detection of a light source. 

Observers will be able to make accurate predictions for as long as a prob- 
abilistic equivalent of logical implication shall be valid, that is, as long as the 
conditional probability g{t) defined by: 

p(<7i(t)|^i) =p{(Jiit),Pi) /p{pi) =g{t) (33) 

is close to unity. There at (t) is a “proposition” about the state of the system 
at a time t. One example of such a formal equivalent of a proposition would 
be a projection operator onto a subspace of a Hilbert space. When crj(f) is 
taken to be a pure state |sj(t)), and t <C tp^ so that g{t) = 1, Eq. (33) 
becomes in effect a formal statement of the “collapse” axiom of the quantum 
measurement theory. For, memory will continue to rediscover the system in 
the same state upon repeated re-measurements. 
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Again — as in the preceding section — relatively objective existence of 
correlations (established in contact with the environment, with their stability 
purchased at the expense of the limitation of the possible states of memory 
and the measured system) is decisive for the predictive utility of the records. 
These records must be repeatedly and reliably accessible for the other parts 
of memory to allow for information processing. This is why the record states 
which exist (at least in the relatively objective operational sense employed 
before) are essential for the reliability of memories inscribed in open systems. 
They can be re-measured by the other memory cells spreading the useful 
correlation throughout the information processing network of logical gates 
but suffering no ill effects in the process. 

The record state |/Xj) must be then obviously decoherence resistant, but 
the same should be true for the measured states Isj(O)) and (hopefully) for 
their near-future descendants |sj(t)). Only then the correlation between mem- 
ory and the state of the system will be useful for the purpose of predictions. 
One can analyze this persistence of quasi-classical correlations from various 
points of view, including the one of algorithmic information content one. We 
shall mention this idea here only briefly as a more complete account is al- 
ready available.®® In essence, when \si{t)) is evolving predictably, a sequence 
of repeated measurements of the appropriate observables yields a composite 
record R = , timj, ■■•j }> which will be all derivable from the initial 

and from the algorithm for the evolution of the monitored system. 
This predictability could be expressed from the viewpoint of the observer 
by comparing the algorithmic information content of R with its size in bits. 
When the whole R can be computed from the initial condition, algorithmic 
information content K{R) (defined as the size of the shortest program for a 
universal computer with the output i?®®) is much less than the size of the 
“uncompressed” R in bits. An illustrative (if boring) example of this would 
be a sequence of records of a fixed state of an object such as a stone. Then R 
would simply be the same record, repeated over and over. This is of course 
trivially compressible®®. 

This immobility of objects such as stones is the basic property which, 
when reflected in the perfectly predictable sequence of records, provides a 
defining example of (the most basic type of) existence. In this case, the same 
set of observables “watched” by the environment is also being watched by 
the observer. 

In general, a state of the system evolving in contact with the environ- 
ment will be less and less closely correlated with its initial state. Therefore, 
entropy will increase, and the reliability of the implication measured by the 
conditional probability p{cTi{t)\m) will decrease. Alternatively, one may want 
to retain the safety of predictions (i.e., have p{ai{t)\iJ,i) close to unity at 
the price of decreased accuracy). This could be accomplished by choosing a 
safer (but less precise) prediction di{t) which includes <Tj(t) with some “error 
margin” and thus supplies the requisite redundancy. 
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For a judiciously selected initial measurement conditional probability 
p{(Ti{t)\ij.i) will decrease relatively slowly (for example, on a dynamically de- 
termined Lyapunov timescale in the case of chaotic systems®®), while for 
measurements which result in a preparation of a “wrong” initial condition — 
a state at odds with einselection — conditional probability would diminish 
suddenly, on a near-instantaneous decoherence timescale. 

Typically, the prediction CTj will not be a pure state but a suitably macro- 
scopic patch in the phase space (and a corresponding “chunk” of the Hilbert 
space). Increase in the size of the patch will help extend the relative longevity 
of the predictive power of the records at the expense of the accuracy. Never- 
theless, even in this case predictive power of the old records shall be eventually 
lost with time. 

The memory must be stored in robust record states, which will persist 
(ideally forever, or, at least, until they are deliberately erased). Deliberate 
erasure is an obvious strategy when the records outlive their usefulness. 

In this picture of a network of effectively classical memory elements in- 
terconnected with logical gates, stability of the records is essential. It is pur- 
chased at the price of “censorship” of the vast majority of all of the superposi- 
tions which are in principle available in the Hilbert space. It is in an obvious 
contrast with the quantum computer,®®"®® where all of the superpositions 
are available for information processing, and where the states of memory are 
unstable and prone to the environment-induced decoherence and other errors. 

Let us now consider how such a quasi-classical, environmentally stable 
memory “perceives” the Universe. To avoid generalities, we consider — from 
the point of view of this memory — the task of determining what are the 
classical branches of the universal state vector. That is, we shall ask the 
observer to find out what are the pointer states in his branch of the Universe. 

In effect, we have already presented all of the elements necessary for the 
definition of the branches in the course of the discussion of existence in the 
preceding section. A branch is defined by its predictability — by the fact 
that the correlations between its state and the records of the observer are 
stable. In other words, a branch is defined by the fact that it does not split 
into branches as rapidly as a randomly selected state. 

The observer is “attached” to the branch by the correlations between its 
state and the einselected states which characterize the branch. Indeed, the 
observer is a part of his branch. In the case of perfect predictability (no 
entropy production; initial records of the observer completely determine the 
future development of the branch) , there would be no further branching. An 
observer will then be able — on the basis of his perfect predictability — to 
develop a view that the evolution of the Universe is completely deterministic 
and that his measurements either confirm perfect predictability (when carried 
out on the system he has already measured in the past) or that they help 
reveal the pre-existing state of affairs within “his” branch. 




Decoherence and Einselection 



335 



This classically motivated and based on Newtonian intuitions “single 
branch” (single trajectory) limit of quantum physics is responsible for the 
illusion that we live in a completely classical Universe. It is an excellent ap- 
proximation in the realm of the macroscopic, but it begins to fail as the 
resolution of the measurements increases. One example of failure is supplied 
by quantum measurements and, more generally, by the situations where the 
state of the macroscopic object is influenced by the state of a quantum ob- 
ject. Then the past initial condition is exhaustive — the observer knows a 
pure state, i.e., all that is possible to know — and yet this is demonstrably 
insufficient to let him determine the future development of his branch. For, 
when the past correlation is established in a basis incompatible either with 
the monitoring carried out by the environment, or when it prepares a state 
which is not an eigenstate of the new measurement, the new outcome cannot 
be implied by the old initial condition. 

Relatively objective existence is at the core of the definition of branches. 
Stability of the correlations between the state of the observer and the branch 
is responsible for the perception of classicality. Stability of the record states 
of the observer is an obvious precondition. The observer with a given set of 
records is firmly attached to the branch which has induced these records — 
he “hangs on” to the branch by the correlations. He may even be regarded 
as a part of that branch, since mutual correlations between systems define 
branches. 

Observers described here are quite different from the aloof observers of 
classical physics, which simply “note” outcomes of their measurements by 
adding to their abstract and immaterial repository of information. In a quan- 
tum universe information is physicaf^ — there is simply no information 
without representation.^^ In our context this implies that an observer who 
has recorded one of the potential outcomes is physically distinct from the ob- 
server who has detected an alternative outcome. Moreover, these two states 
of the observer are objectively different — they can be “revealed” from the 
outside (i.e., by monitoring the environment in which record states are im- 
mersed) without disturbing observer’s records. 

The question “why don’t we perceive superpositions” (which has been 
repeated also by some of those who understand and support ideas of 
decoherence^^) has a straightforward answer. The very physical state of the 
observer and, thus, his identity is a reflection of the information he has ac- 
quired. Hence, the acquisition of information is not some abstract, physically 
insignificant act, but a cause of reshaping of the state of the observer. An 
exaggerated example is afforded by the famous case of Schrodinger’s cat.^® A 
cat that dies as a result of an amplified quantum event will be certainly easily 
distinguishable from the cat that lives on (and can continue observations). 
Similarly, an effectively classical computer playing a role of an observer will 
be measurably distinct depending on what outcome was recorded in its data 
bank. 
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Coherent superpositions of two memory states will disappear on the de- 
coherence timescale in the presence of the environment. Hence, a coherent 
superposition of two distinct identities of an observer does not exist in the 
relatively objective operational sense introduced previously. Even in the rare 
cases when a memory bit of an observer enters into a bona fide entanglement 
with an isolated quantum system, decoherence will intervene and turn that 
entanglement into an ordinary classical correlation in the basis defined by 
the einselected record states. 

The interpretation which recognizes that decoherence and the environment- 
induced superselection are allowing for the existence of states at the expense 
of the superposition principle is known as the existential interpretation}^ 

It accounts for the inability of the observers to “perceive” arbitrary super- 
positions. The objective existence of the records is a precondition for their 
classical processing and, therefore, for perception.® 

It is easy to design logical states which would distinguish between the 
objectively existing records and accidental states. Redundancy is the key. 
Thus, when a correlation between a (two-state) system and a memory cell 
develops, 

|^5M) = «lt)|l)+^|l)|0) , (34) 

and, under the influence of the environmental decoherence, rapidly deterio- 
rates to 

Ps^ = It) (t| |1) (1| + It) (t| |0) (0| , (35) 

the reliability of the record state in an arbitrary basis can be in principle 
tested by the other parts of the memory. Repeated measurements of the same 
memory cell in different bases and comparing longevity of the state in the 
{|0) j |1)} basis with the (lack of) longevity of the state in the {|-|-) , |-)} basis 
would do the trick. Thus, as a consequence of decoherence and einselection, 

PSM = \af\t) (t||l)(l||l') (l'||l")(l"|.-- 

+ l/3pmai|0)(0||0')(0'||0")(0"|... , (36) 

in the transparent notation, while in the case of measurements of {|-|-) , |-)} 
record states there would be no correlation between the consecutive mea- 
surements carried out at intervals exceeding decoherence timescale. Instead 
of two branches of Eq. (36), there would be 2^ branches, where N is the 
number of two-state memory cells implicated. And a typical branch would 
be algorithmically random, easily betraying unreliability of the {|+),|-)) 
record states. 

® It is amusing to speculate that a truly quantum observer (i.e., an observer pro- 
cessing quantum information in a quantum computer-like fashion) might be able 
to perceive superpositions of branches which are inaccessible to us, beings lim- 
ited in our information processing strategies to the record states “censored” by 
einselection. 
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This simplistic model has no pretense to realism. Rather, its aim is to 
demonstrate a strategy for testing what is reliably known by the observer. A 
slightly more realistic model would entail redundant records we have men- 
tioned already, Eqs. (6)-(12). Thus, the initial correlations would involve sev- 
eral (n) memory cells: 

Ps,^=\af It) (till) (1U1)(1|2...|1) (1|„ 

+ |/3Ht)4ll0){0|il0)(0|2...|0)(0|„. (37) 

Then the reliability of the records can be tested by looking for the basis in 
which all of the records are in accord. This can be accomplished without 
destruction of all of the original redundant correlation between some of the 
records and the system. 

These toy models establish that, in the presence of decoherence, it is pos- 
sible to record and that it is possible to find out what information is reliable 
(which correlations are immune to decoherence). Again, we emphasize that 
the above toy models have no pretense to kinship with real-world observers.® 



7 Conclusion 

What we have described above is a fairly complete sketch of the physics 
involved in the transition from quantum to classical. Whether one would now 
claim that the emerging picture fits better Bohr’s “Copenhagen” framework 
or Everett’s “Many Worlds” interpretation seems to be a semantic rather 
than substantial issue. To begin with, decoherence was not a part of either 
of these interpretations. Thus, what we have presented here is clearly beyond 
either Cl or MWI. 

The existential interpretation owes Bohr the central question which was 
always implicit in the early discussions. This question — about the location of 
the quantum-classical border — is really very similar to the questions about 
“existence.” We have posed and settled these questions operationally and, 
thus, provided a quantum justification for some of the original Cl program. 

On the other hand, we owe Everett the observation that quantum theory 
should be the key tool in the search for its interpretation. The question and 
concern may be traced to Bohr, but the language of branches and the absence 
of explicit collapses and ab initio classicality are very much in tune with MWI. 

We believe that the point of view based on decoherence settles many of 
the questions which were left open by MWI and CL This includes the origin 

® Indeed, one could argue that if some unhappy evolutionary mutation resulted 
in creatures which were bred to waste their time constantly questioning the re- 
liability of their records, they would have become nourishment for other, more 
self-assured creatures which did not need to pose and settle such philosophical 
questions before making a useful prediction. 
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of probabilities as well as the emergence of “objective existence” although 
more needs to be done. 

In particular, one issue which has been often taken for granted is looming 
big, as a foundation of the whole decoherence program. It is the question of 
what are the “systems” which play such a crucial role in all the discussions of 
the emergent classicality. This issue was raised earlier, but the progress to 
date has been slow at best. Moreover, replacing “systems” with, say, “coarse 
grainings” does not seem to help at all — we have at least tangible evi- 
dence of the objectivity of the existence of systems, while coarse-grainings 
are completely “in the eye of the observer.” 

It should be emphasized that reliance on systems does not undermine the 
progress achieved to date in the study of the role of decoherence and eins- 
election. As noted before, the problem of measurement cannot be stated 
without a recognition of the existence of systems. Therefore, our appeal to 
the same assumption for its resolution is no sin. However, a compelling expla- 
nation of what are the systems — how to define them given, say, the overall 
Hamiltonian in some suitably large Hilbert space — would be undoubtedly 
most useful. 

This paper follows closely a manuscript published in Phil. Trans. R. Soc. 
Land. A (1998) 356 , 1793-1821. The work reported have was supported in 
part by NSA, and in part by DOE grant W-7405-ENG-36. 
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